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Abstract.
In this paper, we derive the forbidden set and discuss the global behavior of all solutions of the difference
equation
xn+1:Ax—";k, n=0,1,...
B-— C H i=0 Xn—i

where A, B, C are positive real numbers and the initial conditions x_y, ..., x_1, Xy are real numbers.

1. Introduction

No one can deny that, Difference equations have played an important role in analysis of mathematical
models of biology, physics and engineering. Recently, there has been a great interest in studying properties
of nonlinear and rational difference equations. One can see [1]-[25] and the references therein.

In [4], M. Alogeili discussed the stability properties and semicycle behavior of the solutions of the dif-
ference equation

Xn—-1
Xpy1 = ——, n=0,1,... (1)
a— XpXp-1

with real initial conditions and positive real number a.

In [23], D. Simsek et al. introduced the solution of the difference equation

Xn-5

——, n=0,1,..
1 +xn—1xn—SI "

Xn+1 =
with positive initial conditions.
In [11], E.M. Elsayed discussed the solutions of the difference equation
Xn-5

Xp1 = ———, n=0,1,..
n _1+xn_2xH_5/ a4
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where the initial conditions are nonzero real numbers with x_sx_, # 1, x_4x_1 # 1 and x_3xp # 1.
He also in [9], determined the solutions to some difference equations. He obtained the solution to the
difference equation

Xn-3

——, n=0,1,..
1 +xn—1xn—’a‘l "

Xn+1 =
where the initial conditions are nonzero positive real numbers.
R. Karatas et al. [15] discussed the positive solutions and the attractivity of the difference equation

Xn-5

—, n=01,..
1 +xn—2xn—SI "

Xn+1 =

where the initial conditions are nonnegative real numbers.
The authors in [14], discussed the solutions and attractivity of the difference equation

AXyn—(2k+2)
Xpy1 = ——————, n=0,1,...

2k+2
—a+ H[:o Xn—i

where a, x_(ox_), ..., Xo are real numbers such that x_o_»x_t-1)...Xo # 4 and k is a nonnegative integer.
Elabbasy et al. [8] determined and discussed the solutions of the difference equation
AXyp—k

B+y H?:O Xp—i

with nonnegative real numbers «,f, y, positive real initial conditions and positive integer k.
In [16], we investigated the behavior and periodic nature of the two difference equations

Xpsl = , n=0,1,..

Xn-2
Xpy1 = ————, n=0,1,...
+1 + X, X,-1X0—2

In [2], we have also discussed the oscillation, periodicity, boundedness and the global behavior of all
admissible solutions of the difference equation

Axn —2r-1

— "= 0,1,...
B - CH[:[ Xn—2i

Xn+l =
where A, B, C are positive real numbers and /, r, k are nonnegative integers, such that / < k.
Also in [1], we discussed the global stability of all solutions of the difference equation

Axn—Z

—, n=0,1,...
B+ Cxpxy_1Xn—2’ r

Xp+1 =

where A, B, C are positive real numbers and the initial conditions x_;, x_1, xy are real numbers.
In this paper, we discuss the global behavior of all solutions of the difference equation

Xnil = ————F Tl=0,1,... (2)

where A, B, C are positive real numbers and the initial conditions x_, ..., x_1,x¢ are real numbers. The
difference equation (2) is a more general case of the difference equation (1).
2. Linearized Stability and Solutions of Equation (2)

In this section we introduce an explicit formula for the solutions of the difference equation (2) and study
its linearized stability.
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It is convenient to reduce the parameters on which equation (2) depends on.

The change of variables “{/gxn = y, reduces equation (2) to the equation

n—-k
Yne1 = ﬁ, n=0,1,... (©)
i=0 Yn—i

wherep = £.
We will deal with equation (3) rather than equation (2).

To start navigating the global behavior of the difference equation (3), we classify the nontrivial solutions
of equation (3) into two types of solutions:

e Solutions with initial points (y_x, Y-k+1, ---, Yo) such that y_; = 0, for some but notalli € {0, 1, ..., k}.
e Solutions with initial points (y_, Y-k+1, ..., o) such that y_; # 0, for all 7 € {0, 1, ..., k}.

These two types of solutions exhibit a global behavior different from each other.

