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Generalized Frames with C*-Valued Bounds and their Operator Duals
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Abstract. Certain facts about frames and generalized frames are extended for the new g-frames, referred
as *-g-frames, in a Hilbert C*-modules. As a matter of fact, some relations are establish between *-frames
and *-g-frames in a Hilbert C*-module. Furthermore, the paper studies the operators associated to a given
+-g-frame, the construction of new *-g-frames. Moreover, the operator duals for a *-g-frame are introduced
and their properties are investigated. Finally, operator duals of a *-g-frame are characterized.

1. Introduction

Frame theory is a new and applicable part of harmonic analysis. This theory has been rapidly gen-
eralized and various generalizations consisting of vectors in Hilbert spaces or Hilbert C*-modules have
been developed. In 2005, Sun [10] has introduced the notion of g-frames as a generalization of frames
for bounded operators on Hilbert spaces. Frank-Larson [4] have extended the theory for the elements of
C*-algebras and (finitely or countably generated) Hilbert C*-modules. Afterwards, frames with C*-valued
bounds in Hilbert C*-modules have been considered in [2].

It is well known that Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner
product to take values in a C*-algebra rather than in the field of complex numbers. Also, the theory
of Hilbert C*-modules has applications in the study of locally compact quantum groups, complete maps
between C*-algebras, non-commutative geometry, and KK-theory. There are some differences between
Hilbert C*-modules and Hilbert spaces. For instance, the Riesz representation theorem for continuous
linear functionals on Hilbert spaces can not be extended to Hilbert C*-modules [9] and there exist closed
subspaces in Hilbert C*-modules that have no orthogonal complement [7]. Moreover, as known, every
bounded operator on a Hilbert space has an adjoint whereas there are bounded operators on Hilbert C*-
modules which do not drive this property [8]. So, it is expected that problems about frames and *-frames for
Hilbert C*-modules are more complicated than those for Hilbert spaces. This makes the topic of the frames
for Hilbert C*-modules important and absorbing. We would like to point out here that the properties of
g-frames for Hilbert C*-modules have been widely investigated in the literature; for further details see [1],
[2], [4], [5], [11] and the references therein. The main purpose of the present paper is to study the subject of
g-frames with C*-valued bounds and their operator duals in a Hilbert C*-module.

The outline of paper is organized as follows. In the next section, we give a brief survey on some of
fundamental definitions and notations of Hilbert C*-modules, g-frames and *-frames in Hilbert C*-modules.
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Section 3 is devoted to investigating *-g-frames with A-valued bounds and analyzing the elementary
properties of them. In addition, some nontrivial examples of *-g-Bessel sequences and *-g-frames are
presented which that their A-valued bounds are better than their real valued bounds. That is, we give a
tight #-g-frame with A-valued bounds which can not be a tight g-frame with real valued bounds. At the end
of this section, the relation between g-frames and *-g-frames in a Hilbert C*-module is presented. In Section
4, some the conditions for combination of two *-g-frames are obtained. More precisely, new *-g-frames and
+-frames are constructed. The last section contains definition and characterization of the generalized duals
of a *-g-frame where they are called the operator duals.

2. Preliminaries

In this section, we present a brief account of basic definitions and some properties of Hilbert C*-modules
and their frames. For more information, we refer readers to [6], [9].

Suppose A is a C*-algebra. A linear space H which is also an algebraic (left) A-module together with
an A-inner product (-,-) : H x H — A and possesses the following properties is called a pre-Hilbert
C*-module:

(@) {f,f)=0, forany f € H.

(ii) {f,f) =0if and only if f = 0.

(iid) (f,9) =g, f", forany f,g € H.

(iv) (Af,h)y = A{f,h),forany A e Cand f,h € H.

(v) {af +bg, hy =a(f,h)+b{g,h), foranya,be Aand f,g9,h e H.

If H is a Banach space with respect to the induced norm by the A-valued inner product, then (H, (-, -)) is
called a Hilbert C*-module over A or, simply, a Hilbert A-module.

The class of all adjointable maps from Hilbert C*-module H into Hilbert C*-module K is indicated by
B.(H,K) and the class of all bounded A-module maps from H into K is signified by By(H, K). It is known
that B.(H, K) € By(H, K). We denote B.(H, H) and By(H, H) by B.(H) and B,(H), respectively.

