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Fixed Point Results for Nonexpansive Mappings on Metric Spaces

Francesca Vetro?

*Universita degli Studi di Palermo, Dipartimento Energia, Ingegneria dell’Informazione e Modelli Matematici (DEIM), Viale delle Scienze,
90128 Palermo, Italy

Abstract. In this paper we obtain some fixed point results for a class of nonexpansive single-valued map-
pings and a class of nonexpansive multi-valued mappings in the setting of a metric space. The contraction
mappings in Banach sense belong to the class of nonexpansive single-valued mappings considered herein.
These results are generalizations of the analogous ones in Khojasteh et al. [Abstr. Appl. Anal. 2014 (2014),
Article ID 325840].

1. Introduction

Let (X, d) be a metric space and f : X — X be a single-valued mapping on X. Then, f is a k-Lipschitz
mapping if d(fx, fy) < kd(x, y) for all x, y € X, where k > 0. In particular, if k € [0, 1], f is called contraction
mapping, and if k = 1, f is called nonexpansive mapping. Now, it is well known that the contraction
mapping principle in [1], is one of the most important theorems in classical functional analysis and is
widely considered as the source of metric fixed point theory, where a point z € X is a fixed point of f if
fz = z. In fact, the study of fixed points of mappings satisfying a certain metrical contractive condition
attracted many researchers, see for example [2, 3, 6, 11-13]. Also, the notion of nonexpansive mapping has
a crucial role in fixed point theory. In fact, various researchers investigated the theory of nonexpansive
mappings for establishing the existence of fixed points [4, 7, 10, 14]. In almost all papers authors used
some iteration techniques for obtaining theoretical results; in particular, we refer to the study of the Picard
sequence of initial point xo, say {x,} with x,, = f"xo = fx,_1 foralln € IN. Also, for a lecture on nonexpansive
mappings and their properties, we refer to [5].

In this paper, inspired and motivated by Khojasteh et al. in [8], we give sufficient conditions for
establishing the existence of fixed points for single-valued and multi-valued nonexpansive mappings.
We point out that the class of nonexpansive mappings considered herein contains the class of Banach
contraction mappings. Also, some auxiliary facts on the convergence of Picard sequences and distance
between fixed points of single-valued mappings are proved, by using a binary relation. Clearly, our
theorems are generalizations of the results in [8] and many others. Some examples are given to support the
new theory.
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2. Preliminaries

Here we recall some notions and results on the theory of multi-valued mappings. Also we give some
auxiliary results useful for the proof of theorems in next sections.

Let (X, d) be a metric space and let CB(X) be the collection of all non-empty closed bounded subsets of
X. For A, B € CB(X), define

H(A, B) = max{5(4, B), 5(B, A)},
where

S(A,B) = sup{d(a,B):a € A},  5(B,A) = supld(b,A): b € B)
with

d(a, C) = inf{d(a,x) : x € C}.

The function H : CB(X) X CB(X) — [0, +oo[ is called the Pompeiu-Hausdorff metric induced by the metric d.
We recall the following properties.

Lemma 2.1. Let (X, d) be a metric space. For any A, B, C € CB(X) and any x, y € X, we have the following:

(i) d(x,B) <d(x,b), forany b € B;
(i) 5(A,B) < H(A, B);
(iii) d(x,B) < H(A, B), forany x € A;
(iv) H(A, A) = 0;
(v) H(A,B) = H(B, A);
(vi) H(A,C) < H(A, B) + H(B, C);
(vii) d(x,A) < d(x,y) +d(y, A).

Definition 2.2. Let (X, d) be a metric space and let T : X — CB(X) be a multi-valued mapping. A point z € X is a
fixed point of T if z € Tz.

The following theorem, proved by Nadler [9] is a generalization of contraction mapping principle, in
the case of a multi-valued mapping.

Theorem 2.3. Let (X, d) be a complete metric space and T : X — CB(X) be a multi-valued mapping such that
H(Tx, Ty) < kd(x,vy),
forall x,y € X, where k € [0, 1[. Then T has a fixed point z € X.
Lemma 2.4. If {a,} is a nonincreasing sequence of nonnegative real numbers, then the sequence
{ Ay + Aps1 }
Ay +au.1 +1
is nonincreasing too.

Proof. We note that

Ap + Apt1 > Ap+1 + Ap+42
Ap +aps1 + 1~ Ap+1 T Apyp + 1

if and only if
(an + ap1)(@ns1 + ane2 + 1) 2 (@ns1 + ane2)(@n + ape1 + 1).

