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Abstract. The purpose of this paper is to introduce some sequence spaces of fuzzy numbers defined by
a Musielak-Orlicz function. We also make an effort to study some topological properties and prove some
inclusion relations between these spaces.

1. Introduction and Preliminaries

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [15] and subsequently
several authors have discussed various aspects of the theory and applications of fuzzy sets such as fuzzy
topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy math-
ematical programming etc. Matloka [6] introduced bounded and convergent sequences of fuzzy numbers
and studied some of their properties.

A fuzzy number is a fuzzy set on the real axis, i.e.,, a mapping X : R" — [0, 1] which satisfies the
following four conditions:

1. Xis normal, i.e., there exist an xy € R"” such that X(xg) = 1;

2. Xis fuzzy convex, ie., forx,y € R"and 0 < A < 1, X(Ax + (1 — A)y) = min[X(x), X(y)];
3. X is upper semi-continuous;

4. the closure of {x € R" : X(x) > 0}, denoted by [X]°, is compact.

Let C(R") = {A c R" : A is compact and convex }. The space C(R") has a linear structure induced by
the operations

A+B={a+bacA,beB}
and
A = {ua, u € A
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for A,B € C(R") and u € R. The Hausdorff distance between A and B of C(IR") is defined as

0(A, B) = max{supinf|la — b||, supinf|la—bl|}
acA beB beB acA

where ||.|| denotes the usual Euclidean norm in R". It is well known that (C(IR"), 6«) is a complete (non
separable) metric space. For 0 < a <1, the a-level set

X*={xeR": X(x) = a}

is a non-empty compact convex, subset of R”, as is the support [X]°. Let L(R") denote the set of all fuzzy
numbers. The linear structure of L(IR") induces addition X + Y and scalar multiplication uX, y € R, in terms
of a-level sets, by

[X+Y]" = [X]" + [Y]"

and
[uX]* = u[X]*
for each 0 < @ < 1. Define for each 1 < g < oo

1
q

1
d,(X,Y) = { fo Seo(X, Y“)qda}

and do(X,Y) = sup 0(X?, Y?). Clearly doo(X, Y) = lim d,(X, Y) with d, < d, if g < r. Moreover (L(R"), dw) is
0<a<l1 =00
a complete metric space. We denote by w(F) the set of all sequences X = (Xj) of fuzzy numbers.

For more details about fuzzy sequence spaces (see [1-4, 14]) and references therein. Recently, some dou-
ble sequences spaces related to the concepts of Musielak-Orlicz functions, bounded-regular and invariant
mean have been defined and studied in [8, 9].

Let C denote the space whose elements are the sets of distinct positive integers. Given any elements o of

C, we denote by c(0) the sequence {cn (o)} which is such that ¢,(0) = 1 if n € ¢, ¢,(0) = 0 otherwise. Further

(9]

Cs ={G€CZZCn(G)SS},

n=1

the set of those 0 whose support has cardinality at most s, and
— o= 0. Pr =12,
®—{(p—{(pk}e€.(p1>0, Apr >0 andA(k)SO(k—l,Z, )},

where Ay = @r — @r—1, where {@y} is a real sequences (see [6]). For ¢ € @, Sargent [13] define the following
sequence space

m(q) = {x = {x;} € 0 : sup sup(l Z |Xk|] < 00}-
s>1 0€Cs 5 keo

In [13], Sargent studied some of its properties and obtained its relationship with the space [,. Mursaleen
and Noman (see [10, 11]) introduced the notion of A-convergent and A-bounded sequences as follows :
Let w be the set of all complex sequences x = (xk). Let A = (A4);2 be a strictly increasing sequence of positive
real numbers tending to infinity i.e.

