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Absolute Purity in The Category of Quasi Coherent Sheaves
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Abstract. In this paper we consider the class of absolutely pure and Fp-injective quasi-coherent sheaves.
We show that these two classes of quasi-coherent sheaves over a locally coherent scheme are equivalent. As
a corollary we will show that the class of absolutely pure quasi-coherent sheaves over such a scheme is an en-

veloping and a covering class. It is proved that over a locally coherent scheme, the pair (*(Abs(X) , Abs(X))

is a cotorsion theory. The existence of a duality between absolutely pure envelopes and flat covers is proved
as expected.

1. Introduction

Through all of this paper X stands for a semi separated quasi compact scheme and U = {SpecA;}"",
denotes a semi-separating cover of X.

We recall the definition of a finitely presented quasi coherent sheaf from [13]. A quasi coherent sheaf
P is finitely presented if Hom(%, —) : Qeo(X) — Ab preserves direct limits. It is known that the category
of quasi coherent sheaves over a semi separated quasi compact scheme X is a locally finitely presented
category. Thus there is an standard notion of purity in QcoX. A sequence 0 = & — G — H — 0 of sheaves
is called fp-pure if the induced morphism

0 - Hom(P, ¥) - Hom(P,G) - Hom(P, H) — 0
is an exact sequence of abelian groups for every finitely presented sheaf . An exact sequence
0->F->G—->H—-0
of quasi coherent sheaves is said to be tensor-pure if
0-TF TG>T @H—0
is exact for every 7~ € Qco(X). We denote by Purey and by Purey, the classes of fp-pure and tensor-pure
(pure) short exact sequences in Qco(X). A quasi coherent sheaf H is called flat if H, is a flat Ox-module

for each point x € X or equivalently every exact sequence

e 0>F >G-oH-0
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is pure (exactness of the functor H ®p, — is another equivalent definition of flatness). H is called fp-flat if
every exact sequence of the form ¢ is fp-pure (this is the standard definition of flatness in any locally finitely
presented category). The class of flat and fp-flat quasi coherent sheaves are denoted by Flatg and Flaty,
respectively. It is proved in [5, section 3] and in [7] that Purey, C Pureg and Flats, C Flate.

It is known that quasi-coherent sheaves play the role of modules in algebraic geometry. They behave
similar to modules in homological point of view. In relative homological algebra usually the study of some
special classes of quasi coherent sheaves is considered. For example in [4] the class of flat quasi coherent
sheaves has been studied. It is proved that the category of quasi coherent sheaves, Qco(X), admits flat
covers. Flat quasi coherent sheaves on a scheme X has been also studied during the recent years as a nice
tool for studying the derived category of (quasi coherent) sheaves (for example see [8]). In the current paper
we extend the notion of absolutely pure modules to that of absolutely pure quasi coherent sheaves and
study the class of absolutely pure quasi coherent sheaves, Abs(Qc0)X, as a continuation of [5]. The study
of the class of all absolutely pure modules were first considered in [1] and continued in several papers
such as [12], [11], [15], [14], etc. A quasi coherent sheaf ¥ is called absolutely pure if every exact sequence
0-F = G— H — 0is pure. ¥ is called locally absolutely pure if 7 is an absolutely pure Ox ,-module
for each point x € X.

In [5], the authors have proved that every locally absolutely pure is absolutely pure. They mentioned
that the converse is not clear in general. We prove that the converse is true provided X is a locally coherent
scheme. It is a generalization of a classical result which states that over a locally noetherian scheme X,
every injective quasi-coherent sheaf I is locally injective. As a corollary we prove that any absolutely
pure quasi coherent sheaf is actually an absolutely pure Ox-modules which is quasi coherent sheaf, that is
Abs(QcoX) = QeoX N Abs(ShX).

A quasi coherent sheaf . is said to be Fp-injective if it is an fp-pure quasi coherent subsheaf in every
sheaf of any quasi coherent sheaf G containing it. It is equivalent to saying that J has an injective property
with respect to exact sequences of finitely presented sheaves. It is known that any Fp-injective quasi
coherent sheaf ¥ is absolutely pure since generally Pureg, C Pureg [5]. As an important corollary of the
previous result we prove that over a locally coherent scheme X, any quasi coherent sheaf ¥ is absolutely
pure if and only if it is Fp-injective.

One of our main purposes is to relate absolute purity to flatness as a generalization of classical results
in the category of R-modules. The results can be used to relate absolutely pure dimension to flat dimension
of quasi coherent sheaves. It is proved that over a locally coherent scheme the following statements will
happens as it is expected.

