Filomat 29:7 (2015), 1445-1459
DOI 10.2298/FIL1507445E

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

% ) &

% &

U 5
iy s’

%

T1pupor®
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Abstract. Graded ditopological texture spaces have been presented and discussed in categorical aspects
by Alexander Sostak and Lawrence M. Brown in [18]. In this paper, the authors study the generalization of
two sorts of neighborhood structure defined in [10] to the graded ditopological texture spaces.

1. Introduction

The concept of fuzzy topological space was defined in 1968 by C. Chang as ordinary subset of the family
of all fuzzy subsets of a given set [8]. As a more suitable approach to the idea of fuzzyness, in 1985, Sostak
and Kubiak independently redefined fuzzy topology where a fuzzy subset has a degree of openness rather
than being open or not [13, 16] (for historical developments and basic ideas of the theory of fuzzy topology
see [17]). Seven years later, this setting rediscovered in [9] under the name “graded fuzzy topology” and in
[15] under the name ”smooth topology”.

M. Demirci introduced two sorts of neighborhood structure of graded fuzzy topological spaces and
investigated their properties [10].

In classical topology the notion of open set is usually taken as primitive with that of closed set being
auxiliary. However, since the closed sets are easily obtained as the complements of open sets they often
play an important, sometimes dominating role in topological arguments. A similar situation holds for
topologies on lattices where the role of set complement is played by an order reversing involution. It is
the case, however, that there may be no order reversing involution available, or that the presence of such
an involution is otherwise irrelevant to the topic under consideration. To deal with such cases it is natural
to consider a topological structure consisting of a priori unrelated families of open sets and of closed sets.
This was the approach adapted from the beginning for the topological structures on textures, originally
introduced as a point-based representation for fuzzy sets [2, 3]. These topological structures were given
the name dichotomous topology, or ditopology for short. They consist of a family 7 of open sets and a
generally unrelated family x of closed sets. Hence, both the open and the closed sets are regarded as
primitive concepts for a ditopology.

A ditopology (7, k) on the discrete texture (X, P(X)) gives rise to a bitopological space (X, 7, k). This link
with bitopological spaces has had a powerful influence on the development of the theory of ditopological
texture spaces, but it should be emphasized that a ditopology and a bitopology are conceptually different.
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Indeed, a bitopology consists of two separate topological structures (complete with their open and closed
sets) whose interrelations we wish to study, whereas a ditopology represents a single topological structure.

Ditopological texture spaces were introduced by L. M. Brown as a natural extention of the work of
second autor on the representation of lattice-valued topologies by bitopologies in [11]. The concept of
ditopology is more general than general topology, bitopology and fuzzy topology in Chang’s sense. An
adequate introduction to the theory of texture spaces and ditopological texture spaces may be obtained
from [2-7].

Recently, A. Sostak and L.M. Brown have presented the concept “graded ditopology” on textures as an
extension of the concept of ditopology to the case where openness and closedness are given in terms of a
priori unrelated grading functions [18]. The concept of graded ditopology is more general than ditopology
and graded fuzzy topology.

The aim of this work is to generalize two sorts of neighborhood structure in graded fuzzy topological
spaces defined by M. Demirci [10] to the graded ditopological texture spaces which is introduced by A.
Sostak and L. M. Brown in [18]. The material in this work forms a part of first named author’s Ph.D. Thesis,
currently being written under the supervision of the second name author Dr. Riza Ertiirk.

2. Preliminaries

We recall various concepts and properties from [3, 5-7] under the following subtitle.

Ditopological Texture Spaces: Let S be a set. A texturing S on S is a subset of $(S) which is a point
separating, complete, completely distributive lattice with respect to inclusion which contains S, @ and for
which meet A coincides with intersection () and finite joins \/ with unions [ J. The pair (S, S) is then called
a texture or a texture space.

In general, a texturing of S need not be closed under set complementation, but there may exist a
mapping 0 : S — S satisfying 0(6(A)) = Aand A C B = o(B) C 0(A) for all A, B € S. In this case ¢ is called
a complementation on (S, S) and (S, S, 0) is said to be a complemented texture.

For a texture (S, S), most properties are conveniently defined in terms of the p — sets

Pszﬂ{AeSlseA}

and the g — sets

Q.= \/taeSIsg A =\/{P,lueS;s¢P,).
A texture (S, S) is called a plain texture if it satisfies any of the following equivalent conditions:
1. P, € Qs forallse S
2. A = \/iEIAi = UiEIAi fOI‘ all Ai € S,l € I

Recall that M € S is called a molecule if M # ) and M C AUB, A,B € Simplies M € A or M C B. The sets
P;,s € § are molecules, and the texture (S, S) is called “simple” if these are the only molecules in S. For a
set A € S, the core of A (denoted by A) is defined by

A=MUalienialiencs, a=\/tailien).

Theorem 2.1. [5] In any texture space (S, S), the following statements hold:

1.s¢A=ACQ,=>s¢A forallseS,AeS.

LAY =({s|A ¢ QslforallAeS.

. ForAj €S, j € ] we have (\/]»E]A]-)b = U]»E]A']’..

. A'is the smallest element of S containing A forall A € S.

. For A,B e S, if A € B then there exists s € S with A £ Qs and Ps € B.
CA=Qs | Ps £ Al forallAe S.

NVl = W IN



R. Ekmekci, R. Ertiirk / Filomat 29:7 (2015), 1445-1459 1447
7. A=V{Ps|AZL Qslforall A€ S.

Let IL be a fuzzy lattice, i.e. a completely distributive lattice with order reversing involution ’ and L
denote the set of molecules in IL and £ = {¢(a)la € L} where @(a) = {m € Lim < a} for a € L. Then:

Theorem 2.2. [3] For the above notations, (L, L) is a simple texture with complement A(p(a)) = @(@’), a € IL and
@ : L — Lis a lattice isomorphism which preserves complementation.
Conwversely, every complemented simple texture may be obtained in this way from a suitable fuzzy lattice.

Example 2.3. (1) If P(X) is the powerset of a set X, then (X, P(X)) is the discrete texture on X. For x € X,
Py = {x} and Qr = X\ {x}. The mapping nx : P(X) = P(X), nx(Y) = X\ Y for Y C X is a complementation
on the texture (X, P(X)).