O0<Ag<A;<--- and Afy > o0 as k— o0

and said that a sequence x = (x;) € w is A-convergent to the number L, called the A-limit of x if A,,(x) — L
as m — oo, where

1 m
Am(x) = T Z(/\k = Ak—1)Xk.
m =1
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The sequence x = (x;) € w is A-bounded if sup,, |A;,(x)| < co. It is well known [8] that if lim,, x,, = a in the
ordinary sense of convergence, then

m

. 1
l1n131 . [Z(/\k = A1)l — 11|] =0.

k=1

This implies that

m

. ) 1
im A (x) = al = Hm | Y (A = k)~ a)| = 0
m m m k:l

which yields that lim,, A,,(x) = a and hence x = (x) € w is A-convergent to a.

An Orlicz function M is a function, which is continuous, non-decreasing and convex with M(0) = 0,
M(x) > 0 for x > 0 and M(x) — o0 as x — 0.

Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to define the following sequence space.
Let w be the space of all real or complex sequences x = (xx), then

€M={xew:gM(%)<oo}

which is called as an Orlicz sequence space. The space ¢y is a Banach space with the norm

Il = inf{p >0 ZM(%) <1},
k=1

It is shown in [5] that every Orlicz sequence space £ contains a subspace isomorphic to £,(p > 1). The
Ay—condition is equivalent to M(Lx) < kLM(x) for all values of x > 0, and for L > 1.

A sequence M = (M) of Orlicz function is called a Musielak-Orlicz function [7, 12]. A sequence N' = (Ny)
defined by

Ni(v) = sup{lolu — My(u) : u 20}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For a given Musielak-Orlicz function
M, the Musielak-Orlicz sequence space t( and its subspace h are defined as follows

tpm = {x € w: Ip(cx) < oo for some ¢ > 0},

th{xew:IM(cx)<oo for all c>0},

where I is a convex modular defined by

In() = Y Mi(x), x = (x0) € tpr
k=1

We consider ¢ equipped with the Luxemburg norm
. x
Il = inf {k > 0 IM(E) <1}
or equipped with the Orlicz norm

x| = inf{%(l + In(kx)) : k > 0},
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Let 0 be a one-to-one mapping of the set of positive integers into itself such that o*(n) = o(c¥'(n)),
k=1,2,3,---, M = (M) be a Musielak-Orlicz function and p = (px) be a bounded sequence of positive real
numbers. In this paper we define the following classes of sequences of fuzzy numbers:

-
(M, A, 0,p) = {X = (Xx) € w(F) : sup [Mk(wn < oo},
kn

lllz(M’ A, o, p) = {X = (Xk) [S ZU(F) - sup Z [Mk(d(AkXUk(n)/ (_)) )]Pk < OO}
ok
and . d(AkXUk(H), 0)\1p
m (M,\, ¢,0,p) = { = (Xx) € w(F) : sup SluPC _Z[ ) )] < OO}'
n sxl,0e keo

When o(n) = n + 1, we obtain the classes of sequences of fuzzy numbers as follows:

RO AP = X = (X0 € () : sup g (2K Oy

<o),

EM, A, p) = {X = (Xk) € w(F) : sup 2 [Mk(w)rk < °°}
ok

and _
d(Aka+n, 0) )]Pk < oo}

p

If we take p = (px) = 1, we obtain the classes of sequences of fuzzy numbers as follows:

)<es),

EM, A, 0) = {X = (X)) € w(F SupZ d(AkXUk n),O)) <o)

mt (M, A, ,p) = {X = (Xx) € w(F) : sup sup 1 Z [Mk<

n s>1,0eCs; t's keo

A(AeX e, 0
ZI:O(M, A, G) = {X = (Xk) c w(P) : sup Mk(w
kn

and
1 A(AxX sk, 0
mF(M,A,(p, 0) = {X = (Xy) €ew(F) :sup sup — ZMk<w) < oo}.
n s>1,0eCs ¥'s keo p
The following inequality will be used throughout the paper. Let p = (px) be a bounded sequence of positive

real numbers with 0 < p; < sup = H and let D = max{1,2/~!}. Then for the factorable sequences {a;} and
k
{bi} in the complex plane, we have

lax + bl < D(laglP* + |by[P¥). (1)

The main aim of this paper is to study some topological properties and prove some inclusion relations
between above defined sequence spaces.

