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Abstract.

We describe the small inductive dimension ind in the class of Alexandroff spaces by the use of some
standard spaces. Then for ind we suggest decomposition, sum and product theorems in the class. The
sum and product theorems there we prove even for the small transfinite inductive dimension trind. As an
application of that, for each positive integers k, n such that k < n we get a simple description in terms of
even and odd numbers of the family S(k, n) = {S C K" : |S| = k + 1 and ind S = k}, where K is the Khalimsky
line.

1. Introduction

Recall ([J]) that a topological space X is called Alexandroff if for each point x € X there is the minimal
open set V(x) containing x. We will keep the notation along the text. It is easy to see that for each point
y € V(x) we have V(y) C V(x). This implies that if X is a To-space and x,y € X then V(x) = V(y) iff x = y.
Moreover, if X is a T1-space then V(x) = {x} for each point x € X, i.e. an Alexandroff space X is a T1-space
iff X is discrete. Alexandroff spaces appear by a natural way in studies of topological models of digital
images. They are quotient spaces of the Euclidean spaces IR" defined by special decompositions (see [Kr]).
Some studies of Alexandroff spaces from the general topology point of view can be found in [A] and [D].

We will follow the definition of the small inductive dimension ind suggested in [P]. Let X be a space
and 7 an integer > 0. Then

(@) ind X = -1iff X = 0;

(b) ind X < n iff for each point x € X and each open set V containing x there is an open set W such that
x € Wc Vand ind BixW < n;

(c) ind X = oo iff ind X < n does not valid for each integer n > 0.
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It is easy to see that if ind X = n for some integer n > 0 then the cardinality of X is greater than n.
Let us also recall ([P]) that for a space X and any subspace Y of X we have ind Y < ind X.

Example 1.1. Let E be the topological space (IR, T), where R is the set of real numbers and t is the topology on R
defined by the base B = {[x,00) : x € R}. It is easy to see that E is a connected Alexandroff Ty-space such that
ind B = oo for each B € B. Moreover, for each integer n > 0 the subspace E(n) = {0,1,...,n} of E has ind E(n) = n
and any subspace Y of E of cardinality n + 1 is homeomorphic to E(n). Since the spaces E(n),n =0,1,..., will play
some role in the paper, we will keep the notation along the text.

In [WW1] P. Wiederhold and R. G. Wilson started to study the behavior of the small inductive dimension
ind in the Alexandroff Ty-spaces. In particular (cf. [WW1] and [WW?2]),

(A) they proved the product theorem (see Remark 2.11) for ind;

(B) theyshowed thatif (X, 7) is an Alexandroff Ty-space and < is its specialization partial order (i.e. x <; v
iff x € Clx({y})) then the small inductive dimension of (X, 7) is equal to the partial order dimension of
(X, ) defined as the supremum of all lengths of chains in (X, <;); and

(C) they observed that the quotient spaces of the Euclidean spaces R"” defined by some standard decom-
positions based on the model of Kronheimer ([Kr]) have the dimension ind equal to n.

Let us also note that the coincidence of three kinds of dimension (one of them is ind) on partially ordered
sets (close related to Alexandroff spaces) is established in [EKM].

In this paper we describe the dimension ind in the class of Alexandroff spaces by the use of spaces
E(n),n =0,1,... (Proposition 2.1). Then for ind we suggest decomposition, sum and product theorems in
the class (Propositions 2.2, 2.3 and 2.5, respectively). Let us note that the product theorem is written as an
equality and thus it is stronger than the theorem from [WW1]. The sum and product theorems there we
prove even for the small transfinite inductive dimension trind (Propositions 4.3 and 4.4).

As an application of these results, for each positive integers k,n such that k < n we get a simple
description in terms of even and odd numbers of the family S(k,n) = {S € K" : |S| = k+ 1 and ind S = k},
where K is the Khalimsky line (see Remarks 3.2 and 3.7). (Let us note that each element of the family S(k, )
is homeomorphic to the space E(k).) Observe that for any subspace A of K" we have

(D) ind A = n iff A contains an element of 5(n, ), and
(E) ind A = k < n iff A contains an element of $(k, ) and it contains no element from $(k + 1, n).