1. A quasi coherent sheaf ¥ is absolutely pure if and only if ¥ is flat.
2. A quasi coherent sheaf ¥ is absolutely pure if and only if ¥ is injective.
3. A quasi coherent sheaf ¥ is flat if and only if ¥ is flat.

One can use theses results to prove that the Fp-injective dimension of any quasi-coherent sheaf,
Fp — injd¥ is equal to the flat dimension of its character quasi coherent sheaf, fdF .

2. Preliminaries

In this paper all rings will be commutative with identity.

In a category C with direct limits, an object P is called finitely presented if the functor Hom¢(P, —)
preserves direct limits. A category C with direct limits is called locally finitely presented if every object in
C is a direct limit of finitely presented objects. For example the category of R-modules over a ring R and
the category of quasi-coherent sheaves over a semi-separated quasi-compact scheme X are locally finitely
presented categories.

The following results are all selected from [5].

Proposition 2.1. If Qco(X) is a locally finitely presented category, then categorically pure short exact sequences are
pure exact, that is, Pures, C Pureg.
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Definition 2.2. Let (X, Ox) be a scheme. Let ¥ be a quasi-coherent sheaf on X. F is called absolutely pure in Qco(X)
if every exact sequence 0 — F — G in Qeo(X) is pure exact.

Lemma 2.3. Every locally absolutely pure quasi-coherent sheaf is absolutely pure in Qco(X).

Proposition 2.4. A closed subscheme X C IP"(R) which is locally coherent is locally noetherian if and only if locally
absolutely pure quasi-coherent sheaves are locally injective.

Theorem 2.5. Let X be a locally coherent scheme. The class of locally absolutely pure quasi-coherent sheaves is a
covering class.

Proposition 2.6. If Ep is absolutely pure over Rp for every prime ideal P, then E is absolutely pure over R. The
converse is true when R is a coherent ring R.

Proposition 2.7. Let (X,Ox) be a locally coherent scheme. Then the following conditions are equivalent for a
quasi-coherent sheaf F .

1. F(U) is absolutely pure for every affine U.
2. F(U;) is absolutely pure for all i € I of some cover {U,}ie of affine open subsets.
3. F is absolutely pure for all x € X.

Lemma 2.8. Let F be a quasi-coherent sheaf. Then F is locally absolutely pure if and only if ¥ is absolutely pure in
Ox-MOd.

Theorem 2.9. [2, Corllary 3.5 and Corollary 4.2] The class of Fp-injective objects in a locally finitely presented
additive category and a locally coherent category is a preenveloping and a covering class respectively.

Let [F be any class of quasi coherent sheaves closed under isomorphisms and extensions. For a given
quasi coherent sheaf G, the morphism ¢ : ¥ — G with ¥ € Fis called an [F-precover of G if Hom(¥”, ) —
Hom(¥, G) is an epimorphism of abelian groups for every ¥’ € F. ¢ : ¥ — G is called an F-cover if
¢ o = ¢ implies that ¢ is an isomorphism where ¢ € Hom(¥, ). F-(pre)envelopes can be defined dually.

3. Absolutely Pure and Fp-Injective Quasi-Coherent Sheaves

The class of locally absolutely pure quasi-coherent sheaves is considered in [5]. It is proved that over a
locally coherent scheme any locally absolutely pure quasi-coherent sheaf is absolutely pure. The existence
of locally absolutely pure covering of quasi coherent sheaves over a locally coherent scheme is also proved.
In this section we use a contra-variant functor ()" : QoX — RQcoX introduced in [9] to get an strong

equivalent definition of purity to study absolutely pure quasi coherent sheaves as a continuation of [5].
Let F be a quasi-coherent sheaf. Set 7 = @:’;1 fuF:, F = @21 fiF; whenever F; = F(U;), F; =
Homyz(F;,Q/Z) and f; : U; — X is the inclusion for each 1 < i < m. Then #* and ¥ are both pure injective
and ¥ — ¥ is a pure monomorphism.

Proposition 3.1. Let X be any scheme and 0 — F — G — H — 0 be an exact sequence of quasi-coherent sheaves.
It is pure exact if and only if the sequence 0 —» H* — G* — F* — 0 splits.

Proof. It is a direct consequence of a similar result in the category of R-modules. [

Lemma 3.2. Let X be a locally coherent scheme. Then every quasi-coherent sheaf can be embedded in a locally
absolutely pure quasi coherent sheaf.