Throughout the paper, we fix the notations A and | for a given unital C*-algebra and a finite or countably
infinite index set, respectively. Also, the sets H and K, for all j € ], are finitely or countably generated
Hilbert A-modules. The j projection operator from ®;¢;K; onto ; is represented by 7.

The notion of a g-frame for a given separable Hilbert space has been introduced by Sun [10]. Then, the
authors [5] has defined a g-frame for a Hilbert A-module H, as a family of ordered pairs {(A;, K;) : j € J}
consisting of Hilbert A-modules K; and operators A; € B.(H, K;) satisfying

AF <Y <Af Af >S BU f),

jel

for all f € H and some positive constants A and B independent of f.
Afterwards, Dehghan-Alijani [2] have developed the following new version of frames for Hilbert A-
modules called *-frames as the family {f;}; in a Hilbert A-module H which satisfy

A DAY KXY < BU, OB,

i€l
for all f € H and some strictly nonzero elements A and B in A independent of f.

3. #-g-Frames for Hilbert C*-Modules

In this section, we study the generalized Bessel sequences and the generalized frames with C*-valued
bounds for a Hilbert C*-module and compare them with the ordinary types.
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Definition 3.1. A *-g-frame for H is a collection of ordered pairs {(A;, K;) : j € ]} such that

AU DA< Y SN AP < BB
i€l

forall f € H and strictly nonzero elements A and B in A.

The numbers A and B are called lower and upper *-g-frame bounds, respectively. If A = B, the *-g-frame is called
tight and it is normalized when A = B.

The sequence of ordered pairs {(A;, K;) : j € ]} is called to be a *-g-Bessel sequence for H if it has the upper bound
condition in the above inequality. In this case, the element B is called the upper *-g-Bessel bound.

Since the normalized *-g-frames and the normalized g-frames are the same, the definition of a +-g-orthonormal
basis is the same as the definition of a g-orthonormal basis. Then we can use them.

The sequence {(Aj, K;) : j € ]} is said to be a g-orthonormal basis if it is a g-frame for H and satisfies

L AiNg) = 0ijgj, for any i, j € J; and

ii. Z,je]A;Ajf =f, forallje].
(Throughout the paper, series are assumed to be convergent in the norm sense.)

Remark 3.2. If {(A},K)) : j € ]} is a +-g-Bessel sequence for the Hilbert A-module H with a *-g-Bessel bound B,
then {A}}jej is uniformly bounded by ||B||.

We mentioned that the set of all of g-frames in a Hilbert A-modules can be considered as a subset of the
family of +-g-frames. To illustrate this, let {(A;,K}) : j € ]} be a g-frame for the Hilbert A-module H with
real g-frame bounds A and B. Note that for f € H,

(VALACE, VAL < Y AN Ajf) < (VBLalf, Y(VB)La.
i€
Therefore, every g-frame for H with real bounds A and B is a #-g-frame for H with A-valued *-g-frame
bounds ( VA)14 and ( VB)14.
To throw more light on the subject and understand the use of the concepts, we include some examples
of nontrivial *-g-Bessel sequences and *-g-frames and we show that A-valued bounds are preferred to
real-valued bounds in some cases.

Example 3.3. Let A be a commutative unital C*-algebra, H be the Hilbert A*-module A* and let | = N and
fix nonzero sequences (a;)jey and (bj)jey such that }. e aja; and )¢ bjb; are invertible elements in A. Define the
diagonal operators A; =diagla, b} on A? sending (w1, wy) to (ajwy,bjws). The sequence {(A]-,&le) cjeJlisa
tight #-g-frame with bound (Y, jer a]-a;, Y je bjb})%. Note that, {(A\;, A?)) jey 15 a g-Bessel sequence with real bound
[[oN jer @ ja’]f, Y, jeJ b]-b;)ll and therefore the A2-valued bound is optimal rather than the real valued bound.