(2) Setting I = [0,1], J = {[0,7),[0, 7] |r € I} gives the unit interval texture (I, ). Forr € I, P, = [0, 7] and
Q, =1[0,7). And the mapping ¢ : J — 7, 1[0,#] = [0,1 —71), 1[0,r) = [0,1 — 7] is a complementation on this
texture.

(3) The texture (L, £, A) is defined by L = (0,1], £ = {(0,7] | r € [0,1]}, A((0,7]) = (0,1 —r]. Forr € L,
P, = (0, 7] = Q,. This texture corresponds to fuzzy lattice (I = [0, 1],”) in the sense of Theorem 2.2.

(4) Let X # 0, W be the set of “fuzzy points” of I%, i.e. the functions

(2) = m, z=x
M= 1 0, otherwise

for x € X and m € L = (0,1], where as before L is the set of molecules of I. Representing x,, by the pair
(x,m), it can be written that W = X X L. Then (W, W, w) is the texture corresponds to fuzzy lattice IX in the
sense of Theorem 2.2. where W = {¢(f) | f € IX}, o(f) = {(x,m) € W | x,, < f} = {(x,m) € W |m < f(x)} and
w(p(f) = p(f’).

(5) S = {0,{a, b}, (b}, {b,c}, S} is a simple texturing of S = {a,b,c}. P, = {a,b}, P, = {b}, P, = {b,c}. Itis not
possible to define a complementation on (S, S).

(6) If (5,S), (V,V) are textures, the product texturing S ® V of S X V consists of arbitrary intersections of
sets of the form (AX V)U(SxB),A€ S,BeV,and (S x V,8® V) is called the product of (S, S) and (V, V).
Forse S,v €V, Py = Ps X Py and Qo) = (Qs X V) U (S X Qp).

A dichotomous topology, or ditopology for short, on a texture (S, S) is a pair (7, k) of subsets of S, where
the set of open sets 7 satisfies

(T) S0er
(T2) G1,G€T=>GiNG €T
(T3) Gietiel=\V;G e
and the set of closed sets « satisfies
(CTh) S,0ex
(CTz) Ki,Kbex=>K UK, € x
(CT3) Kiex,iel=();K;ex.
Hence a ditopology is essentially a “topology” for which there is no priori relation between the open and
closed sets.
Let (7, x) be a ditopology on (S, S).
1. If s € S, a neighborhood of s is a set N € S for which there exist G € 7 satisfying P C G S N ¢ Q.
2. If s € S, a coneighborhood of s is a set M € S for which there exist K € «x satisfying P € M C K C Q..

If the set of nhds (conhds) of s is denoted by 7(s) (u(s)) respectively, then (1, u) is called dinhd system of
(T, ).

Theorem 2.4. [7] For a ditopology (1, x) on (S, S) let the families n(s), s € S* and u(s), s € S be defined as above.
(1) For each s € S" we have n(s) # O and these families satisfy the following conditions:
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(i) Nen(s) =N Qs
(ii) Nen(s),NCN €S= N €1(s)
(iii)) N1,N> € T](S),Nl NN, £Qs=N1NN; € T](S)
(iv) (a) Nen(s)=3IAN* €S,P, C N* CN,sothat N* ¢ Q; = N* e n(t),Vt€ S
(b) ForN € Sand N € Q;, if there exists N* € S, Ps € N* C N, which satisfies N* € Q; = N* e n(t),Vt €
S then N € 7(s).

Moreover, the sets G in T are characterized by the condition that G € 1(s) for all s with G € Qs.
(2) For each s € S we have 1(s) # 0 and these families satisfy the following conditions:
(i) Meu@s)=P;¢M

(ii) Meu(s), M2 M €S = M € u(s)

(iif) My, My € p(s) = My UM, € u(s)

(iv) (a) M€ u(s)=IM* e S, M C M* C Qs sothat Py ¢ M* = M* € u(t),Vte S

(b) For M € S and Py € M, if there exists M* € S, M € M* C Q;, which satisfies Py £ M* = M* €
u(t), vt € S, then M € u(s).

Moreover, the sets K in « are characterized by the condition that K € u(s) for all s with Ps € K.

Conversely, if 1)(s),s € S” and u(s),s € S are non-empty families of sets in S which satisfy conditions (1) and (2)
above, respectively, then there exists a ditopology (7, k) on (S, S) for which n(s) (u(s)) are the families of nhds (resp.,
conhds).

A complementation o on a texture (S,S) is called “grounded” [14] if there is an involution s — s’ on
S such that o(Ps) = Qs and 0(Qs) = Py (s" will be denoted by o(s)) for all s € S and in this case the
complemented texture space (S, S, 0) is called “complemented grounded texture space”. It is obtained that
a complemented plain texture is grounded in [19].

It is well known that, in the classical set theory, A N B = @ if and only if A ¢ X — B for any subsets, A
and B, of X” and in the fuzzy set theory, ” A N B = 0 implies A C 1 — B for any fuzzy subsets, A and B, of X".
So it can be defined an alternative binary implication in the fuzzy set theory such as; ” A is quasi-coincident
with B (denoted by AgB) if and only if there exists an x € X such that A(x) + B(x) > 1 for any fuzzy sets, A
and B, of X”, and ”A is not-quasi-coincident with B (denoted by AgB) if and only if A(x) + B(x) < 1 for all
x € X”. These notions are generalized to the complemented texture spaces in [15] as follows:

Let (S, S, 0) be a complemented texture space and A, B € S. It is called that A is quasi-coincident with
B” (denoted by AgB) if A € o(B) and ”A is not quasi-coincident with B” (denoted by AgB) if A C ¢(B) [12].