Furthermore, we suggest some simple calculations of n-dimensional subsets of cardinality # + 1 in the
closures of the minimal neighborhoods of points in K" as follows (Remark 3.7). The closure Clg-V(x) in K"
of the minimal open neighborhood V(x) of a point x = (x1, ..., x,) with m odd coordinates contains exactly
22n=m .yl p-dimensional in the sense of ind subsets of cardinality n + 1 (of course, each of theses sets is
homeomorphic to the space E(n)).

We also discuss the behavior of the transfinite extension of ind in Alexandroff spaces (Section 4).

2. Properties of the Small Inductive Dimension in Alexandroff Spaces

The following trivial known facts about Alexandroff spaces will be useful in the paper.

(A) If aspace X is Alexandroff and Y C X, then the subspace Y of X is also Alexandroff and for each point
y €Y the set V(x) N Y is the minimal open neighborhood of yin Y.

(B) If spaces X and Y are Alexandroff, then the topological product X x Y is also Alexandroff and for each
point (x,y) € X X Y the set V(x) X V(y) is the minimal neighborhood of (x,y) in X X Y.

(C) If spaces X,, o € A, are Alexandroff, then the topological union @,e4 X, is also Alexandroff and for
each a € A and each point x € X,, the set V(x) (defined in the Alexandroff space X,) is the minimal
open neighborhood of x in the space @yea X,
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Let us also list some simple known facts about the dimension ind behavior in Alexandroff spaces. Let X
be an Alexandroff space and n an integer > 0. Then the following is valid.

(D) ind X < n iff sup{indBdxV(x):x€ X} <n-1.
In particular, ind X = 0 iff for every x, y € X we have either V(x) = V(y) or V(x) N V(y) = 0. Moreover,
if X is a Tp-space then ind X = 0 iff X is discrete.

(E) If ind X = n, then there is a point x such that ind BdxV(x) = n — 1 and ind ClxV(x) = n.

Proposition 2.1. Let X bean Alexandroffspace. Thenind X > n > 0 iff X contains a subspace which is homeomorphic
to the space E(n).
In particular, if the cardinality of X is equal to n + 1 then ind X = n iff X is homeomorphic to E(n).

Proof: The sufficiency follows from the monotonicity of ind and the fact that ind E(n) = n. For the necessity
apply an induction on n > 0. Let ind X > n = 0. Hence, X contains a point which is homeomorphic to
E(0). Assume that the statement is valid for n < k > 1. Let ind X > k. Note that there is a point x € X
such that ind BdxV(x) > k — 1. By the inductive assumption there are points xy, ..., xx-1 of BdxV(x) and a
homeomorphism f : Y = {xo,...,x-1} = E(k — 1) such that f(x;) =i for each i < k —1. It is easy to see that
V(xe-1) @ --- © V(xp). Since xx—1 € BdxV(x), there is a point x; € V(x) N V(x,-1). Note that V(x) € V(xk-1)
and the mapping g : Z = {xo, ..., x} — E(k), defined by g(x;) = i for each i < k, is a homeomorphism. O

Let X be an Alexandroff space and 0 < ind X = n < co.

Put #(X) ={Y € X: there is a homeomorphism fy : E(n) = Y } and Xy = U{V(fy(n)) : Y € F(X)}.

Proposition 2.2. Let X be an Alexandroff space and ind X = n for some integer n > 0. Then

(i) for each Y € F(X) either |V(fy(n))| = 1 or the subspace topology on the set V(fy(n)) is trivial; in particular,
forany Y1,Y, € F(X) we have either V(fy,(n)) N V(fy,(n)) = 0 or V(fy,(n)) = V(fy,(n));

(ii) the set Xo is open in X, ind Xy = 0 and ind (X \ Xo) = n —1; moreover, Xy = U{{fy(n)} : Y € F(X)} and for
each Y € ¥(X) we have Y N Xy = {fy(n)};

(iii) there are disjoint subsets X, ..., X, of X such that X = U;?ZOX j and for each i < n we have ind X; = 0 (the set
X is discrete in itself, whenever X \ U;;X; is a To-space); moreover, X; 2 U{{fy(n — 1)} : Y € F(X)} and the
set U;:oXj is open in X.

Proof: (i): Assume that |[V(fy(n))| > 1 and the subspace topology on the set V(fy(n)) is not trivial. So
there is a point z € V(fy(n)) such that V(z) € V(fy(n)). It is easy to see that the subspace Z = Y U {z} of X is
homeomorphic to the space E(n + 1). We have a contradiction.