2. Main Results

Theorem 2.1. Let M = (My) be a Musielak-Orlicz function and p = (px) be a bounded sequence of positive
real numbers, then the spaces IL,(M, A, 0,p), IE(M, A, 0,p) and mE(M, A, @, 0, p) are linear spaces over the field of
complex numbers C.
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Proof. Let X = (Xi),Y = (Yi) € mE(M, A, @,0,p) and a, B € C, then there exist positive numbers p;, p> such

that d
sup sup _Z[ (AkXok(n 0))]Pk <o

n  s>1,0eCs Ps keo

sup sup — Z [

n s>1 (TECS § keo

and
d(AkYUk(n), 0)\p

L L

Define p3 = max(ZIaI p1, 2|Blp2). Since (M) is non- decreasmg, convex and so by using inequality (1), we have
Z [ Ak(ank(n) + ‘BYGk(n)) 0) )]Pk
P3

O(d(AkXO-k(n), (_)) ﬁd(/\kyak(”), 0)

sup sup —

n  s>1,0eCs (Ps keo

1
: S‘;Ps:‘;fe’cﬁ;[Mk( mo e
< —sup sup —Z[ d(AkXJk(n)'O))]

n s>1 (fECs keo

+ %sup sup —Z[

n  s>1,0eCs (PS keo
< o00.

d(Ak Yo"(n 0)

)]Pk

This proves that mf (M, A, ¢, 0, p) isalinear space. Similarly, we can prove that £ (M, A, g, p) and I, (M, A, o, p)
are linear spaces. [

Theorem 2.2. Let M = (My) be a Musielak-Orlicz function and p = (px) be a bounded sequence of positive real
numbers, then the space m* (M, A\, ¢, o, p) is a complete metric space, with the metric defined by

g(X,Y) =sup sup 1 Z [Mk(d(Ak(ng(n)r Yotm)) )]Pk'

n  s>1,0eCs Ps kea p
Proof. Let (X'Ybe a Cauchy sequence in mE(M, A, ©,0,p). Then,

(Ak(XUk(n) Jk(n)))

g(X', X)) = sup sup —Z[ )]pk—>0asi,j—>oo.

n  s>1,0eCs keo P

Hence

2

P
Therefore (X) is a Cauchy sequence in L(R"). Since L(IR") is complete, it is convergent so that lim X,’C = Xg,
1—00

)

)]pk — 0asi,j— oo, forall n.

for each k € IN. Since (Xi) is a Cauchy sequence for each € > 0, there exists 19 = ng(€) such that
9(X', X)) <, foralli, j > ny.
So, we have

d AXE X
limsup sup _Z[ (Ar(X gk(n) Uk(n))))]pk

Joon s210e0, Ps fon

d(Ak(XJk(n)/ ak(n) ))

- s sup Ly (T

n s>loeC Ps fon
< g, foralli> ny.
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This implies that g(X’, X) <e¢, foralli>ng, ie X' — Xasi— oo, where X = (X). Since
A(A(Xot(ryr X0)) \7p
sup sup — Z [ —)]

n  s>1,0eCs (PS keo
d(Ak(Xn ’ Uk( )))
< sup sup 1 [Mk( k(p) - )]pk

n s2l0eC Ps iy

A(Ax(Xotny, X0))

o s sup Ly (1O X

n s>loeC Ps fon

then we obtain X = (X;) € mf(M, A, @,0,p). Therefore mE(M, A, @,0,p) is a complete metric space. This
completes the proof of the theorem. [J

Theorem 2.3. Let M = (M) be a Musielak-Orlicz function and p = (px) be a bounded sequence of positive real
numbers, then we have the following
(i) the space I (M, A, 0, p) is a complete metric space, with the metric defined by

4(X,Y) = sup Z [Mk <d(Ak(ng‘(§), Y kny)) )]pk,
"k

(ii) the space IE (M, A, o, p) is a complete metric space, with the metric defined by

d(Ak(XU"(n)r Yok(n))) )]pk .