Graded Ditopological Texture Spaces: In this subsection, we recall various concepts and properties
from [18] that will be needed later on this paper.
Let (5,8), (V,V) be textures and consider 7, K : S — V satisfying
(GT) T(S) =T @)=V
(GT2) T(A)NT (A) CT(A1NA) VYA, A e S
(GT3) N T(A) ST (Vi A)VAj€S,je]
and
(GCTy) K(S)=KO) =V
(GCTz) W(Al) N 7((A2) c W(Al U A2) VA,Ay €S
(GCT3) NigKA) CK(NiggA) VA €S, je]
Then 7" is called a (V,V)-graded topology, K a (V,V)-graded cotopology and (7, %K) a (V,V)-graded

ditopology on (S,S). The tuple (5,S,7,K,V,V) is called graded ditopological texture space. For v € V it
is defined that

T°={Ae S|P, CT(A), K’ = {A e S|P, CK(A)).

Then (777, K”) is a ditopology on (S, S) foreach v € V. Thatis, if (S5, S, 7, K, V, V) is any graded ditopological
texture space, then there exists a ditopology (77, K”) on the texture space (S, S) for eachv € V

If (5, S, 0) is a complemented texture and (7, K) a (V, V)-graded ditopology on (S, S), then (K o0, 7 00)
is also a (V, V)-graded ditopology on (S, S). (7, K) is called complemented if (7, K) = (K 00,7 ©0).
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Example 2.5. Let (S, S, 7, k) be a ditopological texture space and (V, V) the discrete texture on a singleton.
Take (V,V) = (1, (1)) (The notation 1 denotes the set {0}) and define 17 : S - P(1) by 9(A) =1 Ac .
Then 79 is a (V, ‘V)-graded topology on (S, S). Likewise, ¥ defined by k9(A) =1 & A € xisa (V,V)-graded
cotopology on (S, S). (17, x9) is called a graded ditopology on (S, S) corresponding to ditopology (7, x).

Therefore graded ditopological texture spaces are more general than ditopological texture spaces.
For a mapping K: S — ¥V and v € V, we define the family °K = {A € S : K(4) € Q,} and thus for each
v € V,wehave K C K”.

3. Graded Dineighborhood Systems

Definition 3.1. Let (7, K) be a (V,V)-graded ditopology on texture (S,S) and N : S VS, M:S - VS
mappings where N(s) = N; : S — V for each s € S* and M(s) = M, : S — V for each s € S. Then the
mapping N is called a “graded neighborhood system of s” if

Ny ={AeS:T(B)¢L Qyand Ps CBC A ¢ Qs for some B € S} )
for each v € V” and the mapping M; is called a “graded coneighborhood system of s” if
*M;={AeS:K(B)L Qyand Ps £ AC B C Qs for some B € S} (2)

for each v € V". The mapping N (M) is called a “graded neighborhood system” (”graded coneighborhood
system”) of graded ditopological texture space (S,S,7,%K,V,V) if N; (M;) is a graded neighborhood
system for each s € S” (graded coneighborhood system for each s € S) respectively. (N, M) is called
“graded dineighborhood system” of graded ditopological texture space (S,S,7, K, V,V) if N is a graded
neighborhood system and M is a graded coneighborhood system of graded ditopological texture space
5S,7,K,V,V).

Proposition 3.2. For the above notations, (N, M) is a graded dinhd system of a graded ditopological texture space
(SI Sl T/ 7(/ ‘// (V) ﬁ

sup{T(B): PsCBCAZQ,BeS}), AZQ;

Ns(A) = { 0, A CQ, 3)

foreach s € S* AeSand

MS(A):{ %uPW((B):PS ¢ACBCQ,BeS), Ilizéi “

foreachseS,AeS.

Proof. (=) : Lets € S, A € S and N; be a graded nhd system of s. If A C Q; then by the equation (1),
A ¢ °Nj for each v € V so Ny(A) C Q, for each v € V" since °N; = {A € S : Ny(A) ¢ Q,}. If we assume that
N(A) # 0, then we get Ni(A)" # 0 and therefore there exists a t € V such that t € N;(A)". That implies the
contradiction Ns(A) € Q;. This means that if A C Qs, then we have Ns(A) = 0.

Now let A € Q,, and for any s € s suppose that Ny(A) € sup{7 (B) : Ps € B € A € Q;}. Then we have
Ns(A) € Q, and P, € sup{T (B) : Ps S B C A € Qs, B € S} for some v € V. Moreover v € VP since V # Q,,
so we have A € °N;. Thus, considering the equation (1), there exists a B € S such that 7(B) € Q, and
P; CBCAZQ;. It follows that sup{7(B) : Ps C B C A€ Qs,B € S} £ Q, which is in contradiction with
P, &sup{T(B) : PsCBCAEZQ,BeS} ie Ny(A) Csup{T(B):Ps CBCAEZ Qs B e S} Similarly it can
be obtained that sup{7 (B) : P, C B C A £ Q,,B € S} € Ns(A). So we have Ny(A) =sup{T(B): PsCBCA¢
Qs,Be S}.

(&) : Let (3) holds for each s € S”, A € S. Then we obtain
TB)LQuand Py, CBC AL Qs forsome Be S & Ny(A) =sup{T (B): PsCBCAZQ,,BeSI € Qo Ac
"N,
for eachs € S°, v € V". So N is a graded nhd system.
The proof of the conhd part can be shown by using the above method. O

7
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Theorem 3.3. Let (7,K) be a (V,V)-graded ditopology on texture (S,S). If (N, M) is the graded dinhd system of
graded ditopological texture space (S, S, 7T, K, V,V), then the following properties hold for all A, A1, A; € S:
(1) For each s € S;

(ND)Ny(A) 0= A ¢ Q,

(N2) Ns(@) = @ and Ng(S) =V

(N3) A1 € Az = Ns(A1) € Ns(Az)

(N4) A1 N Az € Qs = Ns(Ar) A Ng(Az) € Ns(Ar N Az)

(N5) Ns(A) € sup{\gep Ns(B) : Ps CBC AL Qs,B€ S}

(2) For each s € S;
(M1) M;(A) #0=>P; ¢ A
(M2) M;(S) = 0 and Ms(@) =V
(M3) A1 € Ay = M;(Az) € Ms(Ar)
(M4) Ms(A1) A Ms(Az) € Ms(A1 U Ay)
(M5) M;(A) < Sup{/\s’e(S\B) My(B): Ps £ ACBCQs,BeS)

Proof. (1) N1-N3: Straightforward from equation (3).
N4: Let A1 N Ay € Q..

