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Abstract. We introduce the concept of a soft ditopological space as the ”soft generalization” of the concept
of a ditopological space as it is defined in the papers by L.M. Brown and co-authors, see e.g. L. M. Brown, R.
Erttirk, $. Dost, Ditopological texture spaces and fuzzy topology, I. Basic Concepts, Fuzzy Sets and Systems
147 (2) (2004), 171-199. Actually a soft ditopological space is a soft set with two independent structures on
it - a soft topology and a soft co-topology. The first one is used to describe openness-type properties of a
space while the second one deals with its closedness-type properties. We study basic properties of such
spaces and accordingly defined continuous mappings between such spaces.

1. Introduction

The concept of a soft set introduced in 1999 by D Molodtsov [19] gave rise to a large amount of
publications, exploiting soft sets both from theoretical point of view and in the prospectives of their
applications. Actually in modern times it happens very often when a new mathematical concept, especially
if it is assumed to have practical applications, arises interest of many researchers. Especially this concerns
young people since it allows to enter the real scientific life in a relatively short way. In particular this
happened with the soft sets. Among different areas of theoretical mathematics where soft sets are exploited
probably the largest amount of papers are related to general topology. Soft topological and fuzzy soft
topological spaces and their properties were studied in [1, 3, 10, 14, 18, 20, 23-25, 30]. An alternative
approach to the concept of topology in the framework of soft sets was developed in [21, 22]. Since the
subject of this work is also related to soft topology, we feel it is important to explain more clearly our
position in this field.

First we conclude, that for applications of soft sets in topological setting it is more natural to work
in the framework of ditopologies, than in the framework of topologies. The concept of a ditopology
was introduced by L.M. Brown and studied in a series of papers by L.M. Brown and co-authors, see e.g.
[5-8] Ditopologies are related to the concept of a bitopology introduced by J.L. Kelly [16]. However, as
different from bitopologies, in ditopologies two conceptional different structures on a set are exploited: one
for description of properties related to openness of sets, while the other describes the properties related
to closedness of sets. These structures need not have any interrelations between them, although in the
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trivial case they can collapse into a usual topology. The idea of a ditopology seems especially suitable for
the soft variation of topology since it allows to avoid the operation of complementation which is often
“inconvenient” in the framework of soft set theory.

The second distinction of our work to compare with most publications on soft topology is the interpre-
tation of the sets E and A in the definition of a soft set, see Definition 2.1. We realize the set E as the set of
potential parameters while the set A is interpreted as the set of actual parameters. In the papers written
on soft topology which are known to us usually the authors either assume that the image of a parameter
not belonging to A is zero (or an empty set), or that sets E and A coincide. On the other hand we assume
that in the parameters not belonging to A, the values of the soft set are not defined. It makes an essential
difference in interpretation and in the methods of research both in case of soft sets and soft topology, and
especially in case of fuzzy soft sets and fuzzy soft topology.

The structure of our paper is as follows. In the second section, Preliminaries, we recall some definitions
that are used throughout the paper. In the third section we develop the theory of soft topology based on
open soft sets. In this part of our work the concepts and results have much in common with the concepts
and results which can be found in papers written by other authors, see e.g. [1, 3, 10, 14, 20, 23, 30] and
therefore in most cases the proofs are omitted. However, also here we always follow the idea that we cannot
use complementation as a tool to get the property of closedness as well as the assumption that the sets of
potential and actual parameters may be different and that the image of a parameter contained in E \ A is not
defined. In the fourth section we develop soft topology on the basis of closed sets, excluding opportunity to
operate with open sets at the same time. The theory which is being developed in this section can be called
soft cotopology. Finally in Section 5 the synthesis of concepts and results from the previous two sections is
done. Here we consider the case when two independent soft structures on a given set are defined — one of
them is realizing the property of openness, and the other is interpreting the property of closedness. This
leads us to the concept of a soft ditopological space. Some properties of such spaces are described. In the
last section we sum up basic results of this work and discuss some prospectives for the future work.

2. Preliminaries

Here we recall the basic concepts and results on soft sets. Most of them can be found in [2, 11—
13, 15,17, 19]. However, as it was emphasized in the Introduction, our definition of a soft set distinguishes
from the definition of a soft set in other works mentioned above, in the way how we interpret the set E of
potential parameters and its subset A of actual parameters.

Definition 2.1. Let U be a universe, E be a set of parameters and A C E A mapping Fa : A — 2 is called a soft set.
That is Fa(e) € U if e € A and the value F o(e) will not be defined for e € E \ A.

Definition 2.2. The complement of F is a soft set FS, : A — 2 defined by FS,(e) = U \ Fa(e) for every e € A.

Definition 2.3. The intersection G¢c = ﬁ,-dF,-A‘_ of a family of soft sets {Fz‘A, | i € I} where A; C E and Pi/\i cA; - 2U
is a soft set Gc : C — 24 where C = (N Ai and Ge(e) = e Fi, (e) fore e C.

Definition 2.4. Let {F;, | i € I} be family of soft sets where A; C E and F;, : A; — 2. For every e € E let
I, ={i € l|ee€ Aj}. Then the union OidF,-Ai of the family of soft sets {F;, | i € I} is defined as the soft set G¢ : C — 24
such that C = Uje Ai and Ge(e) = Ujey, Fiy, (€) fore € C.

Definition 2.5. A soft set F is called a soft subset of Gg denoted by FACGg if A € B and Fa(e) € Gg(e) for every
e€A.

Definition 2.6. A soft set F is called the whole soft set if Fg(e) = U for every e € E; we denote it by Uk. A soft set
F 4 is called the whole soft set relative to A if Fa(e) = U for every e € A; we denote it by Upy.

