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Abstract. In this paper, we introduce the notion of multiderivations on lattices and their fixed sets. By
using the superjoinitivity and supermeetability properties of the multifunctions, we give some new results
on properties of isotone and joinitive multiderivations on lattices. In this way, we show that under some
conditions the fixed set of a multiderivation is an ideal.

1. Introduction

The Lattice algebra has a significant role in some branches, for example information theory ([2]), infor-
mation retrieval ([7]), information access controls ([16]) and cryptanalysis ([10]). Formal models of secure
computer systems use the algebraic concept of a lattice to describe certain components of the system (see
[3], [15] and [9]). In 2008, the notion of derivation introduced in [18]. Analytic and algebraic properties
of lattices have been studied by some researchers (see for example, [8], [11] and [12]). Also, derivations
on rings, near-rings, BCI-algebras and lattices have been reviewed (see for example, [4], [5], [13] and [14]).
There are some equivalent conditions under which a derivation is isotone on a lattices with a greatest
element, modular lattices and distributive lattices ([18]). In fact, it has been characterized modular lattices
and distributive lattices by isotone derivations and proved that the set of all fixed points of a derivation
on a lattice is an ideal of the lattice ([18]). Also, it has been investigated some relations among derivations,
ideals and fixed sets (see for example, [17]).

In this paper, we define superjoinitive and supermeetable correspondence from a lattice L to the power
set P(L). Then we introduce the concept of multiderivation on lattices and investigate some properties of the
notion. In this way, we give some relations about multiderivations, ideals and fixed set of a multiderivation.

A lattice is a non-empty set L endowed with binary operations A and V such that x Ax = x, x Vx = x,
XANY=YAX,xVY=yVx,xAN(YAz)=xAYAz,xV(yVz)=xVy)Vz,xV(xAy)=xandxA(xVy) = xfor
all x, y,z € L ([6]). A binary relation < is defined by x < yifand onlyif x Ay = x or x V y = y ([6]). A lattice
L is called modular whenever x V (y Az) = (x Vy) Az forall x, y,z € L with x < z ([1]). A lattice L is said to
be distributive whenever x A(y Vz) = (x Ay) V(x Az)and x V (y Az) = (x Vy) A(x Vz) forall x, y,z € L ([6]).
A Boolean algebra is an algebra (B, A, V,”, 0, 1) with two binary operations A and V, one unary operation ’
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and two nullary operations 0 and 1 such that (B, A, V) is a distributive lattice,a A1 =gand 0V a = a for all
a € Band thereisa € BsuchthataAd =0andaVva =1foralla€ B ([6]). Let L be a lattice. Finally, an
ideal is a non-void subset I of a lattice L such that x < y and y € I implies x € [ and x, y € [ impliesx V y € I
([6]). We say that I is down-closed whenever satisfies the first property of the ideal.

Lemma 1.1. [6] Let (L, A, V) be a lattice and < the binary relation. Then (L, <) is a poset, x A y is the greater lower
bound (g.1.b) of {x, y} and x V y is the lower upper bound (L.u.b) of {x, y} for all x, y € L.

It has been proved thatx Ay < x, x Ay <y, x<xVy,y<xVyy<zimpliesxAy<xAz,xVy<xVzfor
anyx,y,z€ Landxva<yVvbandxAa<yAbforallx,yabeLwithx <yanda <b ([6]).

2. The Preliminary

Let L be a lattice, 2 the set of nonempty subsets of L and M, N € 2F. We define the operation A and V on
2Lby MAN = {x € L : there existm € Mand n € N such thatx = mAn}and MVN = {x € L : there existm €
M and n € N such that x = m V n}. We abbreviate M A {x} and M V {x} by M A x or M V x, respectively. We
say M < N whenever for each m € M there exists n € N such that m < n. It is easy to see that < does not
satisfy antisymmetry property, that is, the condition M < N and N < M does not imply M = N. Thus, < is
not a partial order on 2L. We say that the order < is a quasi-partial order on 2! and (2%, <) is a quasi-partial
ordered set. One cansee that MAN <M, MAN <N, M <MVN,N <MVN,M < NimpliesPAM <PAN
and PYM < PV N forall LM,N € 2L.. If M < Nand P < Q (B, M,N € 2L), then it is easy to check that
MVP=<NVQand MAP <N AQ. Now for record, we give next result which one can prove it easily.