Theorem 2.1. Let y_g, Y_ks1, ..., Y1 and Yo be real numbers such that y_; = 0 for some but not all i € {0,1, ..., k}.
Then the solution {y,}. _, of equation (3) is

ME My n=1k+2,2k+3,..
(%)%”y-m n=2k+3,2k+4,..

Yn = 4)

ey, n=k2k+1,3k+2,...
yETlyy n=k+1,2k+2,3k+3, ...

Proof. Let {yn}> _, bea solution of equation (3) such that y_; = 0 for some but not all'i € {0,1, ..., k}. Using equation
(3), we can write

H n—I
H]/‘rl+1 1= l Oy ’ n= 0/ 1/
p =TT Yu-t

But as TT}_o y—1 = 0, we get TT}_g Yu—s = 0 forall n > 1.
It follows that
Yn—k _ Yn—k

p- H;(:O Yn-1 p

Yn+1 =

for all n > 0, from which the result follows. O

Now suppose that y_; # 0, for all i € {0,1,...,k}. From equation (3) and using the substitution t, =
we can obtain the linear nonhomogeneous difference equation

YnYn-1--Yn—k”
1
tn tp= ————. 5
n+1 =p 0 yoy—l-"y—k ( )
It is clear that the mapping h(x) = px — 1 is invertible and its inverse is 1! (x) = % X+ %.

We try to deduce the forbidden set of equation (3).
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For,
suppose that we start from an initial point (y_, Y—¢+1, .., Yo) such that yoy_1...y_x = p.
The backward orbits, v, = —L—— satisfy the equation
YnYn-1--Yn-k
1 1 1 1
Uy = h‘l(vn,l) = -1+ —- with yy=——=—,
P P yoy-1-Y-k P

. n 1vn 1yl
then we obtain v, = —y T =h™"(vp) = Z;:o(p) .
That is Y Yn-1..-Yn-tk = 7 f(—)l .

=0%p

On the other hand, we can observe that if we start from an initial point (y_, ..., y-1, o) such that yoy_1..y_« =
)Z""—()’ for some 7y € IN, then according to equation (5) we obtain
1=0

1 1

by = —————— = —.
YnoYno-1---Yno—k P
This implies that p — v, Yng—1---Yug—k = 0
Therefore, yy,+1 is undefined.
These observations lead us to conclude the following result.

Proposition 2.2. The forbidden set F of equation (3) is

F= g (o, 1, .., U) : Huz =y 0(1)1

Theorem 2.3. Let y_i, Y_ks1,..., y—1 and yo be real numbers such that o = yoy_1..y—x # ﬁfor any n € N.
1=0\p
Then the solution of equation (3) is

p(k+1)/ aZ(k“)/ 1

P _
Yk H o R 1,k+2,2k+3,...

n-2 k+1)j+1 (k+1)j
k+1 P az

yk+1H]0m n=2,k+3,2k+4,..

Ya={ (6)

k+1)j+k-2
n— k p(k+1)/+k -1 aZ( +1)j+ 1

Y- H] 0 azﬁk”)’*k T nm=k?2k+1,3k+2,..

I kll p(k+1)]+k az(gﬂ)ﬁ“ 1

Yo j=0 }’W ,1’l=k+1,2k+2,3k+3,...

Proof. Let y_i, Y_k+1, ..., y—1 and yo be real numbers such that a« = yoy—1..y_x # foranyn € N.

" ( ),
The solution of the linear nonhomogeneous difference equation (5) is

n
1
b =p" o= ) P, o= ———.
; Yoy-1---Y-k

If we set o = yoy—1...y—_, then we can write

o4
H}/nﬂl ”“—az P
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It follows that
Mg ynt _ p—a Xy’

Hf:o vy Pl-a Yrop

This implies that
n n=1_y
_ p—a ZV:O p
Yny1 = W—km/

from which we can write the form (6). O

Corollary 2.4. Assume thatp =1 and & = yoy-1...y_x # — for any n € N. Then the solution of equation (3) is

=
[

=L 1 (k+1)ja _
y_kabm ,n—l,k+2,2k+3,...

2 1-((k+)j+D)a _
y,k+1nkém ,n—2,k+3,2k+4,...

w=l )

nk g e
yog [T ik da ok 1,3k 4 2, ..

j=0 T-(@* Df+ha
n—k=1 _ ;
pr LK Ditha ) ok 42,3k + 3, ...