(ii): It is easy to see that the set Xj is open in X, ind Xy = 0, Xo = U{{fy(n)} : Y € F(X)}, and ind (X \ Xo) <
n—1. Consider a Y € ¥(X). Since ind Xy = 0, we have |Y N Xy| =1 and [Y N (X \ Xo)| = n — 1. This implies
that Y N Xo = {fy(n)} and ind (X \ Xo) =n —1.

(iii): Apply (ii). O
Proposition 2.3. Let X be an Alexandroff space and X = X3 U Xy, where X;, i = 1,2, is closed in X. Then
ind X = max{ind X1, ind X5}.

Proof: Put n = max{ind X1, ind X,}. It is enough to show that if n < oo then n > ind X. Assume that
n < ind X. By Proposition 2.1 the space X contains a subspace Y which is homeomorphic to the space
E(n+1). Note that Y = (Y N X;7) U (Y N X;) and the sets (Y N X;), (Y N X3) are closed in Y. Hence at least one
of them is equal to Y. Let (Y N X;) =Y. So ind X; > n + 1. We have a contradiction. O

Corollary 2.4. Let X be an Alexandroff space and X = Ut X;, where k is a positive integer and for each i < k the set
X; is closed in X. Then ind X = max{ind X; : i < k}.

Proposition 2.5. Let X and Y be non-empty Alexandroff spaces. Then we have ind (X X Y) = ind X + ind Y.
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Proof: First, let us show that ind (X X Y) <ind X + ind Y. Put n = ind X + ind Y. Apply induction onn > 0.
Consider a point (x,y) € X X Y and note that

Bd sy (V(x) X V() = (BdxV(x) X ClyV(y)) U (ClxV(x) X BdyV(y)).
So the case n = 0 is trivial. If n > 0 then by the inductive assumption we have
max{ind (BdxV(x) x ClyV(y)), ind (ClxV(x) X BdyV(y))} <n - 1.

It follows from Proposition 2.3 that ind (Bdxxy(V(x) X V(y))) < n — 1. Hence, ind (X X Y) < n.
Now let us show that ind (XX Y) > ind X +ind Y. Apply again induction onn > 0. Note that the casen = 0
is trivial. Let n > 0. We consider a point x € X such that ind ClxV(x) = ind X and ind BdxV(x) = ind X — 1,
and a point y € Y such that ind ClyV(y) = ind Y and ind BdyV(y) = ind Y — 1. By the inductive assumption
we have
ind (ClxV(x) X BdyV(y)) = ind (BdxV(x) x ClyV(y)) = n - 1.

This implies that ind (X X Y) > n. 0O

Remark 2.6. Let us notice that the inequality ind (X X Y) < ind X +ind Y for non-empty Alexandroff To-spaces X, Y
was announced in [WW1].

Corollary 2.7. Let X; be an non-empty Alexandroff space for each i < k, where k is some positive integer. Then
ind ([T, X)) = XX ind X;. In particular, ind (Hfzj E(iy) = Z’]?Zli,-, where i; is an integer > 1 for each j < k.

Corollary 2.8. Let X = []7, E(n;), where n; is a positive integer for each i < m. Then there is a subset Y of X such
that Y is homeomorphic to the space E(Y. -, ;).

Now, we will consider the finite powers E(1)",n > 2.
Let n and i be integers such that 1 < i < n. We will use the following notations:
(a) Let 7 : E(1)" — E(1) be the projection of E(1)" onto the i-th coordinate.
(b) Let (! : E(1)*! — E(1)" be the mapping of E(1)""! into E(1)" defined by U, Xn-1) = (Y1, Yn),
where y; = 0 and the ordered (n — 1)-tuple (xy,...,x,-1) coincides with the ordered (n — 1)-tuple
(Y1,--+,Yi---, Yn) with removed v;.

Proposition 2.9. We have ind (U?zl(n?)‘l(O)) =n-1
(Note that Ul.:l(nl?’)‘l(O) =EM)"\{@1,...,D})

Proof: Note that for each i < n the closed subset (n:?)‘l(O) of E(1)" is homeomorphic to E(1)"~!, and hence
ind (1))~1(0) = n — 1. Then one can apply Corollary 2.4. O

Proposition 2.10. Let X be the disjoint union Y U {p} of a closed subset Y with indY < n > 0 and a point p. Then
indX <n+1

One can easily show Proposition 2.10 by a standard argument, so we omit the proof.