Definition 2.7. A soft set Fg is called the null soft set if Fg(e) = 0 for every e € E; we denote it by ¢. A soft set F, is
called the null soft set relative to A if Fa(e) = 0 for every e € A; we denote it by ¢ 4.
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The proof of the next five statement is easy and can be done as the proof of the analogous statement in
e.g. [30]:
Theorem 2.8. Given a family of soft sets F, : A; — 24 the following De Morgan-type relations hold:
1. (ﬁiEIFiAi )CCOieI(FfAi)'
2. (UiEIFiA‘-)ijiGI(F?Ai)‘
Proposition 2.9. Let FACUfg. Then the following hold:
1. ¢eNFa = ¢pa, ¢ppUF4 = Fy.
2. UEmFA =Fy, UEUFA = UA
Proposition 2.10. Let F4, GgCUE. Then the following hold:
1. FACGg iff FANGg = Fa
2. FACGg iff FAUGg = Gp.
Proposition 2.11. Let Fa, G, Hc, SpCUE. Then the following hold:
1. IfA C Band F4NGg = ®AnB then FAgGg.
IfA = Band FAﬁGA = (]5/\ Z'J?FAQG;‘.
FAOF;, = Ua, FANFS = Pa.
FACGp iff GLCFY,.
IfFAQGB and GBQHC then FAQH(:.
IfFAgGB and HcESp then FANH-EGpASp.
IfFAQGE then FAﬁGB = (PA-
Definition 2.12. Let U, V be universe sets, E, P be parameter sets and let S(U, E), S(V, P) be families of all soft sets

defined on (U, E) and (V, P) respectively. Following e.g. [15] we define a soft function f = (@, ) : S(U,E) = S(V, P)
induced by mappings ¢ : U — V,¢ : E — P by setting

FEDP) = ¢(Ueey-1)F(€)), Yp € P(A)
foreach Fp € S(U, V). The preimage of a soft set Gg € S(V, P) under a soft function f : S(U, E) — S(V, P) is defined
by

ISAS LS

F7(Gr)e) = ¢~ (Ga((e)), Ve € Y7 (B).

A soft mapping f = (@, ) is called injective if both ¢ and 1 are injective. A soft mapping f = (p, ) is called
surjective if both @ and 1 are surjective.
The proof of the next three theorems is straightforward and can be found example in [15]
Theorem 2.13. Let f = (¢, 1) : S(U,E) — S(V, P) be a soft function, Fa, GgCUF and Fi, be a family of soft sets on
(UL E). Then,

1. f(<Z~)A) = ¢¢Ar_i(UE)§VP-

2. f(LNJiEIFiA,) :NUiEIf(FiA,»)'

3. f(miEIFiAl)émiEIf(FiAl)'

4. IfFAQGB then f(FA)Qf(GB)
Theorem 2.14. Let f = (p, ) : S(U,E) — S(V, P) be a soft function, Fa, GgCVp and Fi,. be a family of soft sets on
(V, P). Then,

L fNpp) = e, VP) = Ug.

2. f 1(U1€1F1A = 1€If FIA,)

3. f 1(szIF1AI mzel(f 1(FiA1))‘
Theorem 2.15. Let f = (¢, ) : S(UL E) — S(V, P) be a soft function and FA&Vp. Then,

L f(f(Fa)CFa.

2. fUEY) = (fFHFa))

3. FACS™ 1( F(Fa)).
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3. Soft Topological Spaces Defined by Open Soft Sets

3.1. Soft topology

Here we recall some concepts, results and constructions in soft topology, which can be found in [2, 3,
15, 19, 20, 23]. However, as different from most of these works, we make a clear distinction between the set
E of potential parameters and its subset A of actual parameters. Besides, here in our considerations we are
allowed to use only the property of openness for soft sets and must avoid handling of closedness property.

Definition 3.1. Let U be a universe, E be a set of parameters. A family T of subsets of U is called a soft topology if
the following holds:

1. ¢a,Ug e T (VACE).

2. If{F,-AiQUE |iel} C1then OieIF,-A‘_ €T

3. IfFA, Gger then FAﬁGB €T
Every member of T is called an open soft set and the pair (U, T) is called a soft topological space.
Given two soft topologies 71 and 7, on U, a soft topology 1, is called coarser than the soft topology 1 if
for any F4 € 1 itholds F4 € 1.
The proof of the next two theorems is straightforward and can be verified, e.g. as the proof of the similar
statements in [23]

Theorem 3.2. If (U, 11) and (U, 12) are two soft topological spaces, then (Ug, T1 N T5) is a soft topological space.
Theorem 3.3. If (U, 1) is a soft topological space then for every e € E (U(e), t(e)) is a topological space.

Definition 3.4. Let x € Uand A C E. A soft set x4 defined by xa(e) = x for every e € A is called a soft point in Uk.
A soft set x4 is said to be in a soft set Fp (denoted by x4&Fp) if x € Fg(e) for every e € A.

Definition 3.5. Given a soft topological space (Ug, T), a soft set GgCUE is called a t-neighborhood of a soft set xo€UE
if there exists an open soft set Hc such that x4€HcCGg. The family of all T-neighborhoods of x4 is denoted by N(x4).

Obviously Upisa t-neighborhood for every soft point x4 and if Gg € 9(x4) and GgCHc, then He € 9(xa).

Definition 3.6. Given a soft topological space (Ug, 1), let Fa, Gg€UE. Then Gg is called a t-neighborhood of F 4 if
there exists an open soft set Hc such that FACHcCGg. The family of all T-neighborhoods of F4 is denoted by M(F 4).