N{(A) AN = \/ TBA \/ T©O= \/ (T(B) AT(C)
P;CBCA; ¢—Q€ PSQCQAZQQS PsngAlg-er PSQCQAZQQS
c \/ TBNOC \/ T =N(ANA)
PsCBCA1ZQs, PsCCCAEQs P CDC(A1NAL)ZQs

N5: If A C Q;, then Ny(A) = 0, i.e. the property holds. Let A € Q,. From equation (3), we have "Vs’ € Bb
T (B) € Ny(B)” for all B € S. Thus it follows that

Ns(A) =sup{T(B) : PsCBCAZQs,BeS} Csup{A\yep No(B) : PsCBCAZQ,,BeS).

(2) It can be shown similar as (1). O

Corollary 3.4. If the texture (V, V) or the texture (S, S) is plain then the statements (N5) and (M5) in Theorem 3.3.
can be strengthened as "N(A) = sup{ Ay ep» Ns(B) : Ps S B C A € Q5, B € 81" and "M;(A) = sup{/\ye(s\p My (B) :
P; € A C B C Qs B € S} respectively.

Proof. Let (V,V) be a plain texture. Suppose that A, cp No(B) € 7 (B) for a set B € S. Then we have
Asep Vp,cceeo, T(C) € T(B) and so Agepr Vp, cccpeq, T (C) € Qp and P, € 7 (B) for some v € VP, Since
(V,V) is plain, join coincides with union in V. Therefore, we have

\/ T7O¢Q=prc/\ \/ TO=veB Pc \/ TO= |]J T©O
s'eB’ Py CCCBZQy s'eB’ Py CCCBZQy Py CCCBLQy Py CCCBLQy

=>VseB’, AC, €S : P, CCy CBZ Qyand P, C T(Cy)
and so we have P, C (,ep 7 (Cy). Thus, using (GT3) we obtain

7B =7(\/C)2(|TC)2P
s’eBb s’eB?

which is in contradiction with P, £ 7(B). So, by means of the conclusion ” Az Ny (B) € 7 (B) for all
BeS”, wegetsup{\yep Ny(B) : Ps CBC AL Q,,BeS) Csup{T (B): Ps CBCAZ Qs BeS)=N,(A).
Thus by N5 of Theorem 3.3, they are equal.

Similarly it can be obtained that sup{/\ s\ Ms (B) : Ps £ A € B C Q5, B € S} € M(A).

Let (S, S) be a plain texture. Suppose that sup{Ayep Ny(B) : Ps S B C A € Q,,B € S} £ Ns(A). Then
sup{Agep No(B) : Ps CBCAZ Q,,Be S} € Qy and P, € N,(A) for some v € %43

supl /\ No(B): P, CBCA¢Q,BeSI¢Q,=IBeS:P.CBCAZQ and "Vs' € B Ny(B) £ Q"

s’eBb
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Since (S, S) is plain, Ps € Q;i.e. BE Qs 0rs € B". Then it follows that Ny(B) ¢ Q, and considering (N3),
Ns(A) € Q, which is in contradiction with P, € N,(A).
Similarly it can be obtained that sup{/\y¢\5) Ms(B) : Ps £ A S B C Qs, B € 8} € Ms(A). O

Proposition 3.5. If the mappings N : S* — VS, M : S — VS satisfy the conditions N1 — N5 and M1 — M5 in
Theorem 3.3. then the mappings Tn, Kp : S — V, defined by

Tn(A) = () Ne(4) (5)
seAP

K(A) = () Mi(4) (6)
sES\A

where A € S, form a (V,V)-graded ditopology on texture (S, S). Moreover, if (NN, M*w) is the graded dinhd system
of (S, S, Tn, K, V, V) then (N, M) C (N7, M*m) (i.e. N5(A) C NZ”(A)for alls € S, A € Sand My(A) C MZ(M(A)
forallse S,A e S).

Proof. (GT1) : Tn(®) = Nseg Ns(@) = V and TN(S) = Nsegr Ns(S) = Nser V =V

(GT,) : Let A1,A; € S. If (A1 N Az)b = @ then TNn(A1 NAy) = Vie. (GT3) holds. Let (A1 N Az)b + 0. If
s € (A1 N Ay) then A1 NAy ¢ Qs, so Ny(A1) A Ny(Ay) C Ny(A; N Ay) from (N4). Furthermore, we have
A1 NAy €A = (AN A" C A and Ay NA; € Ay = (A1 N Ay)" € Al Therefore, we get;

Tn(ind)= () Nhin4)2 (] NA)ANA)2 [ NAna () Ni(4o)

s€(A1NAy)’ s€(A1NAy)’ se(A1NAz) s€(A1NAz)P
2 () No(An) N [ NelAz) = TelAr) 0 Ti(A2)
seAb seAd

(GT5) : Let Aj € Sforall j € ] where ] is a nonempty index set. If (\/ A]’)b = 0 then Tn(V g 4)) = Vie.
(GT3) holds. Let (Vg A))" # 0. If s € (Vg A))’ = U]-E,Ag, (by Therem 2.1), then we have \/;; A; ¢ Q,,
furthermore, since A; C ¢ A; for all j € ] we get Ns(A;j) € Ns(V ) A;) for all j € | from (N3). Thus, we get;

v\ A= [ N ar= () MO A =N 402 NA) =) 7w(A)

jel s€(Vje Aj)? i€] seUjg A7 i€] j€] seA® i€] j€] seA i€l

Hence, Ty isa (V, V)-graded topology on (S, S) and similarly it follows that K is a (V, V)-graded cotopology
on (S5,S).