Let us consider the following subsets of E(1)*:

D(2) = {(0/ 1)/ (1/ 0)}/ 51 = {(Or 0)/ (0/ 1)/ (1/ 1)}/ Sy = {(0/ 0)/ (1/ 0)/ (1/ 1)} S3 = {(1/ 1)/ (0/ 1)/ (1/ 0)} and 54 =
{(1,0),(0,1),(0,0)}.

Observe that the subspace D(2) is discrete, the subspaces S;, S; are homeomorphic to E(2) and ind S3 =
ind Sy = 1. Put 5, = {S1, Sz}. Then for every integer n > 2 consider the subspace

D) ={@1,0,...,0),(0,1,...,0),...,(0,0,...,1)}
of E(1)" and define by induction the family
S, ={,S)U{d,...,1)}:5€8,1,m < n}
of subsets of E(1)".
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Remark 2.11. Note that each element S of 5, consists of n + 1 points which can be ordered in a sequence py, ..., pPn
such that po = (0,...,0), p, = (1,...,1) and for each i < n — 1 the point p;.1 obtained from the point p; through
replacing 0 by 1 in one of the coordinates.

Proposition 2.12. For each integer n > 2 we have the following.

(a) The space D(n) is discrete.

(b) 1S,| = n!

(c) Every element S of 5, is homeomorphic to E(n) and so ind S = n.

(d) For every subspace A of E(1)" which contains no element of S, we have ind A < n.

Proof: (a), (b) and (c) are evident. Let us show (d). Apply induction on n > 2. For n = 2 the statement is
evident. Letn > 2. Putx = (1,...,1) € E(1)". We notice that x is an isolated point in E(1)". If x ¢ A, then
ind A < n —1 by Proposition 2.9. Assume that x € A and A does not contain any S € §,. For eachi < n
put A; = AN (n!)71(0). Since x € A, if we regard (n")"'(0) as E(1)"~! by a natural way, A; does not contain
any member of 5,_1. Hence, by the inductive assumption, we have ind A; < n — 2. Note that A; is a closed
subset of A, and hence the union U | A; = A\ {x} is a closed subset of A. Moreover, by Proposition 2.9, we
have ind (U, A;) < n — 2. Now it follows from Proposition 2.10 that ind A <n -1.0

Remark 2.13. Since the space E(1)? contains the discrete subspace D(2) of cardinality 2, there is no embedding of
E(1)? into E(n) for any integer n > 1.

3. The Small Inductive Dimension in Khalimsky Spaces

In the present section, we shall consider the dimension properties in Khalimsky spaces. Let K be the
Khalimsky line ([K]), i.e. the topological space (Z, T), where Z is the set of integers and 7 is the topology of Z
generated by the base 8 = {{2k + 1}, {2k -1, 2k, 2k + 1} : k € Z}. Let us recall that K is a connected Alexandroff
To-space with ind K = 1. Note that for each odd integer n the subset R,, = {n,n + 1} (resp. L, = {n — 1, n}) of
K can be identified with the space E(1). In addition, we notice some simple facts about K.

[Fact 3.1] For the minimal open neighborhoods of points in the Khalimsky line, we have the following.

(a) For each even integer n the set V(n) (resp. ClxV(n)) is homeomorphic to V(0) = {-1,0,1} (resp.
CZKV(O) = {_2/ _1/ O/ 1/ 2})

(b) For each odd integer n the set V(n) (resp. ClxV(n)) is homeomorphic to V(1) = {1} (resp. ClxV (1) =
{0,1,2}).

(c) The set CIxV(0) is the union of its closed subsets {-2,—1,0} and {0, 1, 2}.

Lemma 3.1. For each subset A of the Khalimsky line K with ind A = 1 there is an odd integer n such that either
R,cAorL, CA.