Definition 3.7. Let (Ug, 7) be a soft topological space and F4CUg. The soft interior of F4 is defined by:
intFs = |_JIGs,CUE : Gy, € T and Gy, CFa).
i€l
The proof of the next two theorems can be done patterned e.g. after the proof of the analogous statements
in [10, 23, 30]

Theorem 3.8. Let (U, 1) be a soft topological space, FACUg. Then,

1. intFACF4.

intF 4 is the largest open soft set contained in Fy.
F4 is an open soft set if and only if intF4 = Fa.
int(intF4) = intF4.

il’lt(f)A = ¢A (VA c E), il’ltUE = le.

SRS

Theorem 3.9. Let (Ug, T) be a soft topological space, Fa, GgCUE. Then
1. If FACGg then intF 4 CintGg.
2. int(F4NGp) = intFANintGgp.
3. int(FAOGB)iintFAOintGB.
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3.2. t-continuous soft mappings and open soft mappings

In this section we reconsider basic concepts related to mappings of soft topological spaces in a form
appropriate for us. We omit the proofs since they are almost verbatim the ones which can be found in the
papers [2, 3, 15, 19, 20, 23].

Definition 3.10. (cf e.g.[30]) Let (Ug, 71), (Vp, T2) be two soft topological spaces and let f = (¢,v) : S(U,E) —
S(V,P), where ¢ : U — V,¢ : E — P be mappings, be defined as in 2.12. We interpret f as the soft function
f=(p,¢): (Ug, 1) = (Vp, 12) and call it T-continuous at x if for each t-neighborhood Gya) of f(xa), there exists
a t-neighborhood Hy of xa such that f(Ha)CGyay. Further, we call f t-continuous on Ug if it is T-continuous at
each soft point of UE.

The proof of the next four statements can be done patterned after the proof of the analogous statements in
e.g. [30] and [3]:

Theorem 3.11. The following conditions are equivalent for a soft function f = (p,v) : (Ug, 1) = (Vp, T2) :
1. f is T-continuous at x4,

2. For every t-soft neighborhood Gy(a) of f(xa), there exists a t-neighborhood Hy of x4 such that HACf ™ (Gya))-
3. For any t-neighborhood Gy of f(xa), f~(Gyay) is a T-neighborhood of x.

Theorem 3.12. A function f = (p,¥) : (Ug,11) — (Vp, T2) is T-continuous iff the preimage of every open soft set
of Ty is an open soft set of 1.

Theorem 3.13. Let U, V, W be universe sets, E, P,K be parameter sets and f = (¢1,11) : (Ug, 1) = (Vp,12),
g = (p2,U2) : (Vp, 12) = (Wi, 13) be soft functions where 1 : U — V,i1 : E - Pand @3 : V. — W,ip, : P > K
are mappings. If f, g are t-continuous then

go f= (a0, @20@): (Ug, 1) = (Wi, 13)
is T-continuous.

Theorem 3.14. Let f = (¢, ) : (Ug, 11) = (Vp, 12) be a soft function. f is t-continuous if and only if for any
FAQVP, f_l(intFA)Qintf_l (Fa)-

Example 3.15. Let ¢ : U — U, ¢ : E — E be identity mappings. Then the soft mapping i = (¢,v) : (U, 11) —
(U, 2) is T-continuous if and only if T, C 1.

Definition 3.16. (cf e.g. [3]) A soft function f = (p,¢) : (U, t1) = (Vp, 12) is called open if the image of every
open soft set from 11 is open in Ts.

Theorem 3.17. f = (¢,V) : (Ug, 71) = (Vp, T2) is an open soft function if and only if f(intF4)Cint[f(F4)] for
every FACUE.

Theorem 3.18. Let U, V, W be universe sets, E, P,K be parameter sets and f = (¢1,11) : (Ug, 1) = (Vp, 1),
g = (p2,12) : (Vp,12) = (Wi, 13) be soft functions where 1 : U — V,i1 : E - Pand @3 : V. — W,ip, : P > K
are mappings. If f, g are open then g o f is open, too.

3.3. t-separation axioms for soft topological spaces

Separation Axioms for soft topological spaces were investigated by M.Shabir and M. Naz in [23] and B.
Pazar Varol and H. Aygun in [20]. In these papers separation axioms are defined on the basis of classical
points. We revise the definitions and theorems from [23], [20] for soft points defined and come to the
following

Definition 3.19. Let (U, 1) be a soft topological space, and let x4, ya(x # y,x,y € U, A C E) be two different soft
points of Ug. The space (Ug, 7) is called
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o 1-soft To-space if there exists a T-neighborhood G of x4 such that ya€Ga or there exists a t-neighborhood G
of ya such that x4&Ga.

e 1-soft Ty-space if there exist T-neighborhoods Ga, Ha of xa, ya respectively such that ya€Ga and xo€H .
e 1-soft To-space if there exist t-neighborhoods Ga, Ha of xa, ya respectively such that GANHa = ¢a.

Theorem 3.20. Let (Ug, 1) be a soft topological space. If x5, is an open soft set for each x € U, A C E then (U, 1) is
a t-soft T1-space.

