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Holomorphically Projective Mappings of (Pseudo-) Kihler Manifolds
Preserve the Class of Differentiability

Irena Hinterleitner?

“Institute of Mathematics and Descriptive Geometry, Faculty of Civil Engineering, Brno University of Technology, Czech Republic

Abstract. In this paper we study fundamental equations of holomorphically projective mappings of
(pseudo-) Kédhler manifolds with respect to the smoothness class of metrics C’, r > 1. We show that
holomorphically projective mappings preserve the smoothness class of metrics.

1. Introduction

First we study the general dependence of holomorphically projective mappings of classical and pseudo-
Kéhler manifolds (shortly Kihler) on the smoothness class of the metric. We present well known facts,
which were proved by Otsuki, Tashiro [31], Tashiro, Ishihara [44], Domashev, Mikes$ [8], Mikes [19, 20],
A.V. Aminova, D. Kalinin [2-5], etc., see [6, 9, 25, 27, 28, 35, 36, 45]. To the theory of holomorphically
projective mappings and their generalization are devoted many publications, eg. [1, 7, 10, 14-18, 21—
23, 26, 29, 30, 32, 33, 38-41]. In these results no details about the smoothness class of the metric were
stressed. They were formulated “for sufficiently smooth” geometric objects.

The following results are connected to the paper [11] where it was proved that holomorphically projective
mappings preserve the smoothness class C" of the metrics in the case v > 2. In the following paper we
generalize this result to the case r > 1.

2. Main Results

Let K, = (M, g,F) and K,, = (M, g, F) be (pseudo-) Kihler manifolds, where M and M are n-dimensional
manifolds with dimension n > 4, g and § are metrics, F and F are structures. All the manifolds are assumed
to be connected.

Definition 2.1. A diffeomorphism f: K, — K, is called a holomorphically projective mapping of K, onto K,
if f maps any holomorphically planar curve in K, onto a holomorphically planar curve in K,,.

We obtain the following theorem.
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Theorem 2.2. If the (pseudo-) Kihler manifold K, (K, € C", r > 1) admits a holomorphically projective mapping
onto K, € C', then K, belongs to C'.

Briefly, this means that:
holomorphically projective mappings preserve the class of smoothness of the metric.
The analogous property for geodesic mappings of (pseudo-) Riemannian manifolds is proved in [12].

Here and later K, = (M, g,F) € C" denotes that g € C’, i.e. in a coordinate neighborhood (U, x) for the
components of the metric g holds g;j(x) € C". If K;, € C", then M € C™1. This means that the atlas on the
manifold M has the differentiability class C'*!, i.e. for non disjoint charts (U, x) and (U’,x’) on U N U’ it is
true that the transformation x’ = x’(x) € C™*1.

The differentiability class r is equal t0 0,1, 2, ..., o, @, where 0, 0 and w denotes continuous, infinitely
differentiable, and real analytic functions respectively.

Remark 2.3. It’s easy to prove that the Theorem 2.2 is valid also for = co and for r = w. This follows from
the theory of solvability of differential equations. Of course we can apply this theorem only locally, because
differentiability is a local property.

Remark 2.4. A minimal requirement for holomorphically projective mappings is K, K, € Cl.
Mikes, see [19, 21, 22, 24, 25], [28, p. 82] found equidistant K&dhler metrics g in canonical coordinates x:

Jab = Garmb+m = aahf + aa+mh+m]( and Gab+m = aalH—mf - aa+mbfr

where a = 1,2,...,m, m = n/2, f = expx!) - G(?%x3,... x" x> L x*m), G € C,
which admit holomorphically projective mappings. Evidently, if G € C"*? (r € N), G € C* and C¢,
then K,, € ", K, € C* and K, € C¥, respectively. From these metrics we can easily see examples of non
trivial holomorphically projective mappings K, — K,, where

K, K, e C and ¢ C"*! forr e N; K, K, € C* and ¢ C¥; K, K, € Cv.

3. (Pseudo-) Kihler Manifolds
In the following definition we introduce generalizations of Kdhler manifolds.