Lemma 2.1. Let (25, A,V, <) be a quasi-partial ordered set and M,N,C € 2L Then, we have M C M A M and
M C MV M. If M be a sublattice of L, then M = MAMand M = MV M. Also, MAN =NAM, MVN =NVM,
MAN)AC=MANAQC, MVN)VC=MV(NVCO, MCMAN)VMand MC MV N)AM. IfLis
a distributive lattice, then MA(NVC) = MAN)VIMAC)and MV (NAC) =MV N)A MV C). Finally,
N < M whenever MV N C M.

Let L be a lattice and ¢ : L = 2F a multifunction. We say that ¢ is supermeetable (and superjoinitive)
whenever @(x A y) 2 @(x) A p(y) (and @(x V y) 2 @(x) V @(y)) for all x,y € L. We say that ¢ is super-
homomorphism whenever ¢ is supermeetable and superjoinitive. Also, ¢ is called a meet-homomorphism
(simply meetable) whenever @(x A y) = @(x) A @(y) and is called a join-homomorphism (simply joinitive)
whenever ¢(x V y) = p(x) V @(y) for all x, y € L. Finally, we say that ¢ is multi-homomorphism whenever it
is both meet-homomorphism and join-homomorphism.

Theorem 2.2. Let L be a lattice and ¢ : L =3 2 a super-homomorphism. Then @(L) is a lattice with binary operation
Aand V. If L is a distributive lattice, then (L) so is.

Proof. Since ¢ is supermeetable, @(x) = @(x A x) 2 @(x) A @(x) for all x € L and so p(x) = @(x) A @(x) for all
x € L. Similarly, we get @(x) = @(x) V @(x) for all x € L. Hence, A and V satisfy the reflexivity property on
2L, Since ¢ is supermeetable and superjoinitie, p(x) = ((x A ¥) V x) 2 p(x A y) V ¢(x) 2 (p(x) A (1)) V @(x)
and (p(x) V (1)) A p(x) = @(x) for all x,y € L. On the other hand, ¢(x) C (p(x) A @(y)) V ¢(x). Thus,
(@) A e(y) V (x) = p(x) for all x, y € L. Thus, (p(L), A, V) is a lattice. O

3. Multiderivations on Lattices

Let L be a lattice and d : L =3 2! a multifunction. We say that d is a multiderivation whenever
dx Ay)=(d(x)Ay)V (x Ad(y)) for all x, y € L. We abbreviate d(x) by dx.

Example 3.1. Consider the lattice L = {0,1,a, b} via the operationsOVa =a,0vb=b0v1=1,avb=avl=1,
bv1=1,0Aa=0Ab=0A1=0,aAb=0,anl =aandbA1l =b. Define the multifunction d on L by d(0) = {0},
o(1) ={0,1,a,b}, d(a) = {0,a} and d(b) = {0, b}. Then it is easy to check that d is a multiderivation on L.
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Example 3.2. Consider the lattice L = {0,1,a,b} via the operations 0Va =a, 0Vb=b0v1=1aVvb=05b,
av1l=1bv1=10Aa=0Ab=0A1=0,anb=a,aAl=aandb A1l =0>. Define the multifunction d on L
by v(0) = {0}, d(1) = {0, 1}, d(a) = {0, b} and d(b) = {0,a}. One can check that ® is not a multiderivation on L.

The following example shows that we can consider infinite lattices.

Example 3.3. Consider the lattice L = [0, oo) via binary operation infimum as A and supremum as V. Define
multifunction d : L =3 2F by dx = [0, x] for all x € L. It is easy to check that © is a joinitive multiderivation on L.

Hereafter, we review some properties of the multiderivations on lattices.

Proposition 3.1. Let L be a lattice and d : L =3 2& a multiderivation. Then, dx < x and dx Ady < d(x A y) < dx V dy
forall x,y € L. If I is an ideal of L, then d(I) € 2!, where ®(I) = J,er dx. If L has a least element 0 and a greatest
element 1, then 0 = {0} and d1 < 1.

Proof. Note that, dbx = d(x Ax) = (dx Ax) V (x Adx) < xforall x € L. Thus, dx Ady < dx Ayand dx Ady < x Ady
for all x, y € L. Hence,

DXADY S (DX ADY)V (Dx ADY) X (Dx AYy)V (X ADY) =Dd(x A y)

for all x,y € L. On the other hand, d(x A y) = (dx A y) V (x A dy) < dx V dy for all x,y € L. Thus,
X ADYy < D(x Ay) <dxVbdyforallx,y € L. Now, let y € d(l). It follows that y € d(x) for some x € [. But,
y € d(x) = xand so y < x. Since [ is an ideal of L, y € I. Hence, d(I) C I. Finally, it is obvious that d1 < 1.
Let x be an arbitrary element of L. Then, we have 0 = d(x A 0) = (dx A 0) V (x ADd0) =0 V (x A D0) = x A dO.
Hence, d0 < x forall x € L. If x = 0, then we get d0 = {0}. O

Proposition 3.2. Let L be a lattice with a greatest element 1 and d a multiderivation on L. If 81 < x, then d1 < dx.
If x < dl, then x € dx.