Proof. Let x5 be an open soft set and y4 # x4. Then yAéxg and xAéqu and similarly xAény1 and yAéyfq. This
shows that (U, 7) is a T-soft Ti-space. [

Obviously if (U, 7) is a T-soft T,-space then it is a t-soft T;-space and if (U, 7) is a T-soft T1-space then
it is 7-soft To-space. The converses generally are not true as shown by the next two examples:

Example 3.21. Let U = {x,z} be the universe set, E = {e1, ey, e3,es} be the parameter set, A = {e1, e} and © =
{ba, O, Ur,Ea,Ga) be the soft topology where, F5 = {e1 = {x},ex = {x,z}} and G4 = {e1 = {x}}. One can easily see
that (U, 7) is a T-soft To-space. However there does not exit an open soft set containing z, but not containing x4,
and hence (U, 7) is not a T-soft Tq-space.

Example 3.22. Let U = {x, y} be the universe set E = {e1, e, e3} be the parameter set and T = {pa, P, Pc, P, Uk, Fy,
Ga,Da,Ta, Hp,Kg, Ic, Lc, } be the soft topology where

Ta =1{e1 = {y},
Hg = {e; = {x}},
Kg = {ey p
Ic ={ex = {yl},
Lc = {ex = {x}}

Then (Ug, T) is a T-soft Ty-space. But it is not a T-soft Tp-space since for x4 # ya, there do not exist T-neighborhoods
Fa,Ga of xa, ya such that FANGA = Pa.

Theorem 3.23. Let (Ug, 11),(Vp, 7.'2) be two soft topological spaces and f = (@,) : (Ug, 1) = (Vp,15) be an
injective T-continuous function. If Vp, 1) is a - soft Tr-space, then (Ug, 11) is a T- soft Tr-space.

Proof. Letxa # ya be two soft points of Ug. Then f(xa) # f(ya) since f is an injective function. There exist 7-
neighborhoods Fya), Gy) of f(x4), f(ya) respectively such that Fy1)NGya) = Pya). Hence £ (Fya)), £ (Gya))
are T-neighborhoods of x4, y4 respectively such that f ‘1(F¢(A))ﬁ f ‘1(G¢(A)) = ¢a. This shows that (Ug, 1) is

a t-soft Tr-space. [

Theorem 3.24. Let (Ug, 11), (Vp, T) be two soft topological spaces and f = (¢,¢) : (Ug,11) = (Vp,72) be a
bijective open soft function. If (U, 11) is a T-soft To-space then (Vp, 12) is a T-soft T»-space.

Definition 3.25. A soft topological space (UE, 7) is called T-soft reqular if for every xoEUg and for every F4 # ¢ppCUE,
such that xs&€F € 1, there exist G4 € W(xa), Ha € N(Fa) such that VaNHy = ¢a.
If a soft topological space (Ug, 7) is both t-soft reqular and a t-soft T1-space then it is called a t-soft Ts-space.

The next example shows that a 7-soft regular space need not be a 7-soft T;-space:
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Example 3.26. Let U = {x, y, z}, be the universe set E = {e, €5, e3} be the parameter set and T = {¢pa, P, Ug,Fa,Ga,Ha)
be the soft topology where,

Fa={ey = {x}},
GA = {el = {y/ Z}}/
{e1 = {x, y,z}}.

Then (Ug, 1) is a t-soft reqular space which is not a t-soft T1-space.

Definition 3.27. A soft topological space (Ug, ) is called t-soft normal space if for any soft sets Fa, GaCUE where
F,GS € tand FANG4 = ¢, there exist Vo € N(Fa), Wa € N(Ga) such that VAOAWa = 4. In case (UE, 1) is both
T-soft normal and a t-soft T1-space then it is called a T-soft T4-space.

4. Soft Cotopological Spaces and Closed Soft Sets

Definition 4.1. Let U be a universe and E be the parameter set. A family « of subsets of U is called a soft cotopology
if the following holds:

1. ¢, Up € k (YA CE).
2. If {Ki, CUE i € I} € « then i Ki, € k.
3. IfKA,LB € « then K4ULj € k.

Every member of x is called a closed soft set and the pair (U, x) is called a soft cotopological space.

Definition 4.2. Lef k1, k2 be two soft cotopologies on UE. Then 1, is called coarser than x, (denoted by 12 C k1) if
F, € x1 whenever F4 € x5.

Theorem 4.3. If (U, x) is a soft cotopological space then for every e € E (U(e), k(e)) is a cotopological space in the
sense of [7].

Theorem 4.4. If (Ug, k1) and (U, k7) are soft cotopological spaces then (Ug, k1 NK2)isa soft cotopological space.

To describe the local structure of a soft cotopological space we explore Wang’s idea of the so called remote
neighborhood [29].

Definition 4.5. Let (U, k) be a soft cotopological space, MgCUr and x,&UE. A soft set Mp is called a soft remote
neighborhood of x 4 if there exists a closed soft set K¢ such that xo@Kc2Mg. The family of all soft remote neighborhoods
of x4 is denoted by Rn(xa).

Definition 4.6. Let (U, «) bea soft cotopological space, Fa, SpCUE. Then Sg is called a soft remote neighborhood of
F4 if there exists a closed soft set K¢ such that F 4 is not a subset of K¢ and Kc2Sg.

Theorem 4.7. Let (Ug, x) be a soft cotopological space, Fg, GeCUF and let x4 be a soft point of Ug. Then the following
holds:

1. ¢ is a soft remote neighborhood of every soft point of Uf.
2. IfGC € %N(JCA), FBQGC then Fp e s‘RN(JCA).

Definition 4.8. Let (Ug, ) be a soft cotopological space, FEACUE. A soft point x4 of U is said to be a soft adherence
point of F4 if MAOF, # Uy for any soft remote neighborhood Ma of x4. The family of all soft adherence points of Fa
is called the closure of F 4 and it is denoted by clF 4.