Clearly, this holds since a,, > a,42. O
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Corollary 2.5. Let (X, d) be a metric space, f : X — X be a nonexpansive mapping and xo € X. If {x,} is a Picard
sequence of initial point xo, then the sequence

{ A(xp_1, xn) + d(xXp, Xps1) }

A(xp-1,%n) + d(xXy, Xp11) +1

is nonincreasing.

Proof. Since f is nonexpansive, we have that d(x,—1, x,) > d(x,, x,+1) for all n € IN. Thus the statement holds
by Lemma24. O

3. Fixed Points for Single-Valued Mappings

We prove some results for single-valued mappings defined on a metric space endowed with an arbitrary
binary relation.
Let f : X — X be a mapping and M be a binary relation on X, that is, M is a subset of X x X. Then, M is
Banach f-invariant if (fx, f°x) € M whenever (x, fx) € M. Also, a subset Y of X is well ordered with respect
to Mif for all x, ¥y € Y we have (x,y) € Mor (y,x) e M.
Let F*(f) = {x € X : x = fx} denote the set of all fixed points of f on X.

Theorem 3.1. Let (X, d) be a complete metric space endowed with a binary relation Mon X and f : X — X bea
nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) +1

for all (x,y) € M, where k € [0,1]. Also assume that

d(fx, fy) < +k)d(x,y), 1)

(a) Mis Banach f-invariant;

(D) if{x,} is a sequence in X such that (x,—1,x,) € Mforalln € Nandx, — z € Xasn — +oo, then (x,—1,z) € M
foralln € IN;

(c) F*(f) is well ordered with respect to M.
If there exists xo € X such that (xo, fxo) € Mand

d(xo, fxo) + d(fxo, f*x0)
d(XO, fXO) + d(fxo, f2X0) +1

+k<1, )

then
(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;
(iii) if z, w € X are two distinct fixed points of f, then d(z, w) > (1 —k)/2.

Proof. Let xy € X be such that (xg, fxg) € M and (2) holds, and let {x,} be a Picard sequence of initial point
xo. If x,—1 = x, for some n € N, then x,_; is a fixed point of f and the existence of a fixed point is proved.
Now, we suppose that x,_1 # x,, for all n € IN. From (xo, x1) = (xo, fx0) € M, since M is Banach f-invariant,
we deduce (x1,x2) = (fxo, f2x0) € M. This implies

(Xn-1,%1) = (f"'xo, f"x0) € M foralln € N.

By using the contractive condition (1) with x = x,_; and y = x,,, we get
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A(Xn-1,Xn41)
d(xp-1,%n) + d(xXy, Xp11) + 1

A(xp, Xp41) = d(fxn-1, fx) < (

< ( A(xp-1,%n) + d(Xy, Xn11)

+ k) d(x,-1,x,),

ACrt, %) + A, Xpe) +1 k) (-1, %n), @3)

for all n € IN.
From (3), by Corollary 2.5, we deduce

A(x,—1, x,) + A(Xp, Xp41)
d(xn/ xn+1) S (d(xn—lr xn) + d(xrl/xn+1) + 1
d('xO/ xl) + d(x1/x2)
: (d(x()Ix]) +d(x,x0) + 1 + k) d(xn-1,xn)
= A d(x1, %) .

+ k) d(xn—l/ x‘rl)

for all n € N, where

d(xo, x1) +d(x1,x2)

d(x, x1) +d(x1,x2) + 1 th<l

Then, by (4), {x,} is a Cauchy sequence. Since X is a complete metric space, the sequence {x,} converges
to some z € X. Now, we prove that z is a fixed point for f. By hypothesis (b), we deduce that (x,,z) € M.
Then, using the contractive condition (1) with x = x,, and y = z, we get

. d(xy, f2) +d(z, fx,)
A(xui1, f2) = d(fxn, f2) < (d(xn,fxn> +d(z, f2) + 1

_ d(xnl fZ) + d(zl xn+1)
- (d(x,,,xn+1) +d(z, fz)+1

+ k) d(x,, z)

+ k) d(x,, z) (5)

for all n € IN.

On taking limit as # — +co on both sides of (5), we get d(z, fz) < 0. This implies that d(z, fz) = 0, that is,
z = fz and hence z is a fixed point of f. Thus (i) and (ii) hold.

If w € X, with z # w, is another fixed point of f, then by hypothesis (c) we can assume that (z, w) € M
and hence, using (1) with x =z and y = w, we get

d(z,w) = d(fz, fw) < (d(z, fw) + d(w, fz) + k)d(z, w).
This implies that d(z, w) > (1 — k)/2, that is, (iii) holds. O
In the following result we consider a weak contractive condition.