9XY) = Sl?f [Mk( 0

Proof. 1t is easy to prove in view of Theorem 2.2, so we omit the details. [

Theorem 2.4. Let M = (M) be a Musielak-Orlicz function and p = (px) be a bounded sequence of positive real
numbers’ then mF(M’ A’ ®,0, P) c mF(M/ A/ ljl]/ o, P) lfand Ol’lly ifsup % < 00,

s>1 s

Proof. Let sup ?: < wand (Xx) € mE(M, A, @, 0,p). Then

s>1 s
sup sup —Z[

n s>1 UECS keo

)]Pk

<foup P sup () <o

s>1 Y's n  s>1,0€Cs Ps keo p

d(AkXGk(,,), 0)

WOy,

d(AkXok(n 0)

= sup sup Z [

n  s>1,0eCs libs keo

Therefore (Xy) € m"(M, A, 1, 0,p). Hence mt (M, A, ¢,0,p) € mE(M, A, ¢, 0,p).
Conversely, let mE(M, A, @,0,p) C mE(M, A, Y, 0,p). Suppose that sup Ps oo, then there exists a sequence

s>1 S
of natural numbers (s;) such that hm % = oo. Let (X;) € m"(M, A, @,0,p). Then,

— TN < oo

sup sup — Z [

n s>1 UECS S keo

d(AkXGk(n), 0)
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Now, we have

= sup sup —Z[

S
n  s>1,0eCs keo

d(AkXOk(n), 0)

)]Pk
{sup (P—}sup sup — Z[

i>1 Si n  i>1,0eCs Ps; keo

d(AkXo"(n 0)

LD,

Therefore (Xi) ¢ mf (M, A,,0,p), which is a contradiction. Therefore, sup P < co. This completes the
s>1 s

proof of the theorem. [

Theorem 2.5. Let M = (M) be a Musielak-Orlicz function and p = (pi) be a bounded sequence of positive real
numbers, then mt(M, A, @, 0,p) = mE(M, A, ¢, 0,p) if and only if sup % < oo and sup Vs < oo,

s>1 'S s21 Ps
Proof. The proof directly follows from Theorem 2.4. [

Theorem 2.6. Let M = (M) be a Musielak-Orlicz function and p = (pi) be a bounded sequence of positive real
numbers, then I'(M, A, 0,p) € m"(M, A, @, 0,p) CI5(M, A, 0, p).

Proof. Let (X;) € (M, A, g, p), then we have
d AeXi, 0
sup Z (A k(") ))] < oo,

Since (¢,) is monotonic increasing, so we have

% [Mk( d(AkXJk(n)/ 0) )]Pk < Z [ Aank(n)/ O) )]Pk

keo keo

Z [ Aank(n)/ 0) )]m

IA

Hence
d(Aank(n)/ 0)

sup sup — Z [

n s>1 UECS S keo

SO,
Thus (Xi) € m" (M, A, ¢, 0,p). Therefore I!(M, A, 0,p) € mE(M, A, @,0,p). Next, let (X;) € m" (M, A, ¢,0,p).

Then, we have
d(AkXGk(n)r 0)
sup sup —
np s>1 GIEDC Ps é [ )]
Thus,
1 (A X, 0
sup - 28X O
P1 p

Thus (Xi) € (M, A, 0,p). Hence mE(M, A, ¢,0,p) € IE,(M,A,0,p). This completes the proof of the
theorem. O

)]pk < o0, (on taking cardinality of o to be 1).

Theorem 2.7. Let M = (M) be a Musielak-Orlicz function and p = (pi) be a bounded sequence of positive real
numbers, then m*(M, A, p,0,p) = Zf(M, A, 0,p) if and only if sup @, < co.

s>1
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Proof. 1t is clear that m" (M, A, @,0,p) = IE(M,A,0,p) when ¢ = 1 for all s € N. By Theorem 2.4,
mE(M, A, @,0,p) C mE(M, A, Y,0,p) if and only if sup Ps < oo ie sup@s; < oco. Therefore by Theorem

s21 7S s>1
2.6, m"(M, A, @,0,p) = IE(M, A, 0,p) if and only if sup ¢s < co. [

s>1
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