Proof. Since 1 is the greatest element of L, dx = d(1 A x) = (01 Ax) V (1 A dx) = (d1 A x) V dx. Hence,
dx = dx V (x Adl) = dx VvV dl and so b1 < bx. Now, let x < d1. Then, there exists a € d1 such that x Aa = x. By
using Proposition 3.1, we get

x=dxVx=dV(xAa)ebdxV(xAdl)=Ddx.
O

Definition 3.4. Let L be a lattice and d a multiderivation on L. We say b is an isotone multiderivation on L whenever
x < y implies dx < dy.

Note that every superjoinitive multiderivation d on a lattice L is isotone. Let x, y € L with x < y. Then, we
have dy = d(x V y) 2 dx V dy. Thus, dx < dy.

Now, let L be a lattice and A C L a sublattice of L. Define the multifunction d4 on L by d4(x) = x A A for
all x € L. Then, d4 is a multiderivation on L. Note that,

AXAY)=xAYAA=EXAYANA)V(XAYANA)=Dalx) AYy)V (x ADda(y))

for all x,y € L. We say that a multiderivation ¢ on L is principle whenever there exists a sublattice A of L
such that ¢(x) = da(x) for all x € L.

Lemma 3.3. Every principle multiderivation on a lattice L is isotone.

Proof. Let by be a principle multiderivation on a lattice L and x,y € L with x < y. Then, we have
Da(x) =x AA 2y ANA =04(y). Hence, by is isotone. [
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Definition 3.5. Let L be a lattice and ¢ a multifunction on L. The set of all fixed points of the multifunction is
defined by Fix,(L) = {x € L : x € @x}.

Let d be a multiderivation on a lattice L. By using Proposition 3.1, we get Fix,(L) # ® whenever L has a least
element zero. By using Proposition 3.2, {x € L : x < d1} C Fix,(L) whenever L has a greatest element 1.

Lemma 3.4. Let L be a lattice and d a multiderivation on L. If x,y € L, y < x and x € dx, then y € dy.

Proof. Since x € dx, by using Proposition 3.1 we get by < y which implies that

Yy=yvoy=xAy)Voye dxAy)V (x Ady)=DdxAy)=Ddy.

Theorem 3.5. Let L be a lattice and d a superjoinitive multiderivation on L. Then Fixy(L) is an ideal of L.

Proof. By using Lemma 3.4, Fixy(L) is a down-closed set. Thus, it sufficient to show that Fix,(L) is closed
under the operation V. Let x, y € Fix,(L). Since d is superjoinitive, x V iy € dx V dy C d(x V y). This completes
the proof. [

Let L be a lattice, d a multiderivation on L and x,y € L. Then, dx = dbx V (x A d(x V y)). In fact, dbx =
xAVY))=OxAXVY)VEADXVY) =DdxV(xAdxVy)). If Lhas a greatest element 1, then 1 € d1
if and only if x € dx for all x € L. Finally, define the multifunction * on L by dx = d(d(x)) = U, dt for all
x € L. Tt is clear that Fixy(L) C Fixy(L).

Proposition 3.6. Let L be a lattice and © a joinitive multiderivation on L. Then, dx is a subset of Fixy(L) for all x € L.
Proof. Let x € L be given. Then, we have

szb(vax)zUb(x\/t)zbevbtsz\/Ubt:bx\/bzxg

tedx tedx tedx

(0x A Dx) V (x A D2x) = U(bx AV (x ADdE) = U D(x A f) = d(x A bx) = d2x.
tedx tebx

O

Theorem 3.7. Let L be a lattice and d a multiderivation on L. Then, d is isotone if and only if d(x A y) < dx A y and
Ay dxAY) forallx,y€L.