Example 3.4. Let A = (= and let H = Cy, the Hilbert ‘A-module of the set of all null sequences equipped with the
A-inner product

((x)ien, (V)ien) = (XiVi)ien-
The action of each sequence (a;)ien € A on a sequence (x;)ien € H is implemented as (a;)ien(Xi)ien = (3iXi)ien. Let
je]=Nand (1+ })ien € €. Define Aj € B.(H) by
Aj(x)ien = (0ijajxj)ien,  Y(xi)ien € H.
We observe that
1 _ 1 1
Z(ij/ Ajx)y = ((1+ ?)2xixi)ie]N =1+ ?)i€N<x1x>(1 + 7)ieJN, Vx = (x)ien € H.
jEN

Thus {(Aj, H)}jej is a tight *-g-frame with bounds (1 + %)ieN, (The element (1 + %),;]N is strictly nonzero in ‘A). But
it is not a tight g-frame for Hilbert 1*-module Cy. Note that, {(A\j, H)}ics is a g-frame with optimal lower and upper
real bounds 1 and 2, respectively.
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In the frame theory, operators play an important role. for example, by the pre-+-frame operator, duals of
g-frames are characterized and the frame operator is used to give the reconstruction formula. The definitions
of pre-+-frame operator and frame operator are similar to ordinary types in Hilbert C*-modules.

Definition 3.5. Given a *-g-Bessel sequence {(Aj, Kj)} e in a Hilbert A-module H with bound B, its corresponding
pre-x-g-frame operator is an operator ® from H into ®;c;K; by Of = (A;f)je;.

It is easily to see that the pre-+frame operator is adjointable and then we can characterize *-g-Bessel
sequences with respect to the adjointable A-module maps.

Theorem 3.6. The set of all *-g-Bessel sequences for H with respect to {Kj} ey is precisely

{(Mj®)jes : © € BAH, ®jejK))}-
Definition 3.7. Given a *-g-frame {(A\;, K;)}je; in H with bounds A and B. The »-g-frame operator of {\}; is an
operator Sby Sf =Y. je A;A]-ffor all f e H.
In this case, the *-g-frame operator has some properties similar to g-frame operator and some others is not
similar.

Theorem 3.8. Let {(A}, K)} jej be a »-g-frame for H with -g-frame operator S and lower and upper +-g-frame bounds
A and B, respectively. Then S is positive, invertible and adjointable. Also,

A2 < USI< IBIP L f= )" AASTS,
jel
are valid for f € H.

Proof. Since(Sf, f) = Lje){Ajf, Ajf), for f € H, and the set of positive elements of A is closed, S is a positive
element in C*-algebra B.(H). We show that S is invertible . For see this, we use an other operator. By
positivity of S, there is a positive element G in B.(H) such that S = G*G. Let {Gf,},en be a sequence in Rg
such that Gf, — gasn — oo. Forn,m € N,

WAL f = fons fo = fid AN < IS (fa = fin), S = fudll = NG(fo = )P
Since {Gf, }uen is a Cauchy sequence in 7,
WAy = for, fa—m)AIl — 0 as  n,m — oo.
Note that for 1, m € N,
I<fa = four S = Sl = NAT AL = fons fo = fid A" A < WATPIAL S = fons fo = fid A

Therefore the sequence {f,}sen is Cauchy and hence there exists f € H such that f, — f asn — co. Again
by the definition of *-g-frames, the following inequality holds,

IG(fu = DIP < IBIPIKf = £, fu = DI

Thus ||Gf, — Gfll — 0 as n — oo implies that Gf = g. It concludes that R is closed.
By the like proof, G is injective. Therefore G is injective, closed range and self-adjoint and hence S
is invertible. For the rest of the proof, we show the inequality. The definition of *-g-frames implies that

(F, )y < ANSF, FY(A) L and (S, f) < B(f, f)B", and then
IATUIZ2ICE OIS IKSE AN < IBIPIKE Ol Yf € H.
If we take supremum on all f € H, where ||f|| < 1, then [[A7Y72 < [IS|| < [|BI*. In the end, for f € H, we

obtain
f=85Tf =Y NS
jel
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Finding optimal bounds plays an important role to study of g-frames and *-g-frames. As we saw in the
examples that their A-valued bounds may be more suitable than real valued bounds for a *-g-frame. In
addition, there were tight *-g-frames that they are not tight g-frames. At the end of the section, we introduce
lower and upper real bounds for every *-g-frame and we see that *-g-frames can be studied as g-frames
with different bounds.

Theorem 3.9. Let {(Aj, K))}jej be a +-g-frame for H with pre-+-g-frame operator ® and lower and upper *-g-frame
bounds A and B, respectively. Then {Aj}jej is a g-frame for H with lower and upper frame bounds ||(©*©)~"||™! and
|®I[?, respectively.