Definition 3.1. Ann-dimensional (pseudo-) Riemannian manifold (n > 4)is called a (pseudo-) Kihler manifold
K,=(M, g, F), if beside the metric tensor g, a tensor field F of type (1,1) is given on the manifold M, called a
structure F, such that the following conditions hold:

FP=-1d g(X,FX)=0; VF=0, (1)
where X is an arbitrary vector of TM, and V denotes the covariant derivative in K.

These spaces were first considered as A-spaces by P.A. Shirokov, see [34]. Independently such spaces
with positive definite metric were studied by E. Kéhler [13]. The tensor field F is called a complex structure
[45].

The following lemma specifies the properties of the differentiability of geometrical objects on (pseudo-)
Kéhler manifolds.

Lemma 3.2. IfK, =(M,g,F)eC’,ie. geC', then Fe C', forr e Nand r = oo, w.

Proof. Let K, € C', i.e. the components of the metric g;j(x) € C" in a coordinate chart x. It is a priori valid
that F! € C!. The formula VF = 0 can be written oy F" = FIT® — F'T" , where Ty = /2 (digix + 9igi — ki),
i i a” ik i ak J ] ) ]

O = d/dx*, and FZ = ghkfijk are Christoffel symbols of the first and second kind, respectively. It holds that
Tij and T}; € C"~'. From this equation follows immediately Fi(x) € C',ie. FEC". O
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Moreover, due to the differentiability of g € C" according to (1), each point has a coordinate neighborhood
(U, x) € C"*! in which the structure F has the following canonical form:

n

=0y, F,=F"=0, ab=1,-,mm=_. )

FZ+m =-F, b+m 2

b+m
We get, as an immediate consequence, that the dimension is even, n = 2m. Such a coordinate system will
be called canonical.

Due to the conditions (1) and (2), the components of the metric tensor and Christoffel symbols of the
second kind in a canonical coordinate system satisfy

Garmp+m = Gabs  Gab+m = ~Ga+mbs and 1"11 = FZ:xcﬂn - 1—‘Zﬁ—mﬁm’ FZ:xcﬂn 1—‘{;+mc - _FZ;m° ©)
Obviously, the coordinate transformation x” = x"(x) preserves a canonical coordinate system if and
only if the Jacobi matrix | = (dx"/dx') satisfies
axlﬂ+lﬂ 3x/ﬂ &x/[H'm ax’ﬂ
—  =—— and = — . (4)
oxb+m axb axb odxb+m
Let us set z = x* + ix™*", 2’ = x'* + ix’™™ (where i is the imaginary unit). Then (4) can be inter-
preted as Cauchy-Riemann conditions for the complex functions z" = z/*(z}, - ,z™), and we will call this
transformation analytic.

4. Holomorphically Projective Mappings K,, = K,, of Class C!

Assume the (pseudo-) Kéhler manifolds K,, = (M, g, F) and K,, = (M, g, F) with metrics g and g, structures
F and F, Levi-Civita connections V and V, respectively. Here K, K, € Cl ie. g,9 € C! which means that
their components g;;, 7ij € C'.

Likewise, as in [31], see [6], [35, p. 205], [36], [25], [28, p. 240], we introduce the following notations.

Definition 4.1. A curve ¢ in K,, which is given by the equation ¢ = £(t), A = d{/dt (# 0),t € I, where t is
a parameter is called holomorphically planar, if under the parallel translation along the curve, the tangent
vector A belongs to the two-dimensional distribution D = Span {A, FA} generated by A and its conjugate FA,
that is, it satisfies

ViA =a(t)A + b(t)FA,

where a(t) and b(t) are some functions of the parameter ¢.
Particularly, in the case b(t) = 0, a holomorphically planar curve is a geodesic.

We recall the Definition 2.1: A diffeomorphism f: K, — K, is called a holomorphically projective mapping of
K, onto K, if f maps any holomorphically planar curve in K, onto a holomorphically planar curve in K,,.
Assume a holomorphically projective mapping f: K, — K,. Since f is a diffeomorphism, we can
suppose local coordinate charts on M or M, respectively, such that locally f: K, — K, maps points onto
points with the same coordinates, and M = M.
A manifold K, admits a holomorphically projective mapping onto K, if and only if the following
equations [28, 36]:

VxY = VxY + ¥(X)Y + (V)X = Y(FX)FY — Y(FY)FX (5)
hold for any tangent fields X, Y and where v is a differential form. In local form:
_Th & sh oy <
I + le5; +1o; — 1#,6},1 - yY;io;,
where I"Z. and I_"?j are the Christoffel symbols of K, and K, ¢, F? are components of ¢, F and 6? is the

Kronecker delta, y; = ,F;, 6? = F. Here and in the following we will use the conjugation operation of
indices in the way
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If = 0, then f is affine or trivially holomorphically projective. Beside these facts it was proved [28, 36] that
F = +F; for this reason we can suppose that F = F.
It is known that
1

2(n+2)

detg

i=Vi¥, W= .
4 : detg

n

Equations (5) are equivalent to the following equations
Vzg(X, Y) = 29(2)5(X, Y) + ¢(X)g(Y, 2) + P(V)(X, Z) + Y(FEX)J(FY, Z) + Y(FY)§(FX, Z). (6)
In local form:
Vidij = 2Yigij + Yigjx + Vi + i + Vi
where g;j are components of the metric 7 on K.
The above formulas are well known for F = F, see [31], [6], [35, p. 206], [36], [25], [28, p. 240-242].

Domashev and Mikes ([8], see [35, p. 212], [36], [25], [28, p. 246]) proved that equations (5) and (6) are
equivalent to

Vza(X,Y) = AX)g(Y, Z) + A(YV)9(X, Z) + MEX)g(FY, Z) + AM(FY)g9(FX, Z); (7)

in local form:
Vkﬂ,‘j = Aigjk + /\jgik + Afgj_k + /\]’g;k,

where
@) aij= e guge;;  (b) Ai=—e Fgu. ®)
From (7) follows A; = V;Aand A = %abc gbc. On the other hand [28]:

1
2

detg
| det g

gij= e gy W= o Mgl = 1lg” g anl ™" 9)

The above formulas are the criterion for holomorphically projective mappings K,, — K, globally as well as
locally.

5. Holomorphically Projective Mapping for K,, € C> - K, € C*
I. Hinterleitner [11] proved the theorem:

Theorem 5.1. If a (pseudo-) Kihler manifold K, € C’, v > 2, admits a holomorphically projective mapping onto
K, € C?, then K, € C".

It is easy to see that Theorem 2.2 follows from Theorem 5.1 and the following theorem.
Theorem 5.2. If K, € C? admits a holomorphically projective mapping onto K,, € C, then K,, € C2.

Proof. We will suppose that the (pseudo-) Kéhler manifold K, = (M, g,F) € C*> admits a holomorphically
projective mapping f onto the (pseudo-) Kéhler manifold K,, = (M, 7, F) € C!. Furthermore, we can assume
that M = M and F = F. The corresponding points x € M and ¥ = f(x) € M have common coordinates
(x!,x%,...,x"), shortly x, in the coordinate chart (U, x), U C M, .

We study the coordinate neighborhood (U, x) of any point p at M. Moreover, we suppose that the
coordinate system x is canonical (2). On (U, x) formulae (5)—(9) hold, and formula (7) may be written in the
following form

oa'l = N§] + Mo} + XL+ VF, - f7, (10)



I. Hinterleitner / Filomat 30:11 (2016), 3115-3122 3119

Where aij = ﬂbcgbigcj/ Ai = Aagiu, /_\i = AEPZ, and f]z] = ﬂibrik + ﬂjbrék.

The components g;j(x) € C? and gjj(x) € C! on U C M and from that facts follows that the functions
gl(x) € C?, gli(x) € C!, W(x) € C!, Yi(x) € C°, all(x) € C', Ai(x) € C, and l"f’],(x) € CL. It is easy to see, that
filecl.