Theorem 4.9. Let (U, k) be a soft cotopological space and F ACUE. Then

clF4 = AMKACUE : Ky € k and Ko2OF4).



T. Simsekler Dizman et al. / Filomat 30:1 (2016), 209-222 216

Proof. Let xAENK4CUE : K4 € k and K43F4) and we assume that x4&clF4. Then there exists a closed soft

set L4 not containing x4 such that L4 OFf4 = U4. Then LS QFf4 and so F4€L4. Hence there exists a closed soft
set Ly such that x4 €L OF 4. This shows that x4 &\ {K4EUr : K4 € x and K4OF4}. This is a contradiction.

Conversely let x4&clF4 and x2&NK4CUE : Ky € x and K4OF 4). Then there exists a closed soft set K4 such
that x4#K42F 4. Hence K4 is a soft remote neighborhood of x4 and F, UK, = Ug. It shows that x4 &clF 4. This

is a contradiction. [
From here one can esily establish the following useful properties of closure operator.

Theorem 4.10. Let (Ug, ) be a soft cotopological space and FACUE. Then the followings hold:

1. FaCclF4.

2. clF, is the smallest closed soft set containing Fa.
3. asoft set F4 is closed if and only if F5 = clF 4.

4. clclF4 = clF4.

From Theorem 4.10 easily follows:

Theorem 4.11. Given a soft cotopological space (Uk, ), let F4, Gg, HcCUE. Then the following holds:
1. IfFAQGB then CIFACCIGB.
2. cl(GpUH¢) = clGgUclHe.
3. CI(FAﬁGB)QCIFAﬁCIGB.
4. CIUE = LTE, CI(PA = @A(AéE)

Definition 4.12. Let (Ug, x) be a soft cotopological space, FaCUf. A soft point xa is called a soft accumulation point
of Fa if (MaOxa)OF, # U for every soft remote neighborhood Ma of xa. The family F, of all soft accumulation
points of F4 is called the accumulation of F4.

One can easily see that every soft accumulation point of a soft set F4 is its soft adherence point.

Theorem 4.13. Let (U, x) be a soft cotopological space and FACUg. Then FoOF , is a closed soft set.

Proof. Assume that F, OF;‘ is not a closed soft set. Then there exists a soft point x4 such that x4&cl(Fa OF;‘)
but x,&F AOF;‘. Then x4 &F A,xAéF:q. Hence there exists a soft remote neighborhood M, of a soft point x4
such that (MaUOx4)UF, = Ug. Since xo&F4 then MoOF, = Uy and hence x4&clF 4. Therefore x4&cl(FAUF ).
This is a contradiction. [

Theorem 4.14. Let (Ug, x) be a soft cotopological space and FACUg. Then cIF4 = F4UF .

Proof. 1t is known that FoCclF4 and F,CclF4 so FAOF,CclF4. On the other hand, noticing that FACFAOF,
and recalling that F4UF , is a closed soft set we conclude that cIF4CF sOF ,. Hence the proof is completed. [J

From Theorem 4.14 easily follows the next:

Theorem 4.15. Let (Ug, ) be a soft cotopological space. A soft set FACU is closed if and only if F, CF 4.

4.1. x-Continuous and Closed Mappings

Definition 4.16. Let (Ug, k1), (Vp, x2) be soft cotopological spaces, xa€Ug. A function f = (¢,v) : (U, x1) —
(Vp, x2) where @ : U — V, ¢ : E — P are mappings is called «-continuous at x 4 if for every soft remote neighborhood
My of f(xa) there exi:sts a soft remote neighborhood N of x4 such tfmt F(Na)2MyyN f(UE). A function f is said
to be x-continuous on U if f is x-continuous at every soft points of Ug.

Let (U, ki), (Vp, kv) be soft cotopological spaces, f = (p, ) : (Ug, ku) = (Vp, kv) be a soft mapping and let
Vp' = f(U). Further, let K7, be the soft cotopology on Vp' induced by the cotopology kv, that is K, €« iff
K', = KaNVp' for some K4 € ky.
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Proposition 4.17. A mapping f = (p,¢) : (Ug,ku) — (Vp,xv) is x-continuous if and only if f = (¢,V) :
(Ug, xu) = (Vp', xy) is k-continuous.

Proof. = Let K;,(A) be a closed soft set such that f(xA)éK;b(A).Let K;MA) = KyyNVp'. Then f(xa) ¢ Ky(a). Since
f is k-continuous there exists a closed soft set M4 not containing x4 such that

FMA)3K N f(UE) = Ky .

Hence f : (Ug, xy) — (Vp', ky) is k-continuous.

&: Let Ky(a) be a closed soft set such that f(x4)#Ky). Since K:b(A) = Ky)N\Vp', f(xa) ¢ K:P(A) € xy . Then

there exists a closed soft set M4 not containing x4 such that f (MA)QK:P( 2 = KywyNf(Ug). O

The previous proposition can be reformulated in the following way:

Proposition 4.18. A mapping f = (¢, ¢) : (Ug, xu) — (Vp, xv) is x-continuous if and only if for any soft remote
neighborhood K:/}( A)Q F(UE) of f(xa) there exists a soft remote neigborhood M of x4 such that f(M A)iJKl’p( - Moreover

Lo o,
in this case one can assume that f(Ma)) = K4/(A)'

Theorem 4.19. f is k-continuous at x, iff for any soft remote neighborhood K:p( a O f(xa), f ‘1(K:p( 1)) 18 a soft remote
neighborhood of x,.