Yollico T—@mjirna

Proof. It is sufficient to note that, Y ;_op" = Zfzo(rl—])r =n+1whenp=1.
Using this fact, the solution form (6) reduced to the form (7) and the result follows. [

Corollary 2.5. Assume that p <1 and let {y,}> _, be a nontrivial solution of equation (3). If & = yoy-1...y— = 0,
then the solution {y,} >, is unbounded.

Example (1) Figure 1. shows that if {y,};> , is a solution of the equation

Yn-2

— = n5=01,...
0.5- YnYn-1Yn-2

Yny1 =

with initial conditions y—» =2, y-1 =0, yo = 1 (a = 0) where k = 2 and p = 0.5, then the solution {y,},7 ,is
unbounded.

4x10°
3><109} *
2><109:* *

1x10° | 1

Yn—2
0.5=ynYn-1Yn-2

Figure 1: The difference equation y,,1 =
We end this section with the discussion of the local stability of the equilibrium points of equation (3).
It is clear that the equilibrium point 7 = 0is always an equilibrium point of equation (3) and the nonzero
equilibrium points depend on whether k is even or odd.
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When k is odd, we have the nonzero equilibrium points i = + “y/p - 1if p > 1.
When k is even, we have the nonzero equilibrium point 7 = “\/p—1,p # 1.

Lemma 2.6. Assume that P(x) is the polynomial

k

Then the zeros of P(x) are of modulus one.

The following theorem describes the local behavior of the equilibrium points.

Theorem 2.7. The following statements are true.

1. The equilibrium point § = 0 is locally asymptotically stable if p > 1 and unstable if p < 1.
2. Ifkis even, then iy = “yJ/p — 1 is unstable if p > 1 and nonhyperbolic if p < 1.
3. Ifkis odd, then the equilibrium points i = + "\p — 1 are unstable equilibrium points.

Proof. The linearized equation associated with equation (3) about an equilibrium point i is

—k+1 k-1

Zp—i — O
]/k+1)2 — (P_ k+1)2

Zn+1
Its characteristic equation associated with this equation is
—k+1 k-1

k+ —
k+1) Zo (P ]/k+1)2 =0.

Therefore, (1) follows directly.
Equation (8) about a nonzero equilibrium point i is

k-1
Zns1 — (p — 1ZZ”’ PzZu-r =0 ,n=0,1,2,...
i=0

Also equation (9) becomes

k-1
/\k+1 _(p_l)z/\k—i -p= 0.
i=0

Let

fy= A= (p=1) ) A —p

We can see that

k
fA) = @A =p) Y A= @A =-pPO).
1=0

Ky x4 1

3270

©)

(10)

(11)

Then the roots of equation (11) are the zeros of f(A). Using lemma (2.6), we see that, the roots of equation (11) are p

and k other roots with modulus 1.
Therefore, (2) and (3) follow directly. O
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3. Global Behavior of Equation (3)

The solution of equation (3) can be written as

m Pk+1 -1 _ gy (k+1)j+i-2 pl
1=0 .
y(k+1)m+i = y_(k+1)+1 H (k+1)j+ (k+1)]+l 1 I ’ 1= 1/ 2/ /k + 1 and m = 0/ 1/ (12)
o PRt —ad p
But as
plke D=1 _ Z(k“ j+i=2 pl p(k+1)j+i—1y —u
(k+1)j+i (k+1)j+i-1 pl T plkeD where y=1-p+a.
pler —a ), o, Pt —a

We can write

m
Y+ Dym+i = Y-(k+1)+i Hﬁ,(]), i=1,2, ,k +1 and m=0,1,..
j=0

where - )
P( +1)j+i- [J o

Bi(j) =

k+1)]+1u —a’

Theorem 3.1. Assume that {y,}. , is a solution of equation (3) such that a # ( Ty foranyneN. Ifa=p-1,

L
then {y.} _, is a periodic solution with period k + 1.

Proof. It is sufficient to see that if @ = p — 1, then u = 0. Therefore,

(k+1)j+i-1,, _ a
a ] k+1.

Y+ ym+i = Y- (k+1)+z m =Y-(nsir =12,

Proposition 3.2. Assume that p < 1and let a # Z"L(l)f for any n € N. Then there exists jo € N such that B;(j) > 0
1=0

forall j > jo. p

Proof. We have three situations:

1. Ifa<p—-1<0,then0 < p—a < —a. Hence for each j € N,
pE Ol —a > u—a>0,i=1,2,..,k+1. Then
p(k+1)j+i_1y _

Bi(j) = m >0 forall j>0.
2. Ifp-1<a<0then0<—a<p-—a.