Letse€ S’ A€ S. If A C Q, then N,(A) = NZN(A) =0. If A< Q,, using (N5) and the equations (3), (5)
we get Ns(A) C sup{Ayep Ne(B) : PsCBCAZQ;,BeS} =sup{TnB):PsCBCAZLQ,,BeS)= N7v(A).
Hence N;(A) C NZN (A) forall s € S", A € S. Similarly, using (M5) and the equations (4), (6) we have
M,(A) c M (A) forallse S,AeS. O

Corollary 3.6. If (N, M) is the graded dinhd system of a graded ditopological texture space (S, S, T, K, V,V) then
(T, 5K) = (Tn, Kn)-

Proof. Let (N, M) be a graded dinhd system of graded ditopological texture space (5,S,7,%K,V,V) and
A € 8. Suppose that Tn(A) € T (A). Then, Tn(A) € Q, and Py, € 7 (A) for some v € V. Hence,

Th(A) € Qo= [ |N(A) £ Q= Vs € A, Ny(A) £ Qo = Vs € A", sup(T(B): P, CBCAL QI £ Qs

seAb

=>VseA’, AB,eS:T(B,) £ Q,, PsCB, CALQ,
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Thus, it follows that
A:VﬂgVﬁgA:A:V&
S€AP s€AD seAP

Using (GT3), this follows that 7 (A) = 7 (Ve Bs) 2 Ngear T (Bs) 2 Py , which is a contradiction.

On the other hand, since P; C A C A ¢ Q; for all s € A”, we get T(A) C sup{7(B) : PsCBC A ¢ Qs} =
Ny(A) for all s € A" Tt follows that Ty (A) = (Nsear Ns(A) 2 T (A). This means Ty = 7.

Using similar method, it can be obtained that Ky = K. O

Corollary 3.7. If the texture (V,V) or the texture (S,S) is plain then for the graded ditopological texture space
(S, S, Tn, K, V, V) we have (N, M) = (N"~, M*n), i.e. (N, M) is the graded dinhd system of (S, S, Tn, Ku, V, V).

Proof. 1t is clear from Corollary 3.4. [

Proposition 3.8. Let (S, S, 0) be a complemented grounded texture space and (7, K) a (V,V)-graded ditopology on
(S, S, 0). If (N, M) is the graded dinhd system of (S, S, T, K, V,V) then the mappings N* : S* — VS, M*: § — VS
defined by

Ni(A) = Mys)(0(A)), s € S"; Mi(A) = Nogy(0(A)), s € S
forall A € S, form a graded dinhd system (N*, M) for the graded ditopological texture space (S, S, Koo, T oo, V, V).
Moreover, (N, M) = (N*, M*) if (T, K) is complemented.

Proof. Lets € S*,v € V’, A € S. Using Definition 3.1. we get

A €’N; & N(A) € Qv © My)(0(A)) € Qv © 0(A) € "My © AB € S : Py(s) £ 0(A) € B C Qu(s), K(B) £ Qo
©dABeS:P,Co(B)CAZLQ,, K(B)L Q, © AB'(=0(B))eS:P;,CB" ' CAZ Qs K(o(B)) € Q,
Thus, we have °N; = {A € S| (K o0)B) € Quand P, € B C A € Qs for some B € S} and so N* is a graded
nhd system of (5,8, K 00,7 og,V,V). Similarly, it can be obtained that M* is a graded conhd system of
(5,8, K00, 7T oa,V,V).
Now, let (7, K) be complemented, s € Sand A € S. If A C Q, then N,(A) = 0, Ps) € 0(A) and so
N;(A) = My (0(A)) = 0. Hence, N; = N;. If A € Q, then P,y € 0(A) and so using Proposition 3.2. we get
N3 (A) = My(s)(0(A)) = sup{K(B) | Pss) £ 0(A) € B C Qo(s), B € S}
= sup{K(o(B") | Pogy £ 0(A) € o(B) € Qg B € S)
=sup{T (B’)|Ps CB' CAZ Qs B € S} = N;(A).

Therefore we have N = N*. Using the above method it can be shown that M = M*. [0

Example 3.9. (1) Let (1, u) be the dinhd system of a ditopological texture space (S,S,t,«x). Then the
mappings N : §* — P(1)%, M : § — P(1)¥ defined by

_] L Aenb
Ni(4) = { 0, Ag¢nes)

and
1, Aeu(s)
My(4) = { 0, A¢ u(s)

for all A € S, form a graded dinhd system for the graded ditopological texture space (S,S, 77, x7,1, P(1))
corresponding to (S, S, 7, x).



R. Ekmekgi, R. Ertiirk / Filomat 29:7 (2015), 1445-1459 1453

On the other hand, if (N,M) is a graded dinhd system for a graded ditopological texture space
(5,8, 7,K,1,P(1)) then the families 7(s), s € S" and u(s),s € S defined by

n6s) ={A€S:Ny(A) =1}, u(s) ={A e S: My(A) =1}

form a dinhd system (7, ) for the ditopological texture space (S, S, 79, %%) correspondingto (S, S, 7, K, 1, P(1)).
(2) Let (N, M) be the graded dinhd system of a graded ditopological texture space (5,S,7,%K,V,V) and
(11°, u°) be the dinhd system of (7, K?) for each v € V. Then for the families (13, u},) defined by

s€ 8", n%(s) = (A e S|P, CNy(A)}

s€ S, uy(s) ={A eS| P, € M(A)}

we have (n°, u°) € (13, u3,) for each v € V. If the texture (V,V) is plain then we get (n°, u) = (113, u3,) for
eachv e V.

4. Graded Q-dineighborhood Systems

Throughout this section we assume that the texture (S, S) has a complementation ¢.

Definition 4.1. Let (7, %) be a (V,V)-graded ditopology on texture (S,S) and NM:S — VS mappings

where N(s) = N, : S = V, M(s) = M, : S — V for each s € S. Then the mapping N, is called a “graded
Q-nhd system of s” if

={AeS:T(B)Z Q,and PsqB C A for some B € S} (7)
for each v € V” and the mapping M, is called a “graded Q-conhd system of s” if
"M, ={A € S8 :K(B) ¢ Q, and Ps ¢ B,A C B for some B € S} (8)

for each v € V. The mapping N (M) is called a “graded Q-nhd system” (”graded Q-conhd system”) of
graded ditopological texture space (S, S, 7, K, V,V) if N; (M;) is a graded Q-nhd system (graded Q-conhd
system) for each s € S respectively. (N, M) is called a “graded Q-dinhd system” of graded ditopological

texture space (5, S, 7, K, V, V) if Nisa graded Q-nhd system and Misa graded Q-conhd system of graded
ditopological texture space (S,S,7, K, V,V).