Proof. By Theorem 3.8, © is injective and has closed range and obtain

@O NS £y < Y KF ) fi ) < IOIXE, ), Vf eH,

jel

by Lemma 2.7 [1]. Then {Aj} e is a frame for H with lower and upper frame bounds [|(©*®)~!||"! and [|©]?,
respectively. [

In the reminder of the paper, the given results are valid for g-frames in Hilbert C*-modules by Theorem 3.9.

Remark 3.10. Suppose A is the self-dual Hilbert A-module A when A is a commutative C*-algebra. Then for every
+-g-frame {(Aj, K;)} jej, there exists the sequence {fi} ;e in A such that

Y N =Y i ), Ve H.

jel jel

In [2], we shown that ) je; | fjl? is invertible and then every xframe in the Hilbert A-module A is tight +frame. By
the equality and the invertibility of ). je; | i, the every x-g-frame in A is tight.

4. The New *-g-Frames and Frames

In this section, we consider some conditions for the composition of two #g-frames. Also, the new
+-g-frames are given with the other *-g-frames, the *-frames, an element of H, and the A-valued multiples
of a *-g-frame.

Theorem 4.1. Assume that A = {(A;,K)) : j € J[fand I = {(T;,K;) : j € ]} are »-g-Bessel sequences for Hilbert
C*-modules Hy and H, with +-g-Bessel bounds B, and Br, respectively. Then Q) = {(A;F i»H1) = j € ]} is a »-g-Bessel

sequence for Hy with +-g-Bessel bound ||B||Br and the pre-+-g-frame operator of Q) is a bounded operator Oq from
H> into @je]ﬂl by @Qf = (A;.I‘jf),-q.

Proof. By the properties of adjointable operators and the definition of *-g-Bessel sequence T', we obtain for

f € 7“{2,
Y (AT, ATy < Y AT £,T56) < IBAIR Y (Tif, Tif) < IBAIBrCf, £IBAIIB;-

j€l jel j€l
Then {A;F]'}]-E] is a *-g-Bessel sequence with bound ||B,||Br. The pre-+-g-frame operator of Q is Oqf =
(AT f)jej for all f € Hy, clearly. O

The following example illustrates this fact that Theorem 4.1 is not valid for the composition of two *-g-
frames.
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Example 4.2. Let T be the right shift operator in B.(I*(A)) and let a be an element in the center of A. Assume
that A is defined by A := aT. Since {A(a;)ien, A@)ien) = @{(ai)ieN, (@i)ien)a* on lz(ﬂ). The single set {A} is
an a-tight +-g-frame for I(A), but the single set {A*} is not a +-g-frame. To see this, we choose the subsequence
{(n,1,0,0,...) : n € N} in I*(A). There dose not exist A > 0 such that

A{(n,1,0,0,..),(n,1,0,0,..)A* < (A*(n,1,0,0,..),A*(n,1,0,0,...)),
lA(? + DA*|? < |lal>, V¥neN.

Then {A*} has not lower bound condition and is not a *-g-frame, whereas {A*} = {A*I} is the composition of two
+-g-frames {A} and {I}.

Now, we characterize the class of all of *-g-frames by *-g-orthonormal bases and the composition of *-g-
frames. The following theorem illustrates that the lower bound condition is preserved in the composition
of some *-g-frames.

Theorem 4.3. Let Hy, Ho and K;, for j € ], be Hilbert C*-modules. Let A = {(A},K;) : j € ]} be a g-orthonormal
basis for Hy and T = {(T;,K}) : j € J}. Then Q = {(A;l"j, Hy) : j € ]} is a »-g-frame for H, if and only if T is a
+-g-frame for H,. Moreover, S = St where Sq and St are +-g-frame operators for Q and T, respectively.

Proof. By the definition of *-g-orthonormal basis A, we have

NN AT A = Y AT, Vet

i€l i€l
So {A;F i}jej is a #-g-frame if and only if the sequence {I'j} ¢ is a *-g-frame. By the above equality, obtain

Saf. = Q TNNTIE D = Y AT AT = Y (AT = (Y TE ) = (Sef,
Jel Jel J€l J€]

for all f € Hp, then it concludes that Sg = Sron H,. [
The following proposition illustrates the properties of A-valued multiples of a *-g-frame.