But -
p(k-%—l)]+1—1‘u —a

hmﬁ(])—hm =1

p(k+1)]+1‘u o

Then there exists jo € IN such that B;(j) > 0 for all j > jo.
3. Whenp —1 <0 < a, the situation is similar to that in (2).
In all cases there exists jo € IN such that B;(j) > 0 for all j > jo.

O

Theorem 3.3. Assume that {y,} _ is a solution of equation (3) such that a # p—1and a # Z,,L(U,for anyn € N.
= 1=0\p

Then the following statements are true.
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1. Ifp > 1, then {y,} _, converges to i = 0.
2. Ifp <land a # 0, then {y,}>_ is bounded.

Proof. Let {yx} _, be a solution of equation (3) such that o # L for anyn € N.

The condition o # p — 1 ensures that the solution {y,}> _ is not a (k + 1)-periodic solution.

1. Suppose that p > 1. It is clear that, as the equilibrium pomt 7 of equation (5) is repelling, every non-constant

solution of equation (5) approaches co or —oo according to the value of to=1.
We shall consider the following situations:

(@) Ifa= % < 0, then according to equation (5), we have
T v = % < 0, for each n € IN. Therefore,

| yr;—k | < | Yn—k |,
| p- Hi:o Yn—i | P

|yn+1|: nzolll"‘

(b) If0 < a = + < p—1, then according to equation (5), [Ty yu_i = —n — 0as n — oo. Then there exists
np € IN such that 0 < [T, yu_i < p — 1 for each n > ny. Therefore,
| Yn-k |

| Yni1 |= ——————— <[ yuk |, n=no.
k
| p- Hi:o Yn—i |

© Ifp-l1l<a-= % < p, then according to equation (5), there exists ng € N such that [Tty yu_i = % <0
for each n > ng. Therefore,

| Yn—k | | Yn—k |
| Yns1 |= < , N =ng.

| p =TT Yui | p

d) Ifa= % > p > 0, then according to equation (5), Hi’(:o Yn—i = tl < 0 for each n > 0. Therefore,

| ]/r;(—k | < | Yn—k |,
| p- Hi:o Yn—i | P

| Yps1 |= n=0,1,...
In all cases, y, — 0as n — oo.

2. Suppose that p < 1. Using proposition (3.2), there exists jo € IN such that Bi(j) > 0 for all j > jo. Hence for
eachi e (1,2,..., k+ 1}, we have for large m

Jo—1

Yikslym+i = Y—(kr1)+i H Bi()) = Y-(es1)+i H Bi(j) H Bi(7)

J=jo

Jo—1
= Y-t H Bi(j) exp(in H Bi()
J=Jo
Jo—1

= Y—(kr)+i H Bi(j) exp (Z In Bi(7))-

Jj=jo

It is sufficient to test the convergence of the series Y.72;, | In Bi(j) |-

But
Inﬁ(]+1) 0

im ———— .
e Ingi() 0
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Then

. d i
Ingi(j+1)  mnpi+1)
lim N T M — :
e InBi(j) e £(n ()
(p—1)(In p)(k+1)pEDG+D+#-1
(pE DG [ Z ) (pF DD )

m —
j—o0 (p=D)(n p)u(k+1)p*birit
(p(kﬂ)jﬂ'—l y—a)(p("*”f”y—a)

- pk+1 < 1

It follows from D" Alemberts’ test that the series ¥.;2; | InBi(j) | is convergent.
This ensures that the solution {y,}> _, is bounded.

Example (2) Figure 2. shows that if {y,}; , is the solution of the equation

Yn-—2

— T n=0,1,...
2- YnYn-1Yn-2

Yny1 =

with initial conditions y» =2, y.1 =1, yo=2(a#p—-land a # ﬁ for any n € N) where k = 2 and
1=

o'y
p = 2, then the solution {y,}’ _, converges to zero.

08} T
06 |
0 |
0z- ]
ool 1A, |
-02f \/ .
70.4; *

P S S S S B S B IR

0 10 20 30 40 50 60
Figure 2: The difference equation y,,.1 = Hﬂi’;ﬁ

We can observe in case p < 1 that, the behavior of the solution {y,}> , is totally different according to
whether a = 0 or a # 0. This is obvious in corollary (2.5) and theorem (3.3).