Proof: The lemma is a base of induction for the proof of Theorem 3.3. Since ind A = 1 there is a
point x € A such that ind Cl4V’(x) = 1, where V’(x) is the minimal open neighborhood of x in A. Since
V'(x) = V(x) N A, where V(x) is the minimal open neighborhood of x in K, we have Cl4V’(x) ¢ AN ClgV(x).
If x is an odd number, then R, ¢ A N ClxV(x) or L, ¢ AN ClgV(x), because ind A N ClgV(x) = 1. Now, we
suppose that x is an even number. If {x —1,x + 1} N (A N ClxV(x)) = 0, then AN CIxV(x) C {x = 2,x,x + 2}.
This implies that A N ClxV(x) is discrete, and hence ind A N ClxV(x) = 0. This is a contradiction. Hence,
x=1,x+1}N(ANCIkV(x)) # 0, and hence {x—1,x} C ANCIxV(x) or {x,x+1} € ANCIxV(x). This completes
the proof. O

Put 5(1) = {Roy+1,Lons1 : 1 € Z}. Let k be any integer > 2. For each positive integer j < k consider a
subspace Y of K which is either R,,; or L,,; for some odd integer 7;. The product Y7 X- - - XY can be identified

with E(1) and put $(Y; X -+ X Vi) = 8. Set $(k) = U{S(Y1 X --- X Yi) : (Y1,..., Y)) € S(1)).
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Remark 3.2. Note that the family S(n), n > 2, consists of subsets P of K" of cardinality n + 1 which can be defined as
follows. For each P € 5(n) there exist a sequence ay, . . .,a, of n even integers, a sequence by, ..., b, of n odd integers
and a bijection o : {1,...,n} — {1,...,n}

such that

(a) la; —bil =1foreachi<mn,
() P={x1,...,xp41}, wherex; = (a1,...,a,), Xys1 = (b1, ..., by) and for each i < n the point x;,1 is obtained from
the point x; through replacing in the o(i)-th coordinate the even number a, by the odd number by

Let k be any positive integer with k < n. Put S(k,n) ={P: P c S, S € 5(n) and |P| = k + 1}. We notice that
S(n,n) = S(n). It follows from Proposition 2.12 and Example 1.1 that each P € 5(k, n) is homeomorphic to
E(k).

Theorem 3.3. Let A be a subspace of K" for some positive number n and k be a positive number such that k < n.
Then ind A > k iff A contains an element of the family S(k, n).

Proof: The "if” part is obvious. Hence we shall show the “only if” part by the induction on n. Forn =1
the statement follows from Lemma 3.1. Let n > 2 and k < n. Consider a subset A of K" with ind A > k.
Let us notice that there is a point x = (x,...,x,) € A such that ind Cl4V’(x) > k, where V’(x) is the minimal
neighborhood of x in A. Since V’(x) = V(x) N A, where V(x) is the minimal neighborhood of x in K", we have
Cl4V'(x) c AN ClgV(x). Recall that V(x) = V(x1) X - - X V(x,), where V(x;) is the minimal neighborhood of
x; in K for each i < n. Without loss of generality, we can assume (by the use of Fact 3.1 and Corollary 2.4 if
necessary) that ind (A N Clg-V((1,...,1))) > k. Let us note that

ClwV((1,..., 1) = (ClkVD)" = {(1,..., D}V U(P?)_l({O,Z}),
i=1

where p?' : (ClgV(1))" — CIxV(1) is the projection of (ClxV(1))" onto the i-th coordinate. First, we as-
sume that (1,...,1) ¢ A. Then, by Corollary 2.4, it follows that k < ind (A N Clg-V((1,...,1))) = ind(AN
Ule((pl’,’)‘l{O,Z})) < n—1. By Corollary 2.4 again, there are i < n and j € {0,2} such that ind (AN (p?)‘l(j) > k.
Let g7 : (ClkV(1))" — (CIxV(1))*! be the projection defined by q!(x1,...,xi,...,xx) = (X1,...,%i,..., Xn),
i < n. Then AN (p?)‘l(j) is homeomorphic to g7(A N ((pf)_l(])) c K*1. Since ind g (AN ((pf)_l(])) >k,
by the inductive assumption, there are P’ € S(k,n — 1) and S’ € 5(n — 1) such that P’ C g/(A N ((p?)‘l(j))
and P’ c §'. Let «! : ClxV(1)"' — CIxV(1)" be the mapping of CIxV(1)""! into CIxV(1)" defined by
K'Y, Yn1) = (21, .., Z), where

Yk ifl1<k<i-1,
zx = i if k=i,
Y1,  ifi+1<k<n-1

Weput P = «!(P’)and S = {(1,..., )} U«!(S). Then P C AN (p;?)_l(j) C A and P c S. Furthermore, by the
definition of $(n) and $(k, 1), we have S € $(n) and P € 5(k, n).