Proof. Let 0 — F; — E; be the absolutely pure envelope for each 1 < i < m. Then Eip = Ejp is absolutely
pure by Proposition 2.6 and hence E; is absolutely pure by Proposition 2.7. For each 0 < i < m, the stalk

of the quasi-coherent sheaf F.(E;) at each point x € X is zero or E;, depended in x is in U; or not. So
by Proposition 2.7 it is a locally absolutely pure quasi-coherent sheaf over X. Then the composition of

0->F > DL, fuFi — DL, fE; completes the proof. [
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Proposition 3.3. Let X be a locally coherent scheme. Then any quasi coherent sheaf F is absolutely pure if and only
if ¥ is locally absolutely pure. Moreover, over such scheme Abs(QcoX) = QcoX N Abs(ShX).

Proof. Consider0 — # — & — 7 — 0whenever Eislocally absolutely pure. Then0 - 7" - & - F* = 0
and hence forevery 1 <i<m,
0T, >E —-F -0

splits. Since E is flat, we conclude that F; is flat and hence F; is absolutely pure. The other part follows by
combining Lemma 2.8 and the previous part of the theorem. [

The previous theorem generalizes the following known result which we recover it as follows.

Corollary 3.4. Let X be a locally noetherian scheme. Then any injective quasi coherent sheaf is in fact an injective
Ox-module which is quasi coherent sheaf.

Proof. 1t is a direct consequence of the Proposition 3.3 and Proposition 2.4. [J

Theorem 3.5. Let X be a locally coherent scheme. A quasi coherent sheaf F is absolutely pure if and only if it is
Fp-injective.

Proof. A quasi-coherent sheaf ¥ is absolutely pure if and only if it is locally absolutely pure by Proposition
3.3. Since in the category of R-modules (with R a commutative ring with identity) the notions of Fp-
injectivity and absolute purity are equivalent, a locally absolutely pure quasi-coherent sheaf is locally
Fp-injective and wise versa. Notice that any locally Fp-injective quasi-coherent sheaf is Fp-injective since

Ext!(P, F)(U) = Ext'(Plu, Flu) = 0

for every finitely presented quasi coherent sheaf . Finally every Fp-injective quasi-coherent sheaf is
absolutely pure by Proposition 2.1. [

Pinzon has devoted [14] to show that every R-module over a coherent ring R has an absolutely pure
cover. The following corollary is a simple proof of one of the main results in [5].

Corollary 3.6. The class of absolutely pure quasi coherent sheaves over a coherent scheme is a covering and an
enveloping class.

Proof. The class of Fp-injective objects is known by Theorem 2.9 to be an enveloping class in any locally
finitely presented category and a covering class in any locally coherent category. When X is a coherent
scheme, the category Qco(X) is a locally coherent category. [

Theorem 3.7. Ouver a coherent scheme X, the pair (+Abs(X), Abs(X)) is a complete cotorsion pair.

Proof. We should only show that every quasi-coherent sheaf H € (* Abs(X))* is absolutely pure. Let # be
a finitely presented quasi-coherent sheaf, then by Theorem 3.5, P € (*Abs(X)). So Ext}(P,H) = 0 and this
implies that H is Fp-injective (and hence absolutely pure). [

It is known that over a locally noetherian scheme X, the restriction of an injective quasi coherent sheaf
to any open subset is injective. The following result generalizes this result and by theorem Proposition 2.4
has this result as a corollary.

Proposition 3.8. The following are equivalent.

1. X is locally coherent.
2. The restriction of any injective quasi coherent sheaf to any open subset is absolutely pure.
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Proof. 2 — 1: We show that any absolutely pure quasi coherent sheaf is locally absolutely pure. Let F be
any absolutely pure quasi coherent sheaf. Consider

0->F -&E->G—0
with & injective. Then
0—Flu—Elu—Glu—0
is pure. Hence ¥ | is absolutely pure.

1 — 2: Theorem 3.3 O

The following theorem is an extract of this section.
Theorem 3.9. Let X be a locally coherent scheme. The following happens.

Abs(QcoX) = Abs(ShX) N QeoX.

A quasi coherent sheaf F is absolutely pure if and only if ¥ is locally absolutely pure.

A quasi coherent sheaf F is absolutely pure if and only if ¥ is Fp-injective.

the restriction of any injective sheaf to any open subset is absolutely pure.

the direct limit of any direct system of absolutely pure quasi coherent sheaves is absolutely pure.

S o

Every quasi coherent sheaf admits an Abs(QcoX)-cover.