In the canonical coordinate system x we can calculate the following derivatives for fixed different indices
ab=1,...,m,m=n/2:

abaub =A% l/:b’ 8b+maab = _\0+m _ l;zim, (11)
abaab+m = \e+m _ f;}zb+m’ ab+maab+m =A% — ;Jl::—nm

Eliminating A* and A" we obtain the equations

ab ab+m _ ab ab+m
9ba - 8b+ma = _fb + fb

ab ab+m _ _ gab _ gab+m
Oprma™ + Iy = —foon =

(12)

ab

We denote w = a™ +i-a™*", z = x? + i - x*™, where i is the imaginary unit. Then (12) can be rewritten

(’)Zw =F= (_fhab + ;b+m) +i- (_ lffm _ fézb+m)l
and because F € C, then exists 92, w.
So there are the second partial derivatives of the functions a® and a®*™ of the variables x? and x**"; and,
clearly, also of x* and x**™. After this from formula (11) follows that Al € C!; and equations (10) imply that
al,a;; € C2. Finally, formula (9) shows that g;; € C>. [

6. Holomorphically Projective Mapping K,, = K,, of Class C?

Let K, and K, € C? be (pseudo-) Kéhler manifolds, then for holomorphically projective mappings
K, — K, the Riemann and the Ricci tensors transform in the following way
R — Rh h I By — S -
(a) Rijk = Rijk + 5kll}l‘]‘ - 6]‘11bik + 5]}‘#1] - 6]"l1bik - 25; 11)]'](, (13)
(b) Rij = Rij — (n +2)¢yj,
where ¢ij = ¢ — i+ Yb; (i = Pji = P55). Here the Ricci tensor is defined by Ry = R, In many papers
it is defined with the opposite sign [19, 25, 35, 46], etc.
The tensor of the holomorphically projective curvature, which is defined in the following form

1
h _ ph h h hp _ hp _ hp _
Pl =R: +—n+2(6kRi]-—6].R,-k+6ER,-]-—6]7Rik—26;Rjk), (14)

is invariant with respect to holomorphically projective mappings, i.e. I_’ﬁ’jk = P;’].k.

The above mentioned formulae can be found in the papers [6, 28, 35].
The integrability conditions of equations (7) have the following form

iRy +ajaRGy = gaVidj + gpVidi = gaVidj = gpVidi + gaVidp + g Vidi = gaVid; = gaVids. - (15)
After contraction with g/’ we get:
aibRi + athbikc = —V;’(A; - (71 — 1)Vk/\i,

where RY;" = g*Rby; R = g"Rjand pu = VApg™.
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We contract this formula with F, F’;, and from the properties of the Riemann and the Ricci tensors of K,
we obtain

Vid; = ViA;, (16)
and ([8, 25, 28, 35])
nVidi = ugi — apRe — apeR%" . 17)

Because A; is a gradient-like covector, from equation (17) follows aibRI]? =a jbRi?.
From (16) follows that the vector field A; (= A.F}) is a Killing vector field, i.e. V;A; + ViA; = 0. But the

other side of the equations (16) can be written in the form Vg/\hl:;.Z = V;AF!. In the canonical coordinate
system x they are given by

A" = QA" =0 and IpyA® + HBA" =0, ab=1,...,m, m=n/2.

These are Cauchy-Riemann equations, which implies that the functions A"(x) are real analytic. After this
differentiation of the Killing equations we obtain V;(V;A") = A’R}, , and by contraction with F;, we finally
obtain

V][,l = —Z/VZRW'.

These equations were found earlier under the assumption K,, € C% and K,, € C83, [20], see [35, p-212], [28,
pp. 247-248].
From that we proof the following theorem

Theorem 6.1. A Kiihler manifold K, € C? admits holomorphically projective mappings onto K, € C' if and only if
the system of differential equations

Viaij = Aigje + Ajgic + Aigi + A
nVidi = ugi — aibRi — @RV, (18)
V][.l = —ZAbRb]‘,
has a solution a;j, A; and u satisfying the following conditions
ajj = Ajj = A, det(a,-j) # 0. (19)
Remark 6.2. Moreover if K, € C', it follows that K,, € C', the function A; € C" and p € C'71,

Remark 6.3. If K, € C*, then K, € C*, and if K, € C“, then K,, € C*.

Theorem 6.1 was proved in the case K, K, € C3, see [20].

The family of differential equations (18) is linear with coefficients of intrinsic character in K, and
independent of the choice of coordinates. If the metric tensor g and the structure tensor F of the Kahler
manifold K;, are real then for the initial data

a;j(xo) =Elijr Ai(xo) =A;, (xo) =ﬁl,

the system (18) has at most one solution. Accounting that the initial data must satisfy (19), it follows that
the general solution of (18) depends on ry,, significant parameters, where 7y, < (n/2 + 1)2.
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