Next, we supposethat(1,...,1) € A. Then, it follows from Proposition 2.10 that ind (Aﬂ(U?zl(plT’)’l ({0,2h)))
k—1. Leti, j, p?, q" and «! be defined as in the above. By a similar argument as above, we can have
P eS(k-1,n—1)and S’ € $(n—1) such that P’ C q?(Aﬂ((pl’,’)‘l(j))) and P’ ¢ 8. WeputP = {(1,..., 1)} Ux!'(P’)
and S = {(1,...,1)} Ux!(S’). Then P C A and P C S. Furthermore, by the definition of 5(n) and 5(k, n), we
have S € §5(n) and P € 5(k, ). This completes the proof. O

Remark 3.4. Recall (cf. [E]) that a subset A of the Euclidean space R" is n-dimensional iff A contains a non-empty
open subset of R". For an n-dimensional subset B of K" there is an open set (one can always choose a one-point set,
see Remark 3.2) which is contained in B but for every one-point open subset B (for example, B = {(1,...,1)}) of K" we
have ind B = 0 # n.
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Since the Euclidean topology is reqular the equivalence above can be rewritten as follows: a subset A of the Euclidean
space IR" is n-dimensional iff A contains the closure of a non-empty open subset of R". Let us note that for the one-point
open subset B ={(1,...,1)} of K", |Clx«B| = 3" > n + 1. Furthermore, Clg:B contains 2" - n! different n-dimensional
in the sense of ind subsets of cardinality n+1. More generally, the closure Clg. V (x) of the minimal open neighborhood
V(x)ofx = (x1,...,x,) € K" withm odd coordinates contains exactly 2" - 4"~ .n! = 22"~ .| different n-dimensional
in the sense of ind subsets of cardinality n + 1. In fact, for x = (x1,...,x,) € K" let F,, be the family of n-dimensional
subsets of Clg» V (x) of cardinality n + 1. Without loss of generality we can assume that x, = -+ = X, = L and x,y11 =
co=x, =0. Then 7, = U{S(Y1 X --- xY,) : (Yq,...,Yy) € {{0,1},{1,2}}" x {{-=2, -1}, {-1,0},{0, 1}, {1, 2}}"~"™},
where S(Y1 X - -+ X Y,,) is defined above. By Proposition 2.12 (b), we have |F,,| = 2™ - 4"~ - n!

Remark 3.5. Let C be a class of subsets of the Euclidean space R", where n > 1, such that for every set A in IR" we
have ind A = n iff A contains an element of C. Notice that each element E of C has ind E = n. Fix an element E of
C and a point p € E. Let us note that ind (E \ {p}) = n. By the property of the family C there is an element F € C
such that F C E\ {p} C E. Put C' = C\ {E} and note that for every set A in R" we have ind A = n iff A contains an
element of C'. On the other hand, Theorem 3.3 does not hold if we replace the class S(n) by any its proper subclass.

Denote by K (respectively, K;) the subspace of K consisting of even (respectively, odd) integers. It is
clear that Ky and K; are discrete, and hence ind Ky = ind K; = 0. Taking into account Remark 3.2 we get the
following.

Corollary 3.6. Let A be a subset of K" such that either AN (Ko)" =0or AN (Ky)" =0. Thenind A <n-1.

Remark 3.7. Theorem 3.3 implies that the family S(k, n) precisely consists of all subsets P of K" with |P| = k + 1 and
indP = k.

PutZ; = {(x1,...,x,) € K" : |{i <n:x;is an even number}| = j}, 0 < j < n. Note that thesets Z;, 0 < j < n,
are disjoint, K" = U Zi. Furthermore, since each Z; contains no elements of (1, n), it follows from Theorem
3.3 that ind Z; = 0 for each j < n. Hence, we get a decomposition theorem for the Khalimsky spaces K" into
zero-dimensional (i.e. discrete) subsets.

4. The Small Transfinite Inductive Dimension in Alexandroff Spaces

Let us note that the the small inductive dimension ind can be extended to infinite ordinals. The extension
we will call the small transfinite dimension trind (cf. [E]). Observe that frind is also monotone w.r.t. subsets,
ie forany Y C X we have trind Y < trind X.

It is easy to see that the space E from Example 1.1 has trind E = co.