It is known that a ring R is a noetherian ring if and only if every injective module can be written as
a direct sum of some indecomposable injective modules. A quasi-coherent version of this fact has been
appeared in [5]. By comparing the treatment of injective quasi-coherent sheaves over noetherian schemes
and absolutely pure quasi-coherent sheaves over locally coherent schemes, asking the following question
is natural.

Question: Is it true to say that a scheme X is coherent if and only if every absolutely pure quasi-coherent
sheaf is a direct sum of some indecomposable injective modules?

Huang has answered this question incompletely in [10, Corollary 3.8]. He has proved that over a
coherent ring R, an absolutely pure module does not in general have such a decomposition. The following
theorem answers to the above question.

Theorem 3.10. Let X be a scheme. Then X is noetherian if and only if every absolutely pure quasi-coherent sheaf has
a decomposition as a direct sum of indecomposable absolutely pure quasi-coherent subsheaves.

Proof. The only if part is trivial. Conversely suppose that & is an injective quasi-coherent sheaf. Since & is
absolutely pure, there is a family {A;};e; of indecomposable absolutely pure quasi-coherent sheaves such
that & = @i A;. Each A; is a direct summand of an injective quasi-coherent sheaf and hence is injective.
This means that any injective module is a direct sum of some indecomposable injective modules. This
implies that X is a noetherian scheme. [

4. Duality Between Flatness and Absolute Purity

In this setion we show that the functor ()* : Qco(X) — Qeo(X) treats similar to the character functor for
the category of R-modules and hence there is a duality between absolutely pure envelope and flat cover of
quasi-coherent sheaves.

Lemma 4.1. Let € and &’ be short exact sequences with &' a pure short exact sequence. If 0 — ¢ — &’ is pure exact
then € is pure.
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Proof. Let Abe any quasi coherent sheaf and 0 — ¢ — ¢’ be as follows.

(@]
—f+e—0o
Z— Q+—o

Q
V+—F+—o

o

0—s ML 0
Then it is not difficult to show that 14 ® f is a monomorphism.

0 0 0

N

F @0y A— G 0, A—s H @0, A—0
l 1®f" l 19’ j’

0—— Mo, A4 N@o, A—2L s Poy, A—0

O

Proposition 4.2. The following are equivalent for a quasi coherent sheaf F .

1. F is flat.
2. F is absolutely pure.
3. F is injective.

Proof. 1 — 3: Suppose that we are given any exact sequence
0—-F" J, G- H—0.
Taking pull back of ¥ — ¥ and G* — F* yields the following diagram.

h

0 H* P F 0

L b

0 H* G F 0

The top row splits since H* is pure injective and ¥ is flat hence there exists ' : ¥ — ¥ such that hi’

Putting g := gh’ we have f*gh’ = f*g1 = iand g} f* = i". In the diagram

g;k splits the top row since g1kf = g} f”j = i'j = 1¢-. Thus ¥ is injective.
3 — 2 is a direct consequence of definitions.
2 — 1: For a given

0->A->B->F -0

1668

= 1g.
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consider
0 A B F 0
0 ﬂ** B!(U(' T** 0

whenever the vertical arrows are all pure and the down row splits. By Lemma 4.1, the top row is pure and
hence ¥ is flat. O

Theorem 4.3. Let X be a locally coherent scheme. Then

1. F is absolutely pure if and only if ¥ is flat.
2. F is absolutely pure if and only if ¥ is injective.
3. F is flat if and only if 7 is flat.

Proof. 1): Suppose that we are given an exact sequence
0->A->B->F —0.

Then 0 — F* — 8" — A" — 0 splits since ¥ is absolutely pure and pure injective. Conversely let ¥~ be
flat. Then ¥ is absolutely pure by Proposition 4.2. Hence ¥ is absolutely pure since ¥ — #™ is a pure
monomorphism.

2): Let ¥ be absolutely pure. Then F* = @Zl ﬁ*lﬂ-:;‘: is absolutely pure since X is locally coherent. On
the other hand # is pure injective. Notice that a quasi coherent sheaf ¥ is injective if and only if ¥ is
absolutely pure and pure injective.

Conversely suppose that ¥ is injective. Then by the previous proposition ¥~ is flat and thus ¥ is
absolutely pure by part (1).

3): F is flat if and only if ™ is absolutely pure if and only if (F*)" = (¥ )" is injective if and only if #*
is flat. O

Theorem 4.4. Let X be a locally coherent scheme and ¥ be a quasi-coherent sheaf. If f : F — A is an absolutely
pure preenvelope, then F* : A" — ¥ is a flat precover.

Proof. The proof is similar to the proof of Theorem 3.1 in [6]. [
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