Theorem 3.2. Let (X, d) be a complete metric space endowed with a binary relation Mon X and f : X — X bea
nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) + 1

forall (x,y) € M, where k € [0, 1] and L is a nonnegative real number. Also assume that

d(fx, fy) < +k|d(x, y) + Ld(y, fx), (6)

(a) M s Banach f-invariant;

(D) if{x,}is a sequence in X such that (x,—1,x,) € Mforalln € Nandx, — z € Xasn — +oo, then (x,—1,z) € M
foralln e IN;
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(c) F*(f) is well ordered with respect to M.
If there exists xo € X such that (xo, fxo) € Mand (2) holds, then
(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;
(iii) if z,w € X are two distinct fixed points of f, then d(z, w) > max{==L, 0}.

Proof. Let xy € X be such that (xo, fxo) € M and (2) holds, and let {x,} be a Picard sequence of initial point
xo. If x,-1 = x, for some n € N, then x,_; is a fixed point of f and the existence of a fixed point is proved.
Now, we suppose that x,_1 # x, for all n € N. From (xo, x1) = (x0, fxo) € M, since M is Banach f-invariant,
we deduce that (x1,x2) = (fxo, f>x0) € M. This implies

(-1, %0) = (f" %o, f'x0) € M foralln € IN.
Using the contractive condition (6) with x = x,_1 and v = x,,, we get

_ d(xnflr xn+1)
) =i ) g

< d(xn—l/ xn) + d(xn/ xn+1)
~\ A1, x0) + A, Xp1) +1

+ k) d(x,-1,x,) + Ld(x,, x,),

+ k) A(xn-1,%n)

for alln € IN.

Proceeding as in the proof of Theorem 3.1, we deduce that {x,} is a Cauchy sequence. Since X is a
complete metric space, the sequence {x,} converges to some z € X. Now, we prove that z is a fixed point for
f. By hypothesis (b), we deduce that (x,,z) € M. Using (6) with x = x,, and y = z, we obtain

d(xXu+1, fz) = d(fxn, f2)
3 ( d(xs, f2) + d(z, fx2)
“\dQxn, fxn) +d(z, fz) + 1
d(xn, fz) + d(z, Xn+1)
- (d(xn,xm) +dz f2) + 1

+ k) d(x,,z) + Ld(z, fx,)

+ k) d(xn/ Z) + Ld(zl xn+l) (7)

for all n € IN.

On taking limit as # — +co on both sides of (7), we get d(z, fz) < 0. This implies that d(z, fz) = 0, that is,
z = fz and hence z is a fixed point of f. Thus (i) and (ii) hold.

If w € X, with z # w, is another fixed point of f, then by hypothesis (c) we can assume that (z, w) € M
and hence, using (6) with x =z and y = w, we get

d(z,w) = d(fz, fw) < (d(z, fw) +d(w, fz) + k)d(z, w) + Ld(w, fz).

This implies that 1 < 2d(z, w) + k + L, that is, (iii) holds. O

4. Further Results for Single-Valued Mappings

4.1. Consequences in metric spaces

We get the following results by putting M = X x X in Theorems 3.1 and 3.2.
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Theorem 4.1. Let (X, d) be a complete metric space and f : X — X be a nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) + 1

forall x,y € X, where k € [0, 1[. If there exists xo € X such that

d(xo, fxo) + d(fxo, f2x0)
d(JC(), fJCo) + d(fX(), fsz) +1

d(fx, fy) < +k|dx,y),

+k<1,

then
(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;

(i) if z,w € X are two distinct fixed points of f, then d(z,w) > (1 —k)/2.

2016

Proof. All conditions of Theorem 3.1 are satisfied with M = X X X and hence Theorem 4.1 follows from

Theorem 3.1. [

Theorem 4.2. Let (X, d) be a complete metric space and f : X — X be a nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) + 1

d(fx, fy) < +k|d(x,y) + Ld(y, fx),

forall x,y € X, where k € [0, 1] and L is a nonnegative real number. If there exists xo € X such that (9) holds, then

(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;
e . . . . . 1_k_L
(iii) if z,w € X are two distinct fixed points of f, then d(z, w) > max{=—=,0}.

Remark 4.3. Every contraction satisfies condition (8) and also condition (9) for some xo € X.

Remark 4.4. From Theorem 4.1, we obtain Theorem 1 of [8] if k = 0.

Example 4.5. Let X = [0,1] U [2, +oo[ and d : X X X — [0, +oo[ defined by d(x, y) = |x — y|. Define f : X — X by

1 1
4+ Zx g 1
2+2x ifx €[0,1],
fx=
1

1+ 2x if x € [2,+00].

