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On Asymptotic Stability of Solutions to Third Order
Nonlinear Delay Differential Equation

Moussadek Remili?, Lynda D. Oudjedi®

*Department of Mathematics. University of Oran. 31000 Oran. Algeria.

Abstract. In this article, we study the asymptotic stability of solutions for the non-autonomous third order
delay differential equation by constructing Lyapunov functionals.

1. introduction

Asymptotic properties of solutions of delay differential equations of the third order have been subject
of intensive studying in the literature. This problem has received considerable attention in recent years,
see for instance: Andres [3, 4], Burton [6-8], Krasovskii [10] and Yoshizawa [23] which contain the general
results on the subject matter. Other authors include Ademola et al. [1, 2], Oudjedi et al. [12], Tung [16 —22],
Zhang and Yu [24] and Zhu [25] on functional or delay differential equations.

Sadek in [13, 14] and recently Omeike [11] established some sufficient conditions for the asymptotic
stability of the solution x = 0 to the following third order non-linear delay differential equation:

X" +a(t)x” +b(H)x" + c(t) f(x(t — 1)) = 0. (1)

Tung in [18] and recently Yuzhen and Cuixia [5] studied the stability of solutions for the non-autonomous
third order differential equation with a deviating argument, r:

X)) +a@®)x" () + b(t) g1 (' (t — 7)) + g2 (X' (£)) + h(x(t — 1)) = 0. (2)

In the present paper, we study the asymptotic behavior of solutions of a certain third order delay differential
equation of the form

[Pae(D)x ()] +a(h)IQ((1)x"(H] + bBIR((B)x ()] + c(t) f(x(t = 1)) = O, ©)

where a(t), b(t), c(t), P(x), Q(x), R(x) and f(x) are continuous and depend (at most) only on the arguments
displayed explicitly, r is a positive constant, fixed delay (f(0) = 0).

Equation (1) is a particular case to our preceding non-autonomous differential equation with the devi-
ating argument r if P(x) = Q(x) = R(x) = 1. On the other hand, we can find the same result for the equation
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(3) without delay by putting » = 0, which is generalization of Hara [9] and Swick [15] results.
If P(x) = 1, then (3) takes the form
X"+ at)Q)x" + g(t, x,x") + c(t) f(x(t — 7)) =0,
where
g(t, x,x') = a(t)Q' (x)x* + b(HR(x)x’,
which is similar to (2) in the case g, (x'(t — )) = 0.

The motivation for the present work comes from the paper of Tung [18], Omeike [11] and Sadek [13, 14]
and the papers mentioned above. Our purpose is to find two similar results for (3). Namely, we will show
sufficient conditions to improve that all solutions of (3) are uniformly bounded and converge to zero as
t — co. We shall use Lyapunov’s second (or direct) method as our tool to achieve the desired results. The
results obtained in this investigation improve the existing results on the third-order non-linear differential
equations in the literature.

2. Preliminaries
In order to prove our results, we give the following definitions and lemmas. Consider the equation
X = f(tx), x(0)=xt+6), -r<6<0, t=0, 4)

where f : I x Cy — R" is a continuous mapping, f(¢,0) = 0, Cy = {¢ € C([-7,0], R") : |||l < H}, and for
H; < H, there exists L(Hy) > 0, with |f(t, ¢)| < L(H1) when ||¢]| < H.

Definition 2.1. ([8]). An element 1 € C is in the w — limit set of @, say Q(P), if x(t, 0, P) is defined on [0, +00) and
there is a sequence {t,},t, — oo, as n — oo, with ||x;,(¢) — Y|l = 0as n — oo where x,(P) = x(t, + 6,0, ¢) for
-r<0<0.

Definition 2.2. ([8]). A set Q C Cy is an invariant set if for any ¢ € Q, the solution of (2.1), x(t,0, ¢), is defined
on [0, 00) and x,(¢) € Q for t € [0, c0).

Lemma 2.3. ([6]). If ¢ € Cuyis such that the solution x(¢) of (4) with xo(¢p) = ¢ is defined on [0, c0) and
llxe(p)ll < H1 < H for t € [0, o0), then C(¢) is a non-empty, compact, invariant set and

dist(xi(¢), Q(P)) = 0 as t — oo.

Lemma 2.4. ([6]). Let V(t,¢) : [ X Cyp — R be a continuous functional satisfying a local Lipschitz condition.
V(t,0) = 0, and such that:

@) Wi(1p0))) < V(t, ) < Walllpll) where Wi (r), Wa(r) are wedges.

(i) Vit $) <0, for ¢ € Ch.