Proof. If b is isotone, then d(x A y) € d(x A y) AD(x A y) < dx A dy < dx A y. On the other hand, we have
MAY = (dxAY)V(x Ady) = dx A y). Now, assume that d(x A y) < dx A y and dx A y < d(x A ) for all
x,y € L. Let x,y € L with x < y. But, dx = d(y A x) < dy A x. Thus, for each a € dx there exists b € dy such
thata < b Ax. Hence,a <bandsobdx <dy. O

Lemma 3.8. Let L be a modular lattice and d be a multiderivation on L. Then, b is isotone if and only if d(x A y) <
dx A dyand dx Ady < d(x Ay) forall x,y € L.

Proof. First suppose that d is isotone. Since L is modular, we have
MXADY=(DXADYAYAX L (DXVDIY) AYAX

=[x Ay)VoylAx =[x Ay) VDYl Ax=(dx Ay)V (x Ady) =Dd(x AY).

On the other hand, we have d(x A y) € d(x A y) A d(x A y) < dx A dy. Now, suppose that d(x A y) < dx A dy
and dx Ady < d(x Ay) forall x,y € L. Let x,y € L with x < y. Then, we get dx = d(x A y) < dx A dy which
implies that dx < dy. O
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Example 3.6. Consider the lattice L = {0,1,a,b, c} via the operations 0Va =a,0vVb=b0Vc=c 0VvV1=1,
aVli=bvl=cvl=1avb=aVvc=bVec=1andaAb=aANc=DbAc=0. Now, consider the
sublattice A = (0,1, b} of L and define the multiderivation d on L by dax = x A A. Then it is easy to see that d, is a
principle multiderivation on L. Hence by Using Lemma 3.3, d4 is isotone. Moreover by using Lemma 3.8, we have
DA(X A Y) K Dax ADaY and Dax A Day < Da(x A y).

Theorem 3.9. Let L be a distributive lattice and d a superjoinitive multiderivation on L. Then the followings are
equivalent.

a) d is isotone,

b)dx Ay) <dx Adyand dx Ady <dx Ay)forallx,y €L,

c)d(xVy) <dxVdyanddxVdy <dxVy)forall x,y € L.

Proof. Since every distributive lattice is modular, it is sufficient we prove that b is isotone if and only if the
condition (c) holds. First suppose that d is isotone. We show that the condition (c) holds. Since d is isotone
and L is distributive, we have dbx < d(x V y), dy < d(x V y) and

X=dxV(XADxXVY)=xA(DdxVDdxVy)).
Similarly, dy = y A (dy V d(x V y)). Thus, we get
Vdy =[x A@xVdxVY)VIyAQDYVDxVY)]

= [(r A (0x V(e V ) V gl A LG A (0 VDGV ) V (b V d(x v )]
=@xVYA@xVIXVY)VY)IAXVDIYVDIXVY)ADVDdIYVDdxVY)VDdxVy))
DQEVYAYVIXVIxVY)A@XVDIYVIXVY))A DV DdYVDdxVY)
=(yvVaxVvdxVy)AXVdyVvdxVy)AdxVdyVdxVy))
2(yVdxVdxVY))ADdxVDdYVdxVy)2dxVdyVdxVy).

Hence, dx V dy V d(x V y) € dx V dy and so d(x V y) < dx V dy. Since d is superjoinitive, by using the relations
x < d(xVy)and dy < d(x Vy), wegetdx Vdy < d(xVy)VdxVy)CdxVy)andsodxVdy < dxVy)forall
x,y € L. Now, suppose that the condition (c) holds. Let x, y € L with x < y. Then, dbx V by < d(x V y) = dy
and so dx < dy. This completes the proof. [

Here, we provide an example to show that there are some infinite distributive lattices and isotone multi-
derivations which satisfy assumptions of our results.

Example 3.7. Consider the distributive lattice L = IN U {0} via binary operation infimum as A and supremum as V.
Define multiderivation d : L — 2L by dx = {0, 1, ..., x} for all x € L. One can check that d is isotone and satisfies the
conditions Theorems 3.7 and 3.9.

Proposition 3.10. Let L be a modular lattice and d a multiderivation on L. Then, d is isotone if and only if x € dx
implies d(x V y) C dx V dy forall x,y € L.

Proof. First suppose that b is isotone and x € dx. Then, we have dby = dy V (y A d(x V y)). Since L is modular,
dw=0OyVy)AdxVYy) =yAdxVy). Thus,

XVDdy=dxV(yAdxVY)=@mxVYy AdxVy).