Proof. =: Let K:/;( 4 be a soft remote neighborhood of a soft point f(x4). Without loss of generality we may

assume that K’ is an arbitrary closed soft set in V" not containing f(x,). Then there exists a closed soft

Y(A)
set M4 not containing x4 such that f(Ma)2K/ Now we shall show that Ms2f _1(Kfp( A)). Suppose that

R - Y@ - k
MA,ZJf’l(K:/)(A)). Then MAU(f’l(K:p(A)))C # Ug and MAUf’l((K:P(A))C) # Ug. Hence f(MA)U(K:P(A))C # V1, This

shows that f(M A)iKip @y The obtained contradiction means that M2 f ™ (K:p ( A)). Therefore

F Ky = () Ma x4 & FHK )

and hence f _1(K:P( 1)) is a closed soft set not containing x4.

4

W A)) is a soft remote

<:Let K:/;( 4 be a soft remote neighborhood of f(x4). Then by our assumption UK

neighborhood of x4 and f(f _1(K{P( ) = KL’P( 4)- Hence f is x-continuous at x4. [

Corollary 4.20. If f is k-continuous at x4 then for any soft remote neighborhood Ky of f(xa), the preimage
1 (Kyay) is a soft remote neighborhood of x .

Example 4.21. Let U = {a,c},V = {1,2} be the universe sets E = {ey,e2}, P = {p1,p2} be the parameter sets
and f = (p,¢) : (Ug,x1) = (Vp,k2) be the soft function where p(a) = 1,¢(c) = 2,¢(e1) = P(e2) = pa. k1 =
{Pa, Ur, {er = {c},ea = {c}}}, k2 = {PB, Vb, {p1 = (1,2}, p> = (2}}}. Then the soft function f is k-continuous on Ug.

Lemma 4.22. A soft set F4CUE in a soft cotopological space (Ug,x) is closed if and only if F4 is a soft remote
neighborhood of every soft point not belonging to Fa.

Theorem 4.23. A soft function f = (@, ) : (Ug, xku) — (Vp,xv) is k-continuous if and only if the preimage of
every closed soft set of k', is a closed soft set of k.

Proof. Notice first that conditions:
e the preimage of every closed soft set of «/, is a closed soft set of x;

e the preimage of every closed soft set of kv is a closed soft set of x;
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are equivalent.
=: The proof follows from the proof of the first part of Theorem 4.19 taking into account that obviously a
soft set F4 is closed if and only if it is a remote neighborhood for each soft point x4 not belonging to it.

&: Let Kfp( 4 be a soft closed set of 7, not containing f(x4). Then f‘l(K:p( 1) is a soft remote neighborhood

of x4. Hence f(f! (K:P( a) = K:/)( 4 This shows that f is k-continuous. [

Theorem 4.24. Let (U, k1), (Vp, x2), (Wg, k3) be soft cotopological spaces and f = (p1, 1) : (Ug, k1) — (Vp, %2),
g = (p2,¥2) : (Vp,k2) = (Wr, x3) be soft functions where 1 : U — V,in : E > Pand 2 : V —> W, : P > R.
If f, g are x-continuous then g o f = (@1 0 @2, P10 Y2) : (Ug, k1) = (Wg, x3) is k-continuous, too.

Proof. LetK, € «5.Since gis k— continuous g~ (K/,) € «2 and similarly since f is k— continuous (go f)*(K/,) =
f 1971 (K})) € x1. Hence g o f is k— continuous. [J

Definition 4.25. Let (Ug, x1), (Vp, x2) be soft cotopological spaces. A soft function f (Uk, k1) = (Vp, k) is called
closed if the image of each closed soft set is soft closed.

Theorem 4.26. A soft function f = (¢, 1) : (Ug, k1) = (Vp, k) is closed soft if and only if cl(f(Fa))Sf(clF4) for
every soft subset Fa of U,

Proof. =: Let F4 be a soft subset of Ug. It is known that clF4 is a closed soft set and hence cl(f(F4))E f(clF4).
&: Let K4 be a closed soft set. By the hypothesis cl(f(K4))Ef(clK4) = f(Ka). This shows that f is a closed
soft function. O

4.2. x-Soft Separation Axioms

Definition 4.27. A soft cotopological space (U, x) is called a x-soft To-space if for any different soft points xa, ya
there exists My € Rn(xa) such that ya4&My, or there exists Ma € Ry(ya) such that xoEM,.

Theorem 4.28. A soft cotopological space (Ug, «) is a k-soft To-space if and only if clxa # clya whenever x # y.

Proof. =: Let (U, x) be a x-soft To-space. Suppose that clxs = clys for some x # y Then xq&clxs = clya,
ya€clya = clxa. Since x4&clys, we have MAOyg # Uy for any soft remote neighborhood M4 of x4. Then
there exists e€A such that Ma(e) U (U \ ya(e)) # U. Hence y ¢ Ma(e). This shows that y4€M,. We can show
that x4€My by a similar way. Hence (U, x) is not a k-soft To- space. This is a contradiction.

&: Assume that (Ug, «) is not a k-soft To-space Then there exist points x,y € U such that y4 ¢ My for
each My € Rpn(xa) and x4 ¢ My for each My € Ry(ya). We show that clxy # cly, in this case. Indeed,
let z4 € clxs. Then MAOx; # Uy, for every My € Rn(za) Hence xa€M, and by our assumption YaEMy.
Therefore M4 OyfA # Up,. This means that z4&cly. Hence clxaCclya. It can be proved that clysCclxa. This is
a contradiction. O

Definition 4.29. A soft cotopological space (Ug,x) is called a x-soft Ti-space if for any different soft points
xa, ya(¥x, y € U) there exist M s € R(xa) such that ya€Mu and Ny € Rn(ya) such that xaENg.