Proposition 4.4. If {(A;, K))}jej is a *-g-frame for H with bounds A, B, and « is a strictly positive element in the
center of A, then (oA} jej is a »-g-frame for H with bounds aA, aB.
Proof. For f € H, we have

Y (@nifanify = Y alAf, Afa.

Jel jeI
By the definition of *-g-frame {A}};c; and the properties of the inequalities in C*-algebras, for f € H
aA(f, FH(aA) < Z(a/\jf, alfy < aB(f, f)(aB)".
i€l
It completes the proof. O

Later, some relations between *-frames and *-g-frames are considered. First step studies the image of
elements of a *-g-frame on an element of . And second step considers the image of elements of a
+-g-frame on elements of a *-frame.

Theorem 4.5. Let {(Aj, H)}jej be a +-g-frame for H and let g be an element of H such that the series ). jeJ ||Ajg||2 is
convergent and
laNjg:ae A} =H,

or all j € . Then the sequence {A:g}ic; is a frame for H.
] q j9ije]
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Proof. For j € ], suppose that the operator 0; from H into A is defined by 0;(f) = (f, A;g). It is bounded
A-module map, ||6|| = [|A;gll, and adjointable with the adjoint 6;(a) = aljg, forall « € A. For j € ] and

f € H, wehave
Y FANg £y =Y (0if, 0, < Y N0 F = Y gl £.
j€l jel j€l j€l

Then {A;g}je; has an upper bound condition with the upper bound }. jel IIAngIZ. For the lower bound
condition, we must use the equality {aA;g: a € A} = H, forall j € |. It concludes that every 9; is surjective
and by Lemma 2.7 [1], the operator 6;.6 j is invertible and

Y (LA )= Y (O£, 0, =Y (0;0,f, )= Y IO:0)ITNE Y eH.
J€l i€l i€l j€l
These show that {A;g};cs is a frame for H. O

Theorem 4.6. Let {(Aj, H)}jcj be a +-g-frame for H with bounds Ax and By, and let {fi}ic; be a +frame for H with
bounds A and B. Then the sequence {A; filiejej is a »~frame for H with bounds AA, and BB .

Proof. Assume that f € H. Then
YN EAENN =YY AAF i AifY < BY (Aif, Ai)B' < BBA(, £)(BBA)
jeJ el jeJ el j€J
It shows that the sequence {A; filie1,jej has the upper bound condition. The proof of the lower bound

condition is similar. O

Theorem 4.7. Let {gij}ici; be a +-frame for K; with bounds A; and Bj, for all j € ], and let {A; € B.(H, K)}jcj be a
sequence such that {{(A\;f, Ajf); j € ], f € H} is a subset of the center of A. If there exist two strictly positive elements
Cand D in A by the properties C < AjA” and BiB; < D, then {\:gij}icr, jey is a +-frame for H if and only if {Aj} ey is
a *-g-frame for H.

Proof. Since C and D are strictly positive, there exist A and B strictly nonzero elements in A such that
C = AA* and BB*. Now, assume that {A;g,-]-}ielj,jej is a *-frame with bounds « and B. For f € H, obtain

alf, Hra < Y Y NG NN = Y Y AF 903 A f)

jel iel; jel iel;
S Z Bi(Aif, Aif)B; <D Z<Ajf Ajf)=B Z<Ajf Af)B,
jel jel jel

then
Blalf, H(BT@) < Y (NF AP
jel
So, {Aj}jes has a lower bound B~'a in A. Similarly, A~!f is an upper bound for {A}}c;. Conversely, let
{Aj}jej be a #-g-frame with bounds A, and Bs. Suppose f € H,

Y Y F N giX N £y = Y Y A g, A
j€] i€l; j€] i€l;
< Y BiAf, AIf)B;
jel

= Y BiBAAf Af) < Y DCAf, Ajf) < BBACS, £ (BBA)

jel jel
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Similarly, for f € H
AANS, PAAN < Y Y (f Mg (Nigij, -

je] iel;

Then {A;g,-]-},-elj,jej is a *-frame and the proof is complete. [

5. The Operator Duals of *-g-Frames

In the frame theory, a collection of frames corresponding to a given frame that have a special relation
with respect to first frame is defined. They are called dual frames. Afterwards, generalized duals have
been introduced [3]. Here, the ordinary duals of a given *g-frame are defined and these concepts are
generalized. Then we consider their properties and characterize all of dual +-g-frames associated to a given
+-g-frame in a Hilbert C*-module. These facts are valid for g-frames in Hilbert spaces because of Hilbert
C*-modules are extended of Hilbert spaces.