Then the zero solution of (4) is uniformly stable.

IfZ ={¢p € Cy : V(,\(t, ) = O}, then the zero solution of (4) is asymptotically stable, provided that the largest
invariant set in Z is Q = {0}.

3. Statement of Results

We shall state here some assumptions which will be used on the functions that appeared in equation
(3). Assume that there are positive constants ag, by, co,d, A, B, C, po, p1, 90, 41, 10, 1, 89, and 01 such that:
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Ap) P(x), Q(x), R(x) and f(x) are continuously differentiable functions on R,
a(t), b(t) and c(t) are continuously differentiable functions on [0, +o9].
A)) O<ag<a(t)<A; 0<by<b(t)<B;0<cy=<c(t) <C.

Az) 0<po<Px)<p1; 0<qgo<Q(x)<q1; 0<ry<R(x) <.

Asz) f(0)=0, j@ > 09 > 0 (x #0), and |f’(x)| < 61 for all x.

A4)[ (1P ()] +1Q ()l + IR’ (u))du < co.

For the sake of convenience, we introduce the following functions:

010 = ey O

oy - LEDP) = QOO )
and

0, = REOPGO) = REOPGO)

P2(x(t))

The following theorems present uniform asymptotic criterion for (3):

Theorem 3.1. Further to the basic assumptions (Ag)-(Ay4) being satisfied, suppose that the following conditions hold:
i) c(t)<b(t), -L<b'(t) <c(t) <0forte[0,00).

5
i) P2 < d < agq.
7o

iii) %da’(t)Q(x) —bo(drp — p161) < —e < 0.

Then the zero solution of (3) is uniformly asymptotically stable provided that

. [2(aoqo — d) 2p3e
7 < min , )
p1Cor " Corp3(d + dpf + po)

Theorem 3.2. In addition to the basic assumptions (Ag)-(A4), suppose that the following conditions hold:
. p1C
) %61 < d < ayqo.
. 0
ji) da’ (H)Q(x) + b’ (H)P(x)R(x) — Pz(x)glc’(t) < dbgrg — p1Co1.
]]])f Ic’(s)|ds < N1 < coand c’(t) = 0as t — oo.
0

Then the zero solution of (3) is uniformly asymptotically stable, provided that

. (2(aogo —d)  pa(dboro — pr1Ch)
7 < min , )
p1Cor " p2Co1(d + dpf + po)
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Proof. [Proof of Theorem 3.1] Equation (3) can be transformed to the following system:

;L 1
T !
y =z
b t
2 = —atexy - 020z - XUyt +e) [ R0 s

Define the Lyapunov functional U = U(t, x;, v, z¢) as follows:

Ut xi, yoz1) = (exp(—ﬁ))v(t Xt, Yt, 2t) = (exp(_¥)) ;

where

t
o) = fo (10:6)] + 02(5)] + 105(3))ds,

~

and

V= de(t)F(x) +c(t) f(x)y + bgl)jl({i;)y2+ —22+ p[(ix)y db;(lizQ( ») 2+)\ffy (&)d&ds,

—r t+s

such that F(x) = fox f(u)du. p and A are positive constants which will be determined later. Define

b(HR(x)
2P(x)

V1 =dc(t)EF(x) + c(t) f(x)y

in view of the hypotheses of Theorem 3.1, and after some rearrangements we have

b(OR) {y , COfP) }2 _ FOPWF)

Vi = dec(t)F(x) + 2P() b(HR(x) 2b(H)R(x)

HP
> de(t) f _d d)b (z(fo]: ()”)] Flu)du
> dc(t)fo [1 - E]f( )i
> 0oF(x),
where
(32=dC0(1—;;1—r01) dCo(l—g)ZO.

Thus from (A3) we obtain

020
Vi> %xz.
We note that
1, 4d da(t)Q(x) ,
V2= 32 4 5t Topry

3220

(5)

)
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is obviously positive definite, this follows from the conditions a(t) > a9, Q(x) = go and (ii). Hence,

d(aogo - 4d) ,
P(x)y) T o)

We can therefore, find a constant 6 = 6(do, 02, 40, 4o, p1,d) > 0, such that

1
VZZE(Z+ > 0.

V> 6( + 1y +2%), )

since the integral is non-negative.