Clearly, (X, d) is a complete metric space and f is a nonexpansive mapping.
Now, for all x,y € [0,1] or x, y € [2, +o0[, we have

1
d(fx, fy) < 5d(x, y)-
Ifx €[0,1] and y € [2, +oo], then

d(x, fy) +d(y, fx)
dlx, fx) +d(y, fy) +1 —
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and hence

1 1 1 1 1
d(fx,fy):1+§y—§—Exs(§+§)(y—x)

dix, fy) +d(y, fx) 1
= d(x, fx) +d(y, fy) +1 + z)d(x, ).

Thus all the hypotheses of Theorem 4.1 are satisfied with k = 1/2 and xo = 1/4. In this case f has two fixed points
x =1and x = 2. Note that f is not a contraction, in fact d(f1, f2) = d(1, 2).

Example 4.6. Let X = [0,1] and d : X X X — [0, +o0o[ defined by d(x,y) = |x — y|. Define f : X — X by fx = x.
Clearly, (X, d) is a complete metric space and f is a nonexpansive mapping. For all x,y € X with x # y, we have

1 1
d(fx, fy) =lx—yl < (2|x—y| + E)lx—yl + zlx—y|.

Thus all the hypotheses of Theorem 4.2 are satisfied with k = 1/2, L = 1/2 and xy € [0,1]. In this case f has infinite
fixed points. Clearly, f is not a contraction.

4.2. Consequences in partially ordered metric spaces

Let (X,d) be a metric space and let (X, <) be a partially ordered set, then (X, d, <) is called a partially
ordered metric space. Also x,y € X are called comparable if x < y or y < x holds. Further, a self-mapping
f : X — X is called nondecreasing if fx < fy, whenever x < y for all x,y € X. Finally, (X, 4, <) is called
regular if for every nondecreasing sequence {x,} in X convergent to some x € X, we have x, < x for all
n € N.

Example 4.7. Let < be a partial order on X such that (X, <) is a partially ordered set. Then
M={(x,y) e XxX: x <y}
is a binary relation on X. Also if f : X — X is a nondecreasing mapping, then the set M is Banach f-invariant.

Theorem 4.8. Let (X,d, <) be a partially ordered complete metric space and f : X — X be a nondecreasing
nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) + 1

for all comparable x, y € X, where k € [0, 1[. Also assume that

d(fx, fy) < +k|dx,y),

(a) (X,d, <) is reqular;
(b) F=(f) is well ordered.
If there exists xg € X such that xy < fxg and (9) holds, then
(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;
(iii) if z,w € X are two distinct fixed points of f, then d(z,w) > (1 —k)/2.
Proof. In view of Example 4.7, the proof can be completed on the lines of the proof of Theorem 3.1. [J

In the following result we consider a weak contractive condition.
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Theorem 4.9. Let (X,d, <) be a partially ordered complete metric space and f : X — X be a nondecreasing
nonexpansive mapping such that

d(x, fy) +d(y, fx)
d(x, fx) +d(y, fy) + 1

for all comparable x, y € X, where k € [0, 1] and L is a nonnegative real number. Also assume that

d(fx, fy) < +k|d(x,y) + Ld(y, fx),

(a) (X, d, <) is reqular;
(b) F(f) is well ordered.
If there exists xg € X such that xo < fxo and (9) holds, then
(i) f has at least one fixed point z € X;
(ii) the Picard sequence of initial point xo € X converges to a fixed point of f;
(iii) if z,w € X are two distinct fixed points of f, then d(z, w) > max{==L, 0}.

Proof. Again, in view of Example 4.7, the proof can be completed proceeding as in the proofs of Theorems
3land32. O

5. Fixed Points for Multi-Valued Mappings

We give a result of existence of fixed point for a class of multi-valued mappings. Let K(X) be the
collection of all non-empty compact subsets of X.

Theorem 5.1. Let (X,d) be a complete metric space and let T : X — K(X) be a nonexpansive multi-valued mapping
such that

d(x, Ty) + d(y, Tx)

HITY) <\ 36 T + ey, Ty) + 1

+k|d(x,y), (10)

forall x,y € X, where k € [0, 1[. If there exists xo € X such that

d(xo, Txo) + d(x1, Tx1)
d(xo, TJC()) + d(xl, Txl) +1

+k<1 (11)

holds, where x1 € Txy is such that d(xo, x1) = d(xo, Txo), then T has at least one fixed point z € X.