Definition 5.1. A x-g-frame {(I';, Kj)} jej is a dual *-g-frame for a given +-g-frame {(A;, Kj)}jes if L jes A;Fj =1L
In particular, the +-g-frame {(Kj,Wj)}je] = {(AjS™, Ki)jey is called the canonical dual +-g-frame.

Here, we extend this type of duals to larger than the family which are called operator duals.

Definition 5.2. Let {(A}, Kj)}jey and {(T'j, K;)} jej be two the +-g-frames for H. If there exists an invertible adjointable
A-module map Y on H such that

f=Y NTY(f), VfeH,

j€l

then (T} j; is called to be an operator dual of {A}je;.

Remark 5.3. Every x-g-frame {Aj} jej with the frame operator S is an operator dual for itself. For see this, set Y := S~
and use Theorem 3.8.

Remark 5.4. Let T = {(I';, K))}jej be an operator dual of the +-g-frame A = {(A;, K))}je; in H. Then for some
invertible adjointable map Y € B.(H),

f=Y NT(f), VfeH,

jel

The equality shows that I = (&', ©r)Y where I is the identity map on H, and Or and O are the pre-+-g-frame
operators of T and A, respectively. Therefore, the operator Y is unique and Y~! = @ Or.

By Remark 5.4, we say that {(I';, K})}c; is an operator dual of {(Aj, K))}ic; with the corresponding
invertible operator Y.

Proposition 5.5. Let I' = {(I';, Kj)}jej and A = {(A}, Kj)}jej be +-g-Bessel sequences for H with pre-+-g-frame
operators Or and Oy, respectively. If there exists an adjointable and invertible operator Y on H such that

f=Y NIY(f), VfeH,

je]

then I and A are the operator duals to each other.
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Proof. By the invertibility of Y, for f € H, there is a g € H such that Yg = f. So

(9,9) = (©,0rYy,0,0rYg) < [OI(Orf,Orf).

On the other hand,
(7,90 = CT LY = XN .
Therefore, for f € H
(OIS, f) < (Orf, Orf),

and I' has the lower bound condition. Then it is a *-g-frame. Similarly, A is a *-g-frame and then are the
operator duals to each other by Remark 5.7. [

Now, we can obtain a collection of operator duals with respect to a given operator dual for a *-g-frame. The
following proposition illustrates this subject.

Proposition 5.6. Let {(I';, K)}jef be an operator dual of the -g-frame {(Aj, K;)}jej in H with the corresponding
invertible operator Y, and let {Kj} be the canonical dual *-g-frame of {Aj}je;. If u is a strictly nonzero element in
the center of A and Q; = ul’; + quY‘lfor j € ], then {Qj} ey is an operator dual of {A;} jej with the corresponding
invertible operator u™'Y. Also, The sequence {ul;} is an operator dual of {A;}jej with the corresponding invertible
operator u='Y.

Proof. By the properties of operator duality of {I'j}; and the canonical dual *-g-frame, we have for f € H

P . 1 _ e a1l 1 1
ZA].Q]-(EM ) f = Z[A].urj(zu )+ AuA Y GUTDIf = Sf + 5 f = .
jel jel
The equality shows that {Qj} ¢ is an operator dual with the corresponding invertible operator 3u~'Y. The
proof of the last part is similarly. [J

In more, we mention that the operator duality relation of *-g-frames is symmetric. It is considered in the
next remark.