Theorem 4.30. A soft cotopological space. (Uf, x) is a k-soft Ty-space if and only if every soft point x(x € U, A C E)
is a closed soft set.

Proof. =: Suppose that x4 # clxs. Then there exists a soft point z4&clx, and za&x4. Hence z4 # x4. Since
za€clxy, for any soft remote neighborhood M, of z,4, MAOfo‘ # Uy4. Hence x4€M4. This is a contradiction
since (U, k) is a x-soft T1-space.

&: Let x4 be a closed soft set. Then x4 = clx4. For a different soft point ya, ya#clxs = x4. Hence x4 is a
soft remote neighborhood of ¥4 containing x4. We can prove it for y4 similarly. Hence (UE, x) is a k-soft
Ti-space. [
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Every x-soft T1-space is a k-soft To-space. But the converse is not true generally as shown the following
example.

Example 4.31. Let U be the set of all real numbers, E be the set of natural numbers and Kg, = {(e,[e+ A, 0[) : e €
Ex, A € N} and x = {(Kg) EUE} U {Pa, Ug). Then (Ug, x) is a k-soft To-space but it is not a x-soft T1-space.

To define separation properties of Ty, regularity and normality type in an appropriate way we have to apply
a stronger version of a soft remote neighborhood introduced in the next definition:

Definition 4.32. Let (U, x) be a soft cotopological space. SpCUE is called a soft strong remote neighborhood of
x2EUE if there exists a closed soft set K¢ such that x ¢ Kc(e) 2 Sg(e) for every e € C.

SpCUF is called a soft strong remote neighborhood of a soft set F4 if there exists a closed soft set Kc(e) 2 Sp(e) such
that for every e € A, a set F4(e) is not a subset of Kc(e).

Definition 4.33. A soft cotopological space (Ug, x) is called a x-soft T-space if for any different soft points xa, ya
there exist soft strong remote neighborhoods Sa, Ta of xa, ya respectively such that S40T 4 = U,.

Theorem 4.34. If (U, k) is a x-soft To-space then x4 = (WKaCUE : x4€K, € ).

Proof. Let x4 be a soft point of Ug. For any ya # xa there exist closed soft sets K4, L4 such that for every
ec€A,x¢Kal),y ¢ Lale) and K4ULy = (4. Hence x4€L4 and y4€K4. This shows that any closed soft set
containing x4 does not contain y,4. Therefore x4 = (UKACUE : x4€K4 € k). O

Theorem 4.35. If xy = { KoCUfF : x&Ky4 € ) then (Ug, k) is a k- soft To-space.

Every x-soft To>-space is a k-soft T1-space. But as shown by the next example the converse is generally
not true .

Example 4.36. Let U be the set of real numbers, E = {ey, e, e3} be the set of parameters, ACE and k = {(Ka)AEUENO{UE)
where A € N and

(Ka)a =1{(e;, V) :i€{1,2,3},e; € Eand V C R is a finite set }. Then (Ug, ) is a K-soft Ty-space since for different
soft points xa,ya, Ka = {(ei, {y}) : es € A} and Ly = {(e;, {x}) : e; € A} are soft remote neighborhoods of xa,ya
respectively such that x4 € Ly and ya € Ka. However K4UL4 # U and hence (Ug, x) is not a K-soft Tr-space

Theorem 4.37. Let (Ug, k1), (Vp,k2) be two cotopologzcal spaces and f = (p,¢) : (Ug, k1) = (Vp,x2) be an
injective xk-continuous soft function. If (Vp, x2) is a k-soft Tr-space then (Ug, «1) is a k-soft T-space.

Proof. Letxa, ya betwo different soft points of Ug. Then f(xa) # f(ya). Since (Vp, 12) is a k-soft T»-space, there
exist soft strong remote neighborhoods Sya), Ty) of f(x4), f(ya) respectively such that Sy UTyu) = Vi)
Since f is k-continuous f~!(Sy()), f 1(Ty)) are soft strong remote neighborhoods of x4, ya respectively
such that f™(Sy))0f (Tyw)) = Ua. This shows that (Ug, «1) is a k-soft To-space. [

Definition 4.38. A soft cotopological space (Ug, «) is called x— soft regular if for every its soft point x, and every
non-empty closed soft set Ka not containing xa there exist soft strong remote neighbourhoods Sa, Ta of x4 and Ka
respectively, such that S4OTa = Ua. If (Ug, x) is both x-soft reqular and x-soft Ty-space then it is called x- soft
T3-space.

Theorem 4.39. If (Ug, x) is a k-soft regular space then for any soft point x 4 of U and for any soft remote neighborhood
My of x4 there exists Ly € Ry(xa) such that MaCLa.

Pr~00f. Let My be a soft remote neighborhood of x4.Then there exists K4 € « such that x4¢K 2M,. Since
(Ug, ) is a k— soft regular space, there exist soft strong remote neighborhoods Si,,5,, of x4 and K
respectively such that 51,0S,, = Ua. Hence MACKACS1, € Rn(xa). O

Theorem 4.40. If (Ug, «) is a x-soft Ts-space then it is a x-soft Tp-space.
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Proof. Letxs # ya for some x,y € U, A C E. Since (UE, ) is a x-soft T1-space y4 is a closed soft set such that
x4y 4. On the other hand since (U, «) is a k-soft regular space there exist soft strong remote neighborhoods
S1,,52, of x4, ya respectively such that S;,0S,, = Us. Hence the proof is completed. [J

Definition 4.41. A soft cotopological space (U, «) is called «-soft normal, if for any two closed soft sets K4, LaCUE
such that KéﬁLA = (pa there exist soft strong remote neighborhoods S1,,S2, of Ka,La respectively such that
51,052, = Ua.