Proof. Let xg € X, since Txg is compact there exists x; € Txg such that d(xg, x1) = d(xo, Txg). Clearly, if xo = x;
or x; € Tx;, we deduce that x; is a fixed point of T and so we can conclude the proof. Now, we assume
that xg # x1, x1 ¢ Tx1; and (11) holds. From d(x1, Tx1) > 0, it follows that H(Txy, Tx;) > 0. Next, since Tx; is
compact, there exists x, € Tx; such that

d(xll xZ) = d(xlr Txl)’

By (11), then we get
d(x1,x0) = d(x1, Tx1) < H(Txg, Tx1)
d(xo, Tx1)
< (d(-XO/ TXO) + d(xl/ Txl) + 1 + k) d(XO, xl)
d(x()/ xl) + d(xllxz)
- (d(xo,xl) +d(x1,x2) +1 + k| d(xo, x1)-
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Now, we suppose to have chosen x3, ..., x, € X such that x;.1 € Tx;, x; ¢ Tx; and

d(xi—1, x;) + d(x;, Xit1)
d(xi-1, %) + d(x;, xiy1) + 1

d(xi, xiv1) = d(x;, Tx;) < ( +k|d(xi-1, xi)

foralli=1,...,n—1. Next, we choose x,,.1 € Tx, such that d(x,, x,+1) = d(x,, Tx,), this is possible since Tx,
is compact.
Then

A(xy, Xni1) = d(xy, Txy) < H(Txy-1, Tx,)
< d('xn—ll Txl’l)
B d(xn—lz Txn—l) + d(xn/ Txn)

< d(xn—lr xn) + d(xnr xn+1)
T\ d(xp—1, xn) +d(xy, x041) + 1

+ 1 + k) d(xl’l—llx?l)

+ k) A(xp_1, Xp). (12)

If x,41 = x,, then x,, is a fixed point of T and the proof is finished. If x,, ¢ Tx,, iterating this procedure we
construct a sequence {x,} C X such that x,,1 € Tx,, x, ¢ Tx, and (12) holds for all n € IN. Proceeding as in
the proof of Theorem 3.1, we deduce that {x,} is a Cauchy sequence. Since X is a complete metric space, the
sequence {x,} converges to some z € X. Now, we prove that z is a fixed point of T. Using (10) with x = x,
and y = z, we obtain

d(z, Tz) < d(z, Xps1) + A(Xps1, TZ)
< d(Z, xn+1) + H(Txn, Tz)
d(xy, Tz) + d(z, Tx,)
d(xy, Txy) + d(z, Tz) + 1 +k|d(x,, z)
A, 2) + d(z,T2) + d(z, x01)
A(xu, Xp41) +d(z, Tz) + 1

< d(zl xn+1) + (

<d(z,xu41) + ( + k) d(x,, z)

foralln € IN.
On taking limit as n — +oco on both sides, we get d(z, Tz) = 0. As Tz is closed,we obtain that z € Tz, that
is, z is a fixed point of T. [J

Proceeding as in the proof of Theorem 5.1, one can prove the following theorem.

Theorem 5.2. Let (X,d) be a complete metric space and let T : X — K(X) be a nonexpansive multi-valued mapping
such that

d(x, Ty) +d(y, Tx)
d(x, Tx) +d(y, Ty) + 1

H(Tx, Ty) < + k|d(x,y) + Ld(y, Tx),

forall x,y € X, where k € [0,1] and L is a nonnegative real number. If there exists xy € X such that (11) holds, then
T has at least one fixed point z € X.

Example 5.3. Let X = [0,1] U [2,+oo[and d : X X X — [0, +o0[ defined by d(x, y) = |x — yl|. Define T : X — K(X)
by

[(1+x)/2,1] ifxe[0,1],
Tx =
[2,2+x)/2] ifxe[2,+o].

Clearly, (X, d) is a complete metric space and T is a nonexpansive multi-valued mapping with compact values.
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Now, for all x,y € [0,1] or x, y € [2, +oo[, we have

H(Tx, Ty) < %d(x, Y).

Ifx €[0,1] and y € [2, +oo], then

d(x, Ty) +d(y, Tx)
dix, Tx) +d(y, Ty)+1 —

and hence

H(Ter]/) =max{2— L ;xrl + % _1} < (1 + %)(y_x)

d(x, Ty) +d(y, Tx) 1
: (d(x/ Tx) + d(y, Ty) +1 + E)d(x, ]/)

Thus all the hypotheses of Theorem 5.1 are satisfied with k = 1/2 and xy = 1/4. In this case T has two fixed points
x =1and x = 2. Note that T is not a contraction, in fact H(T1,T2) = d(1, 2).
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