Since x € dx, we get d(xVy) = (x Vy) Ad(xVy) C dxV dy. Since d is superjoinitive, we obtain d(x V i) C dx V dy.
If x € dbx implies d(x V y) € dx V dy for all x, y € L, then one can easily get that d is isotone. []

Let L be a modular lattice and d a superjoinitive multiderivation on L. Then, it is easy to conclude that d is
isotone if and only if x € bx implies d(x V y) = dx V dy forall x, y € L.
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Proposition 3.11. Let L be a lattice and d,; and d two joinitive multiderivations on L. If Fixy (L) = Fixy(L), then
D, <dandd <,

Proof. Let Fixy (L) = Fixy(L) and x € L. Then, dyx C d(d,x) and dx C dy(dx). Hence, dyx < dyx V dx C

D(dyx) V dx = d(dyx V x) = dx and so d,x < dx. Thus, b, < d. Similarly, one can get thatd <d,. [
Theorem 3.12. Let L be a distributive lattice, A, B € 2L and
D(L) = {da : L 3 2L | A be a sublattice of L},
where d4x = x A A for all x € L. Define the multifunctions d4 - dg and da + dp by
(D4 - Dp)x := (Dax) A (Dpx) and (D4 + dp)x := (Dax) V (Dpx)
forall A,B € 2F and x € L Then 2 is isomorphic to D(L).
Proof. Note that,
(D4 - dg)x = (Dax) A (dgx) = (x AA)A(x AB) =x A (A AB) =Ddgppx

and
(dg +dg)x = (Dax) V(0px) = (x ANA)V(xAB)=[(x NA) Vx] A[(x AA) V B]

=xAN(XVAAKXVB)AAVB)=xA(AVB)=>baypx.

Thus, ds - D = dasp and Dy + dp = Davp. Define the set function ¢ : oL D(L) by ¢p(A) = da. One can easily
check that ¢ is one-one, onto, (A A B) = dasp = da - dpand (A V B) = dayp =da +dpforall A, B € 2L O

References

[1] R.Balbes, P. Dwinger, Distributive Lattices, University of Missouri press, Columbia 1974.
[2] A.J.Bell, The co-information lattice, 4" Int. Symposiumon Indepent Component Analysis and Blind Signal Separation (ICA 2003),
Nara, Japan (2003) 921-926.
[3] D.E.Bell and L. J. LaPadula, Secure Computer System: Unified Exposition and Multics Interpretation, Mitre Technical Report 2997
(1975).
[4] H.E. Bell, G. Mason, On derivation in near rings and near-fields, North-Holland Math. Studies 137 (1987) 31-35.
[5] H.E.Bell, L. C. Kappe, Rings in which derivations satisfy certain algebraic conditions, Acta Math. Hungar. 53 (1989) 339-346.
[6] G. Birkhoff, Lattice Theory, Colloquium Publications, Amer. Math. Soc. 1940.
[7] C.Carpineto, G. Romano, Information Retrival trough Hybrid Navigation of Lattice Representation, Intern. J. of Human-Computaters
Studies 45 (1996) 553-578.
[8] C.Degang, Z. Wenxiu, D. Yeung, E. C. C. Tsang, Rough approximations on complete distributive lattice with applications to generalized
rough sets, Inform. Sci. 176 (2006) 1829-1848.
[9] D.E.Denning, A Lattice Model for Secure Information Flow, Communication of the ACM, Vol. 19, No. 5, 1976.
[10] G. Durfee, Cryptanalysis of RSA using Algebraic Methods, A Dissetation submitted to the department of computer science and the
committee on graduate studies of Stanford University (2002) 1-114.
[11] A.Honda, M. Grabisch, Entropy of capacities on lattices and set systems, Inform. Sci. 176 (2006) 3472-3489.
[12] F.Karacal, On direct decomposability of strong negations and S-implication operators on product lattices, Inform. Sci. 176 (2006) 3011-3025.
[13] K. Kaya, Prime rings with a-derivations, Bull. Mater. Sci. Eng. (1987) 63-71.
[14] E. Posner, Derivations in prime rings, Proc. Amer. Math. Soc. 8 (1957) 1093-1100.
[15] D.FE. Robinson, L. R. Foulds, Digraphs: theory and techniques, Gordon and Breach Science Publishers 1980.
[16] R.S. Sandhu, Role Hierarchies and Constraints for Lattice-Based Access Controls, Proceedings of the 4" European Symposium on
Reasearch in Computer Security, Rome, Italy (1996) 65-79.
[17] X.L.Xin and T. Y. Li, The fixed set of a derivation in Lattices, Fixed Point Theory Appl. (2012) 2012:218.
[18] X.L.Xin, T. Y. Li and J. H. Lu, On Derivation of Lattices, Inf. Sci. 178 (2008) 307-316.