If (Ug, ) is both x-soft normal and «-soft T1-space then it is called x-soft T4-space.

5. Soft Ditopological Spaces

Now we are ready to introduce the principal concept of this work - a soft ditopological space, which is
actually a synthesis of the two structures studied in the previous sections - a soft topology, related to the
property of openness in the space and a soft cotopology, relaying on the property of closedness in the space:

Definition 5.1. The triple (U, T, %) is said to be a soft ditopological space if Ug is a soft set, T is a topology on U
and « is a cotopology on Ug. A pair & = (1, %) is called a ditopology on Uf in this case.

Definition 5.2. Given two ditopologies 61 = (t1,%1) and 0, = (T2, k2) on the same soft set Uk, 64 is called coarser
than 6, denoted by 61 C 6, if T2 C 11 and ko C K.

Definition 5.3. Given a soft ditopological space (U, 5), let xa€UEg. A pair (Fp, Mc), where Fg, McCUF, is called a
soft neighborhood of x4 if Fg is a soft t-neighborhood and Mc is a soft remote neighborhood of x . Soft interior and
soft closure of a soft set F 4 in a soft ditopological space (Ug, §) are defined respectively by:

intF4 = Ui {Gp,CUE : Gp, € T and Gp,CF 4},

clF4 = AKACUE : Ky € k and Ko2OF4).

5.1. Soft continuous functions

Definition 5.4. Let (Ug, 61), (Vp, 62) be two soft ditopological spaces. A function f = (p,1) : (Ug, 61) = (Vp, 52)
where ¢ : U — V, ¢ : E — P are mappings is called continuous at a soft point x2€Ug if f : (Ug, t1) = (Vp, 12) is
t-continuous and f : (Ug, k1) — (Vp, k2) is k-continuous.

Theorem 5.5. The followings are equivalent for a function f : (Ug,61) = (Vp,2) :
1. f is continuous at x4,
2. For any soft neighborhood (F¢(A),M:p( A)) of f(xa), the pair
(f 1 (Fya), f‘l(M:#(A))) is a soft neighborhood of x,.

Proof. The proof follows from Theorem 3.11 and Theorem 4.19. O

Theorem 5.6. A soft function f = ((p1,11)) : (Ug,61) — (Vp, 82) is soft continuous if and only if the preimage of
any soft set from Ty is in Ty and the preimage of any soft set from 1} is in k.

Proof. The proof follows from Theorem 3.12. and Theorem 4.23. [J

5.2. Soft separation axioms

We introduce separation axioms for a soft ditopological space (U, 7, k) by requesting corresponding
separation properties for its topology 7 and cotopology «:

Definition 5.7. A soft ditopological space (U, 6) is called a soft To-space (soft T1-space, soft To-space, soft regular
space, soft Ts-space, soft normal space, soft Ty-space) if (Ug, T) is a t-soft To-space (respectively a T-soft T1-space,
T-soft Ty-space, T-soft reqular space, t-soft Ts-space, T-soft normal space, t-soft Ty-space) and (Ug, ) is a x-soft
To-space (respectively a x-soft T1-space, k-soft To-space, k-soft reqular space, x-soft Tz-space, k-soft normal space,
K-soft Ty-space)
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From theorems 3.20 and 4.30 it follows

Theorem 5.8. If for any soft point xa(x € U, A C E) of a soft ditopological space (U, 6), X', is an open and x4 is a
closed soft set then (Ug, ) is a T-soft T1-space.

From the definitions it easily follows that every soft T;-ditopological space is a soft Ty-ditopological space.
However as shown by the next example the converse generally is not true:

Example 5.9. Let U be the real numbers, E be the set of natural numbers, A C Eand Fg, = {(e,]—c0,e+A[) : e € E;}
and © = {(FE)ACUE} U {da, Ue), Kg, = {(e,[e + A, 0) : e € Ej, A € N} and « = {(Kg)aCUE} U {$a, Ug). Then
(U, 1, %) is a soft To-ditopological space but it is not soft Ty-ditopological space.

Remark 5.10. Every soft T,-ditopological space is a soft T1-ditopological space.

Theorem 5.11. Let (Ug, 71, %1), (Vp, T2, k2) be ditopological spaces and f be an injection soft function. If f is soft
continuous and (Vp, Ty, k) is a soft Tp-space then (Ug, t1,%1) is a soft Tr-space.

Proof. The proof is obvious by Theorem 3.23. and Theorem 4.37. [

6. Conclusion

In this paper we have introduced the concept of a soft ditopological space as a "soft version” of the concept
of a ditopological space in the sense of L.M. Brown [7] on one hand and as a synthesis of the concepts of
a soft topology and a soft cotopology, the last one also introduced here. As the main prospectives for the
future work in this field we consider the following:

1. To develop categorical foundations for soft ditopological spaces. In particular to describe products,
coproducts, quotient spaces, etc. To describe properties of the category of soft topological spaces as a
subcategory of the category of soft ditopological spaces.

2. To introduce the concept of an L-fuzzy soft ditopological space where L is a fixed cl-monoid [4] and
to develop the corresponding theory.

3. To define the graded versions of the concepts of a soft ditopological space and an L-fuzzy soft
ditopological space (on the lines of the papers [9, 26-28]) and to develop the corresponding theory.

4. To study possible applications of soft ditopological spaces in real-world problems.
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