Let X be a topological space and p a point such that p ¢ X. Recall ([M]) that the join p V X of p and X is the
topological space (Y, 7), where Y = {p}U X and 7 = {0, Y} U {{p} UA : A is an open subset of X}. Let us notice
that the point p is an open subset of p V X and the subspace Bd,yx{p} of p vV X is homeomorphic to the space
X. Moreover, if the space X is Alexandroff then the space p V X is also Alexandroff. Furthermore, the set
{r} (xresp. {p} U V(x)) is the minimal open subset of p V X containing p (resp. x € X, where the set V(x) is the
minimal open subset of X containing x).

Below we will use disjoint copies of the corresponding spaces when it is necessary. For each ordinal
a > 0 choose a point p, and set Y(0) = {po}. Then define by transfinite induction the space Y(a),@ > 0, as
follows.

(a) If ais limit > wy, then the space Y(«) is the topological union @, Y(B) of Y(B), < a;
(b) If a is non-limit, then Y(a) = p, V Y(a = 1).

Let us note that for each positive integer n the space Y (1) is homeomorphic to the space E(n).

Proposition 4.1. For each ordinal a > 0 we have trind Y(a) = a.
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Proof: It is clear that trind Y(a) = « for each 0 < a < wy. Then apply induction. For limit & > wy
the equality trind Y(a) = « is evident. Assume that « is not limit and > wy. So a@ = (@ — 1) + 1 and
Y(a) = pa V Y(a — 1). Note that for each point y € Y(a) we have BdV, C Y(a — 1). By inductive assumption
and monotonicity of trind we have trind BV, < trind Y(a—1) = a — 1. So trind Y(«) < a. However,
BdV, = Y(a — 1) and hence trind B4V, = trind Y(a — 1) = a — 1. This implies that trind Y(a) > a. O

Example 4.2. Let E(1) be the Cartesian product of countably many copies of the space E(1) endowed with the box
topology. Note that E(1)§ is a connected Alexandroff To-space with trind E(1)§ = oo containing for each integer
n > 1a copy of E(1)" as a closed subset. Hence E(1)y contains discrete subspaces of any finite cardinality.

Proposition 4.3. Let X be an Alexandroff space and X = Xy U X, where X; is closed in X for each i = 1,2. Then
trind X = max{trind X4, trind X,}.

Proof: Put a = max{indX;,indX,}. Apply induction on a > —1. It is trivial for n = —1. Consider the
case n > 0. Let x € X. First, suppose that x € X\ X,. Then V(x) C X\ X, C Xj and BdxV(x) = Bdx, V(x).
Hence indBdxV(x) < indX; < a. It is similar when x € X \ X;. Next, we suppose that x € X; N X,. Then
BdxV(x) = Bdx,(V(x) N X1) U Bdx,(V(x) N X3) and the set V(x) N X; is the minimal open neighborhood of x
in X; for each i. Note that indBdx,(V(x) N X;) < a, i = 1,2. Hence, by the inductive assumption, we have
indBdxV(x) < max{indBdx,(V(x) N X3), indBdx,(V(x) N X2)} < a. O

Recall (cf. [KM]) that every ordinal number a > 0 can be uniquely represented as o = wgl N+ -+a)gk N,
where n; are positive integers and ¢; are ordinals such that & > --- > & > 0.

. T je
Let a, f be ordinal numbers and a = a)é1 e+ a)gk ‘nmgand = wg' cmy At + a)gk - my, where n;, m;

are non-negative integers and &; are ordinals such that &; > --- > & > 0.

The ordinal a ® § = a)gl s +my)+ -+ a)gk - (n + my) is called the natural sum of «, § or the sum of
ordinals in the sense of Hessenberg.

The following statement is evident.

Proposition 4.4. Let X and Y be non-empty Alexandroff spaces. Then
trind X XY < trind X @ trind Y.

Remark 4.5. The equality such as in Proposition 2.5 for the small transfinite inductive dimension does not hold. In
fact, let us choose for each non-negative integer i a space Z; which is homeomorphic to the space E(i) such that the
chosen spaces are pairwise disjoint. Consider the topological union Z = &2 Z; of Z;,i = 0,1,.... Note that Z is an
Alexandroff To-space, and trind Z = wo. However, trind (Z X E(n)) = wo < wy + 1 for each positive integer n.
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