After a change of variables in the integral of (7) and by (A,) and (A4), we get

O 1P (u) 0 R (u)] + 1Q' ()]
H < (I+r+ du + f ST
V( ) ( 1 ‘11) mlt) PZ(L[) () P(Ll)
1+r+ e 1 (> ,
< ( 12 ) [P’ ()| du + —f (IR (u)| + Q" (u))du
PO —o0 pO —00
< N <oo,

where a;(t) = min{x(0), x(t)}, and a,(t) = max{x(0), x(t)}. Now, we can deduce that there exists a continuous
function W1 (|®(0)|) with

Wi(I®(0)) 20 and  Wi(I2(0))) < U(E, D).
By (A1), (A2) and (A3), it is not difficult to show that

0 ot
V<8302 +y* +2%) + 04 f f (&) + YA(&) + Z2(&))dEds, (10)
—r Jt+s
dA
where 63 = 1rnax{C(Sl(l +d),Co1 + % + — qu,l + —}, and 64 = max{1, A}.
2 Po Po I Po

Then there exist a continuous function W,(||¢||) which satisfies the inequality U(t, ) < Wa(l|¢pll).

Now, we show that the derivative of V(t, x, ¥;, z;) with respect to ¢ along the solution path of system (5)
is negative definite

iv dc’ (HF(x) + ' (Hyf(x) + b/(t R(x) y? - f yA(E)dE

dt
b
- A0z + T ) a0z + )+ T 0
d t
+ )z + Wy) y;(s)))f (x(s))ds + m(d — a(hQ(x)z*
da’ ()Q(x) + 2c(t)P(x)f (x) = 2db(hR(x) | , AP
2P2(x) yrays
From hypotheses of Theorem 3.1, we obtain
d t 1 .
Y S W W [~ s~ (-, ay
where

V(HORE) ,

=dc’()F(x) + ' Dy f(x) + 2P(x) ¥
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ah)QX) »

Wa = 16101 (9] + =50y

)+ 5105012 + IOl + 55517

and

fys)
Ws = clt)ie +%) . PGG)

First, we show that W is a negative-definite function, we have two cases for all x,y and t > 0. If ¢’(t) =
then

' (x(s))ds.

BORW >

M= b ¥

If ¢’(t) < 0, the quantity in the brackets below can be written as,

b/
Wi = dc’(t)[F(xH%yf(XH% 2]
o b ()R(x) CHOPWFE)* ¢ (HPEFAE)
= dc'() {F(X)JerP(x)c'(t){ T TYORE) } 24k (OR() }

from the assumption (i), we get

s e [fa- P,

< ) f x(l—%)f(u)du

IN

c (t) F(x)

Thus, on Combimng the two cases, we get Wy <0 forallt > 0, x and y. Similarly by 2ab < 4 + b*, we have
the following :

W, < [5 161 (1) (1 + P_o) + 5|92(t)|(1 + P_o)] (y"+2z°)+ §|63(t)|y
< ki [161()] + 102(8)] + 105()I] (> + 2%), (12)
and
Corr 5, Coudr ,  Coy d (",
Wi < —z° + — 1+ — dé&, 13
vs G e | (13)

d Aq A d. B
where k1 = max(§(1 + p—o), 5(1 + P—O), E).
Estimates for Wy, W, and W3 into (11), yields

by o [t fut s fong g )
dtv < [pf A+ 20 )r]y [ " > ]z [ZPO (1+ ] yA(&)dE
+ky [|61(8)] + 102()] + 103()[] (> + 2%).

Choosing A = %(1 + —) we obtain
2p? Po

0

e Co 1 d ) [ﬂoqo d Céﬂ’]
—V “-|l5s-—d+—+= + ki [161(1) + 62()] + |O3(t +
= [p% 200 o %)r]y o 5 |7+ kOO + 1020 + 10011 (4 +22).
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From (9), (6) and taking p = kﬁ we see at once that
1

d . _ kiy(t).. d ki(161(0)] + 62(8)] + 105(¢)])
EU = (EXP(—T))(EV - 5 V)
e Corr 1 d. , aqo—d Cor ,
< K[(=—-——@d+—+— —(— - —)z7],
(05 = Gy 4 5 P = (= = 502
where K = exp(—%). Therefore, if
. [ 2(aoqo — d) 2pge
r < min , .
p1Co1 " CorpA(d + dpl + po)
Then
d 2, .2
EU(t, X, Y, 2t) < =Py~ +z°), for some B > 0. (14)

On combining the inequalities in (9), (10) and (14), the hypotheses of Lemma 2.4 are satisfied. Namely, the

only solution of system (3) for which —U(t, x:, y¢, z:) = 0is the solution x = y = z = 0. Thus, under the above

discussion, we conclude that the trivial solution of equation (3) is uniformly asymptotically stable. [

Proof. [Proof of Theorem 3.2] The proof depend on some fundamental properties of a continuously differ-
entiable Lyapunov functional, we define W = W(t, x, y;, z;) as