Theorem 3.4. Assume that p <1 and let {y,}> _, be a solution of equation (3) such that o # ﬁfor any n € N.
- 1=0\p

Then {y,})" _, converges to a (k + 1)-periodic solution {po, p1, ..., px} of equation (3) with pop1...pc =p — 1.

Proof. By theorem (3.3), there exist k + 1 real numbers p; € R such that
]11_)I£10 Yoesymei = i, 1€{0,1,..., Kk}

Ifwesetn=(k+1)m+i-1,i=0,1,... kin equation (3), we get

k — 1 .
Yt t)on-D+ L i=0,1,.,k and m=0,1,..

Y+ 1)ym+i = p
P = T1i—o Ykr1yim=1)+i-t+k
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By taking the limit as m — oo, we obtain

pi = b i=01,..k

p—- H;‘:o Pi-1+k

But from equation (5) we have Hfzo Yol = YnYn-1-Yn-k = tl

1

—p-lasn — oo

This implies that Hi‘(:o Yk ym+i = PopP1--Px =p —1asm — oo.
Therefore, {yn}>__, converges to the (k + 1)-periodic solution

{ p-1 p-1
«eos 0, P17 -+ Pk-1s P0P1Pk1 7 P0s P17 ++r Pk-1, POP1Ph1 P
O
Example (3) Figure 3. shows that if {y,};" , is the solution of the equation
Yn-3
= , n=0,1,...
yn+1 0.8 - ynyn—lyn—Zyn—S
with initial conditions y_3 =2,y =26, y-1 =02, yp =22 (a # Oand a # ﬁ for any n € N) where
=0\
k =3 and p = 0.8, then the solution {y,}> , is bounded.
Moreover, the solution {y,};” _, converges to 4-periodic solution.
oL ]
i ]
of ]
af ]
0 20 2 60 B
Figure 3: The difference equation y,,.1 = (Mm
4. Casep =1
We end this work with the discussion of the case p = 1.
If we set p = 1 in equation (12), we get
m
Yk+1)ym+i = Y—(k+1)+i H Cl(]), i=1,2,..,k+1 and m=0,1,.. (13)

j=0
where

1-a(k+1)j+i-1)
1-—a(k+1)j+1i) ’

Gi(j) =
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Proposition 4.1. Assume that p = 1 and let o # -5 for any n € N. Then there exists jo € N such that ((j) > 0
forall j > jo.

Proof. When a < 0, the result is obvious where C;(j) > 0 for each j € IN.
When a > 0, It is sufficient to see that,

1-a(k+1)j+i-1)
1-a(k+1)j+i)

lim ;(j) = Li
]—)DO
This implies that, there exists jo € IN such that C;(j) > 0 forall j > jo. O

Theorem 4.2. Assume that p = 1. Then any solution {y,}>_ of equation (3) with o # 0 and o # 5 foranyn € N
converges to zero.

Proof. Let {y,}> , be a solution of equation (3) such that o # i for any n € N.
The condition o # O ensures that the solution {y,},’ _, is not a (k + 1)-periodic solution.
Using proposition (4.1), there exists jo € IN such that Ci(j) > O for all j > jo. Hence for eachi € (1,2, ...,k + 1}, we
have for large m
jo=1

Yiertymri = Y—(ka1)4+i H Ci()) = Y-kr1)+i H Gi(j) H Gi(j)
<0

J=jo

Jo—1
e Hc )eXp(lnHC(])
j=jo
Jo—1
= Y_(k+1)+i H Ci(j)exp (Z In Ci(j))
j=0 j=o
Jo—1

= Y_(e+1)+i H Ci(j) exp ( Zln Gi (])

=

We shall show that Z] ohInz (].) = Z}X’jol % = oo, by considering the series Z}'i]-o m But as
I In(1-a(k+1)j+1))/Q-a((k+1)j+i-1)) ,
froos af/(-1+a((k+1)j +1) T
using the limit comparison test, we get 3.2, In = (j) = oo,
Therefore,
Jo—1
Yortymsi = Y-(k+1)+i H Ci(j)exp (= Z In —= )
j=0

converges to zero as m — oo. [
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