Remark 5.7. If {(T';, K)} s is an operator dual for {(Aj, Kj)}jej with the corresponding invertible operator Y, then
{(Aj, K))}jeg is an operator dual for {(T';, K;)}je; with the corresponding invertible operator Y. For see this, assume
that ©  and Or are the pre-+-g-frame operators of {(A, K)} jey and {(T';, K)} je;, respectively, and I is identity operator
on H. By the definition of operator dual,

f=) NI, Vf e H,= = (0,0
]
Since Y is invertible, Y~! = @', Or and
[=Y(®,0r) = (0.0,)Y = f = Z A f VfeH.
ol

The last remark concludes f = } i I’ ;A]-Tf = Lig ATHY f, for f € H. Now, if {T';}j is a *-g-frame with
bounds A and B and Y is an invertible and adjointable operator on H, then {I';Y}/¢; is a *-g-frame because

Y (£ T0f) < BINIKS, B,

j€l

and
Z(erfr TiYf) > AQCYS, HA > AT VA, HATIOCY) 2
i€l
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Therefore, {I'/Y}/; is an ordinary dual for {(A}, K))}ej, and it seems that generalized duals of {(A;, Kj)} e
are not different with ordinary duals. But since the form of them are different, we characterize the all of
generalized duals of a given *-g-frame. For ordinary case, it is enough that Y" = I in the following results.
Later, the operator duals of a given *-g-frame are studied. By Remark 5.7, we have I = ©,OrY = O[O, Y".
Then {(I';, Kj)}jes is an operator dual of {(A;, Kj)}; if and only if Or is a right inverse of Y®',. Therefore,
to characterize all of the operator duals of {(A}, K))}c;, we must study all of the right inverses of Y®’,. The
following proposition considers this subject.

Proposition 5.8. Let A = {(Aj, K))}je be a »-g-frame for H with the pre-+-frame operator ®» and the *-g-frame
operator S. If Y is an invertible element in B.(H), the set of all of right inverses of YO, is

OASTIY T + (I —OxS7'@)E ; & € BAH, ®je)K))).
Proof. Assume that £ is an arbitrary element in B.(H, ®¢;K;). We have

YO, [OASIY ! + (I - OAST'O®)E] = YO, 0,57 'Y + YO, & — YO, 0,570, &
=YSSTIY 1+ YO, & - YSSTI@LE =+ YO & - YO &= 1.

Now, if @ is an arbitrary right inverse of Y©),, then it is enough that set & = ® and the proof of the
proposition is complete. [

Considering an arbitrary right inverse of the operator Y®’,, we obtain an operator dual corresponding it.
The following proposition illustrates this fact.

Proposition 5.9. Let A = {(A}, K))}jej be a »-g-frame in H with the pre-+-g-frame operator ©p. If ® : H — &K
is any adjointable right inverse of YO’ , then {(1;®, K})} je; is an operator dual of {(A, K;)} jej with the corresponding
invertible operator Y.

Proof. By Proposition 3.6, the sequence {(71®@)} ¢ is a *-g-Bessel sequence in H. Also, since ®(Y®),)" = I,
®@* is surjective and for f € H,

@ @) IS, ) < (@F, f) = Y ((m@)f, (m@)f),

jel

and we have {(11;®, K))} ] is a *-g-frame for H with pre-+-g-frame operator ®. Moreover, from I = ®*(@,Y")
obtain f = Zjej(njq))AjY*(f), for f € H. It means that {(1;®, K))} s is an operator dual for {(A}, K)} ey with
the corresponding invertible operator Y*. [

We can summarize the results in this section in the following theorem about to characterize of the all of
operator duals for a given *-g-frame.

Theorem 5.10. Let {(Aj, K))}jj be a +-g-frame in H with the pre-+-g-frame operator ©, the *-g-frame operator S
and the canonical dual *-g-frame {(Aj, K;)} jej. Then the set of all of operator duals for {(A;, Kj)}jej is of the form

X]'T + Aj - Z‘ K;AZAk/
ke]

such that the sequence {(Aj, K)}jej is a +-g-Bessel sequence and Y is an invertible operator in B.(H).

Proof. Let {(Aj, K))}jef be a #-g-Bessel sequence in H with the pre-+-g-frame operator ® and let Y is an
invertible operator in B.(H). Set
& =AY +A= Y AiAA,
keJ
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for j € J, and define the linear operator
EH—> @je](](‘/ b]/ Ef = (gjf)je]-

Clearly, B is adjointable. For every j € |, we have

B =ASTIY +Aj— AST Z AN =i(OSTIY + D - BS'O"D).
keJ

Then E = @S™'Y + (I - ©S™'©")®. By Proposition 5.8 and Proposition 5.9, {(¢;, K))} ) becomes an operator
dual #-g-frame of {(Aj, K)}je; with the corresponding invertible operator Y. [
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