W(t/ Xt, yt/ Zt) = (exp(_ﬁ(t)))(v(tl Xt, yt/ Zt), (15)

where
11 1,
ﬁ(f)=f —(101(5)] + 102(s)| + 103(s)]) + — Ic"(s)I | ds,
o LH Co

and V = V(t,x, y,z) is already defined in Theorem 3.1. To show that V is a positive definite function with
the conditions in Theorem 3.2, we rewrite V thus:

0 t
V=dct)Uy+ Uy + Vo + A f f yA(E)dEds,
—r Jit+s

where
1 01 5
U, = F(x)+ayf(x)+@y,
1 c()d1  bHRX)| ,
th E[_ i T Thw ] ‘

From the assumptions of Theorem 3.2, we obtain:

EOUs = dcl)|F)+ Dty + 20 - 00|
. X ~ f/(u)
> dc(t) _\fo (1 5 )f(u)du]
=

[ ™ d?’obo 1
de(t) _ fo 1- 1C (S—l)f(u)du] > 0.
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Condition (j) implies that U; > 0. Hence, since V) is positive definite, there exist sufficiently small positive
constant, such that

V> 6(x% + y2 +2%).
Therefore we can find a continuous function Wi (|e(0)|) with
Wi(lp(0)) =20 and  Wi(lp(O)l) < W(t, @),

N N
by the fact that f(t) < — + C—l The existence of a continuous function W,(||¢l||) which satisfies the inequality
0

W(t, ) < Wa(llgll), is easily verified (see (10)).
Let (x, y,z) be a solution of (5). Differentiating the Lyapunov functional V(t, x;, y, z;) along this solution, we
find

d t
GV = 0ROy SO - [ e
- Aoz + "Ry - a(t)%(t)(ymmy) Moy

d U CO) 2
+ o)z + Wy) . y(S)md Px )(d a(£)Q(x))z
c)f () db(f)R(x)) 2, (da’(f)Q(x) V(HR(x) C’(f)51) 2
P() e Y T o 2P(x) 2 Y
Making use of the definitions of W, and Wj, it is clear that
iV < dcd'(HF(x) + By f(x) + (t) ! y2 - yz(é)dé + Aryz
(OF W dOREW, 5
+ Wo+ Wi+ m(d a(t)Q(x))z* + ( e P )y
da’(HQ()  V(OR() _ c'(Hd1) »
2P2() 2P(x) a )Y
By the assumptions (A1)-(A3) and the inequalities (12), (13), we find
d Co !
SV < a®[F@ - e+ ki ]+ [ Sa - } i rﬁ(é)dé
dborg — p1CO Coud d 1 C(S r
2
. [da’(t)Q(x) + b (OREIP() - P = (t)él] T
+ ki [161(B)] +102(8)] + 10511 (v + 2°),
. C d
choosing A = 2—%1(1 + p—o), we have
d dbo?‘o - p1C61 CHh 1
v < o[ 0 55 2d2 v)- [T BT Po)r 10

B [aoﬂlo —d  Corr

o 5 ]zz + k1 [|61()] + 162(8)] + 165()I] (v + 2°).



M. Remili, L. D. Oudjedi / Filomat 30:12 (2016), 3217-3226 3225

From (15), it is easily verified that
LWt sz = (expBONCSV - (=10 + ~ I BDV)
dt 7 Xty yt/ Zy - exp ,8 dt y)/ co c ’

on applying the inequalities (9), (16) and since

A OIF) + 5y + 2oy ] = de (s

we get
d 1 1 db()l’() - P1C61 C61 1 d 2
—V-(=Y®+—=IOHV < —-|—F———-——[d+—+ )
e (#y() & 1€ ®D [ 2 2po( 7 pé) y

—d
_[aoqo -2 a1y

P 2

—éﬂt)(x2 +y +2°) - Lwiv
u co
+hry' ()Y + 22).

Putting y = ké and by the fact that V > dco Uy, we obtain
1

dborg — p1C6 —d
iw < - M Oro—fll — %( + l + %)T’ yz _M[ﬂoqo _ C617:|22,
dt 2p; 2p0" po Pl p1 2
where M = exp — (Iﬂ + M) Therefore, if
o Co
. {2(110170 —d)  py(dboro — p1Co1) }
7 < min , .
p1Co1 " paCo1(d + dpl + po)

Then

d
$W(t, Xt Y, 2t) < —oc(]/2 + zz), for some «a > 0.

Thus, under the above discussion, we conclude that the trivial solution of equation (3) is uniformly asymp-
totically stable. [
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