Proposition 4.2. (N, M) is a graded Q-dinhd system of a graded ditopological texture space (S, S, 7T, K, V,V) iff

~ T(B):PqBC A,Be S}, PyA
Ra ={ g#7 @ PaBEABES, Dad ©

1\715(A)={ sup{K(B): Ps ¢ BBACB,BeS}, P,¢A

0, P.CA (10)

foreachs e Sand A € S.

Proof. We prove only the Q-conhd part, the Q-nhd part can be proved in a similar way.
(=) :Letse S5, AeSand M; be a graded Q-conhd system of s. If P € A then by (8), A §£ M, for

each v € V' so M, (A) C Q, for each v € V. If we assume that M, (A) # 0, then we get M, (A) # 0 and

therefore there exists t € V" such that t € M (A) So we have M (A) € Q. Th1s means contradiction with
the statement ”M, (A) € Q, for each v € V*” and hence we obtain that M, A) =
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Now let Py ¢ A. Suppose that MS(A) ¢ sup{K(B) : Ps £ B,A € B}. Then we have MS(A) ¢ Q, and
P, & sup{K(B) : Ps € B,A C B} for some v € V. Moreover v € VP since V # Q,, so we have A € ”A7Is.
Thus, from (8) it follows that there exists B € § such that K(B) ¢ Q, and P; ¢ B,A C B. It follows
that sup{K(B) : Ps £ B,A € B} € Q, which is in contradiction with P, € sup{K(B) : P, £ B,A C B}, i.e
1\7IS(A) C sup{K(B) : P £ B, A C B}. Similarly it can be obtained that sup{K'(B) : P £ B,A C B} C MS(A). So
we have M,(A) = sup{K(B) : Ps ¢ B,A C B}.
(&) : Let (10) hold for each s € S, A € S. Then we obtain
K(B) € Qyand Ps CB,ACB forsomeBeS & ]\7IS(A) =sup{K(B):Ps £B,ACBI¢Q, o Ac ”]\715
foreachs e S,ve V. So Misa graded Q-conhd system. O

Theorem 4.3. Let (7, K) be a (V,V)-graded ditopology on texture (S, S). If (N, M) is the graded Q-dinhd system of
graded ditopological texture space (S, S, T, K, V,V), then the following properties hold for each s € S, A, A1, Az € S:

1) (Nl) N A)#0= PSqA
(N2) Ni(0) = 0 and Ny(S) =
(N3) Al CA = Ni(A1) € N; (Az)
(N4) N,(A1) A Ny(A2) € Ny(A1 1 A)
(N5) Ny(A) = sup {Ap, qBN /(B) : PsgB C A}

(2) (M1) Ms(A) #0 = P, ¢ A
(M2) My(S) = 0 and My(0) =
(M3) Al CA = M,(As) € M, (A1)
(M4) M (A1) A My(A2) € Mi(Ay U Ay)
(MS)M (A) = sup{/\p, Q_BM /(B): Ps ¢ B,A C B}

Proof. (2) M1 — M3: Straightforward from equation (10).
M4: If P; € A; or Ps C A then the property holds. Let P; € Ay and Ps € Ay. Since Ps € B, A1 € B, Ps €
CACC=P,¢(BUC),(A1UA)C(BUCQ),

M(A) AMs(A) = \/ KB A \/ *(C)= \/ (K(B) N K(C))
P;¢B,A1CB Ps¢C,A,cC Ps¢B, A1CB, PsZC, A,cC
c \/ KBUOC \/  K(D)=M(A UA)
P.¢B, A1CB, PsZC, A,cC P,¢D,(A1UA,)CD

M5: From equation (10), we have “"Py £ B = K(B) My (B)” for all B € 8. Thus it follows that M, (A)
sup{K(B) : Ps £ B,A C B} C sup{/\p, gBM /(B) : Ps £ B,A C B}. Now, suppose that sup{/\p, QBM /(B) : Ps &
B,ACB} ¢ Z\7IS(A). Then, sup{/\p,¢5 A7ISI(B) :Ps€B,ACB} ¢ Q,and P, & MS(A) for some v € V?.

sup( /\ Mq(B):P; € B,ACB} ¢ Q,= ABeS:P, LB ACBand "Py ¢ B= My(B) £ Q,”
Py¢B

Since P; ¢ B, it follows that ]\7IS(B) ¢ Q,. Using A C B and (M3) we have M (A) € Q, which is in

contradiction with P, & ]\715 (A).
(1) can be shown similar to (2). O

Proposition 4.4. If the mappings N,M:S — VS satisfy the conditions N1 - N5 and M1 — M5 in Theorem 4.3.
then the mappings T, Ky : S — V, defined by

T(A) = [ | Nu(4) (11)

PsgA
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Kia(A) = (] Me(4) (12)
P,¢A

where A € S, form a (V,V)-graded ditopology on texture (S, S). Moreover, (N, M) is the graded Q-dinhd system of
(S/ Sl Tﬁ/ (K‘~/ ‘// (V)'

Proof. (GCT1) K@) = Np,go Ms(®) = Nyes V = V and Kiz(S) = Np,gs Me(S) = Neg Ms(S) = V B
(GCT») Let Ay, A € S. If A UA, = S then Kiz(A; UA;) = V and (GCT) holds. Let A; UA, # S. Using (M4),
we get;

KgAiUA) = [ M{AUA)2 (] M@A)AM(A)= (] M(Ann [ M)

Psg(A1UA2) PsZ(A1UAz) PsZ(A1UA) Psg(A1UAz)
2 () MaAn) 0 ()] M(A2) = Ki(A) 0 Kiz(A)
PSQA1 PSQAZ

(GCTs) Let Aj € Sfor all j € ] where | is a nonempty index set. If ((1;; Aj) = S then Kz(Nje; Aj) = Vie.

(GCT3) holds. Let (e Aj) # S. We have Ps £ ((Njgj Aj) © s € S\ (N Aj) = Uje)(S \ 4)). Thus, using (1\713)
we get;

Ka(( A= [ M)A 2( )] M) an 2 () Map) = [ Ki(A))
jeJ Pg(NjeAp) €] je] PZA; ie] je] PZA; jel

Hence, Kj; is a (V,V)-graded cotopology on (S,S) and similarly it follows that 75 is a (V,V)-graded
topology on (S,8). Furthermore, using (ﬁ5), (2\715) we get that (N, ]\71) is the graded Q-dinhd system of
(S,S,TN,WM,V,(V). O

Corollary 4.5. In Proposition 4.4., if o is grounded then T 5 and Kz can be also characterized as follows:

T(A) = [ | Now(A), Kig(A) =[] Moo(A); AeS (13)
seAb s€a(A)’

Proof. Considering PsgA © Ps € 0(A) © A = 0(06(A)) € 0(Ps) = Qus) © 0(s) € A’ with (11)and P; ¢ A &
0(A) € 0(Ps) = Qus) © 0(s) € a(A)b with (12), it can be obtained. O

Corollary 4.6. If (N, M) is the graded Q-dinhd system of a graded ditopological texture space (S, S, T, K, V,V) then
(T,K) = (T35 Ky)

Proposition 4.7. Let (S, S, 0) be a complemented texture space and (7, K) a (V,V)-graded ditopology on (S, S, 0).
If (N, M) is the graded Q-dinhd system of (S, S, T, K, V,V) then the mappings N*, M* : S — VS defined by

N:(A) = My(0(A)), Mi(A) = Ny(0(A)), s€ S

forall A € S, form a graded Q-dinhd system (N*, M) for the graded ditopological texture space (S, S, Koo, T oo, V, V).
Moreover, (N, M) = (N*, M*) iff (T, K) is complemented.

Proof. 1t is clear from Proposition 4.2. [J
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Example 4.8. First, we recall the concept of “smooth Q-neighborhood system” [10]. Let (X, 7) be a graded
fuzzy (smooth) topological space, x,, € I¥ a fixed fuzzy point and Q,,, : IX — I ”“smooth Q-neighborhood
system of x,,”, i.e.,

_ | supft(n) :n € IX, xpuqn,n <y, xXwqu
QXm(H) - { 0’ xmq” (14)

for each u € IX[10]. Then, remembering that the texture (L, £, A) corresponds to I and the texture (W, W, )
corresponds to I¥ from Example 2.3., the mappings 7, K : W — L defined by

T (W) = 0, ()], Kp(w) = T (w(p)) =T (p') ; peIX (15)

form a complemented (L, £)-graded ditopology on (W, W, ). Moreover, the mappings NM:W — LW
defined by

R o) = { ;1,4;{7(@(77)): Xw(n) C ()}, zzgzgﬁ; (16)

My, (p()) = Ny, (@(p(n))) (17)
for each ¢(u) € W, x,, € W form a graded Q-nhd system (N, ]\7I) of( WW,w,7,K,L, L).

5. Categorical Aspects

Graded Q-dinhd systems give a complete characterization of graded ditopologies on complemented
texture spaces but this structure is not a generalization of dinhd systems on ditopological texture spaces. On
the other hand, the structure of graded dinhd systems is a generalization of dinhd systems on ditopological
texture spaces and it characterizes graded ditopologies on plain textures. In this section we categorically
investigate the relations between graded dinhd systems and graded ditopolological texture spaces. Our
reference for category theory is [1]. We recall some basic concepts and properties from [5, 6, 18] that will be
needed in this section.

Let (S,S), (V,V) be textures, the p-sets and g-sets for the product texture (S X V, P(S) ® V) be denoted by
Py, G(S/v) respectively.

Difunctions: Let (S, S), (V, V) be textures.

1. r € P(S) ® V is called a relation from (S, S) to (V, V) if it satisfies

R1 r 1¢— g(s,v)rps’ SL QS =7 g— Q(s’,v) _
R2 rZ Qi = I’ € Ssuch that Ps £ Qv and r € Qs -
2. R € P(S)® V is called a corelation from (S, S) to (V, V) if it satisfies
CR1 P(s,v) ¢— R/ Ps ¢— Qs’ = P(s’,v) ,¢— R
CR2 Py ¢ R = 3’ € Ssuch that P, ¢ Qs and Py ) & R.
3. A pair (r,R), where 7 is a relation and R is a corelation from (S, S) to (V, V), is called a direlation from
(58) to (V,V).
4. Let (f, F) be a direlation from (S, S) to (V, V). Then (f, F) is called a difunction from (S, S) to (V, V) if
it satisfies the following two conditions:
DF1 Fors,s’ €S, P, ¢ Q, = Jv e Vwith f € Q) and P,0) £ F
DF2 Forv,v' € Vands €S, f € Qy and Py € F = P, € Q..
5. Let (f,F) : (5,8) = (V,V) be a difunction. For B € V, the inverse image f“ B and inverse co-image
F<B are defined by

foB= \/{PSNU, f € Qun = Py CB)
FoB = {QVo, Py £ F= B S Q).

For a difunction, the inverse image and the inverse co-image are equal.
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6. A difunction (f,F) : (51,81, 71, %1) — (52,82, 72, Kk2) is called continuous if B € 7, = F B € 14,
cocontinuous if B € k, = f“ B € x1, and bicontinuous if it is both continuous and cocontinuous.

The Category dfGDitop: Let (S, Sk, Tk, Kk, Vi, Vi), k = 1,2 be graded ditopological texture spaces,
(f,F) : (51,81) = (52, 82), (h,H) : (V1,V1) = (Vo,Vy) difunctions. For the pair ((f, F), (h, H)), (f, F) is called
continuous with respect to (h, H) if H-7,(A) € T1(F~A) VA € S,, and cocontinuous with respect to (1, H) if
h=Ka(A) € Ka(f~A) VA € S;. The difunction (f, F) is called bicontinuous with respect to (i, H) if it is both
continuous and cocontinuous with respect to (1, H).

The class of graded ditopological texture spaces and relatively bicontinuous difunction pairs between
them form a category denoted by dfGDitop.

Definition 5.1. Let (S,S), (V,V) be texture spaces. A pair of mappings N : S” —» VS, M : S - VS which
satisfies (N1) — (N5) and (M1) — (M5) in Theorem 3.3. is called a (V, V)-graded dinhd function on (S, S). In
this case, (S,S,N, M, V,V) is called a graded dinhd texture space.

Definition 5.2. Let (S, S, Ni, Mk, Vi, Vi), k = 1,2be graded dinhd texture spaces, (f, F) : (51,S1) = (52, S2),
(h,H) : (V1,V1) = (Vo,V») difunctions. (f, F) is called n-continuous with respect to (i, H) if

HY((\NxA) € () NiE-4) VAES, (18)

s€Ab s€(F—A)°

and n-cocontinuous with respect to (h, H) if

he( ﬂ May(A)) C ﬂ Mis(f©A) VAES,. (19)

s€S\A s€(S1\f<A)

The difunction (f,F) is called n-bicontinuous with respect to (i, H) if it is both n-continuous and n-
cocontinuous with respect to (h, H).

For a graded dinhd texture space (S,S,N,M,V,V) and identity difunctions (is, Is), (iv,Iy) we have
I;(ﬂseAb Ns(A)) = Nsear Ns(A) = mse(I;A)b Ns(I;A)/ i;(mseS\A M;(A)) = msES\A Ms(A) = mse(S\i;A) Ms(i;_A)
forall A € 8. So (ig, Is) is n-bicontinuous with respect to (iv, Iv).

Proposition 5.3. Relatively n-bicontinuity is preserved by composition of difunctions.

Proof. Let (Sk, Sk, Nk, Mk, Vi, Vi), k = 1,2,3 be graded dinhd texture spaces, (f,F) : (51,81) — (52, 82),
(h,H) : (V1,V1) = (V2, V1), (9,G) : (S2,82) = (53, S3), (k,K) : (V2, Vs) = (V3,V3) difunctions where (f, F)
is n-bicontinouos with respect to (1, H) and (g, G) is n-bicontinouos with respect to (k, K). For each A € S3
we have

(Ko Hy~([) Nas(A)) = HZ(K~([ | Nas(A) SH( [] Na(G~A)

s€Ab seAb s€(GA)P

c (] NuF G Aa)= ()| Ni(GoFA).

se(F=(GA))’ se(GoF)~A)

So, (g o f, G o F) is n-continuous with respect to (k o 1, K o H). Similarly (g o f, G o F) is n-cocontinuous, and
hence n-bicontinuous with respect to (ko h, Ko H). O

Graded dinhd texture spaces and relatively n-bicontionuous difunction pairs between them form a
category that we will denote by dfGDinhd. From Proposition 3.5., for each (S, S, N, M, V,V) € ObdfGDinhd
there is a graded ditopological texture space (S, S, Tn, Ku, V, V) € ObdfGDitop.
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Corollary 5.4. For the above notations, if (f,F) is (N1, M1) — (N2, Mp)) n-bicontinuous with respect to (h, H) then
it is (T, Knny) — (TN, K, ) bicontinuous with respect to (h, H). So, § : dfGDinhd — dfGDitop defined by

S((f, F), (h,H)) : (51,81, N1, M1, V1, V1) = (S2,S2,No, Mo, Vo, V5))
=((f,F),(h,H)) : (51,81, Ty, Kny, Vi, V1) = (S2, S, Ty, Kty Va, Vo).

is a faithful and full functor.
Proof. 1t is clear from Proposition 3.5. and from the definition of §. [

From Proposition 3.2., for each (5, S, 7, K, V, V) € ObdfGDitop there is a graded dineigborhood texture
space (S,S,N7, M*,V, V) € ObdfGDinhd and from Corollary 3.6. (7, K) = (Tnr, Kux).

Corollary 5.5. For the above notations, if (f, F) is (71, K1) — (T2, K2)) bicontinuous with respect to (h, H) then it
is (N7, M%) — (N72, M*2)) n-bicontinuous with respect to (h, H). So, the funktor & : dfGDitop — dfGDinhd
defined by

(S(((f/F)/ (h/H)) : (Sl/ Slr 7~1/ 7(1! Vlr(vl) - (SZ/ SZr 7~2/ 7(2/ VZr(VZ))
= ((f,F), (h,H)) : (S1, 81, N1, M"1, V1, V1) = (S2, 82, N2, M*2, V,, V).

is a full embedding. Moreover § o ® = idfGpinna-
Proof. From Proposition 3.2., ® is injective on objects and an embedding. [

Problem 5.6. It is an open problem that whether § is injective on objects (i.e. (N, M) = (N, M%) in Proposition
3.5. 50 ® o § = idgscpitep) OF n0L.

6. Conclusion

Local devices have a crucial role in dealing with mathematical structures. For instance, in topological
spaces neighborhood systems are convenient to characterize open sets (i.e. topology) by means of nhds of
its points. In this work, two sorts of neighborhood structures which allows local investigation and another
perspective for the theory of graded ditopological texture spaces have presented for graded ditopological
texture spaces.

As expected, graded dinhd systems are more general than dinhd systems. Each graded ditopology
(7, K) has a graded dinhd system (N¢, M) and (7, K) = (Tn,, Ku,-) (Proposition 3.2 and Corollary 3.6).
Each graded dinhd system (N, M) satisfies the properties (N1)—(N5) and (M1)—(M5) and generates a graded
ditopology (7n, Km) (Theorem 3.3 and Proposition 3.5). Under the plainness condition, (N, M) = (N¢,, Mx,,)
is valid. Without plainness condition, it is an open problem that whether this equality valid or not. Graded
dinhd systems have been investigated and the open problem mentioned above has been represented in
categorical aspects.

Moreover, an alternative neighborhood structure “graded Q-nhd systems” has been presented by using
the concept ”quasi coincidence” on the complemented textures. Contrary to graded dinhd systems, in
this structure the equalities (7, K) = (7; ﬁrr’7<1\7l¢) and (N, M) = (Nq-ﬁ,M(KM) are valid. But there are two
handicaps of this structure such that graded Q-dinhd systems are not a generalization of dinhd systems
and they are defined only on complemented textures.

It can be possible to construct other topological structures such as filters, uniformities, etc on graded
ditopological texture spaces and we continue to study on this structures.
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