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On Zweier I-Convergent Double Sequence Spaces

Vakeel A. Khan?, Nazneen Khan?

?Department of Mathematics, Aligarh Muslim University, Aligarh-202002 (INDIA)

Abstract. In this article we introduce the Zweier I-convergent double sequence spaces ,Z', ,Z| and
»ZL,. We prove the decomposition theorem and study topological properties, algebraic properties and
some inclusion relations on these spaces.

1. Introduction

Let N, R and C be the sets of all natural, real and complex numbers respectively. We write
2w = {x = (x;j) : x;j € Ror C},

the space of all real or complex sequences.

Let £, c and ¢y denote the Banach spaces of bounded, convergent and null sequences respectively normed
by lxlleo = sup [xil.
k

At the initial stage the notion of I-convergence was introduced by Kostyrko,Salat and Wilczyriski[1]. Later

on it was studied by Salat, Tripathy and Ziman[2], Demirci [3] and many others. I-convergence is a gener-
alization of Statistical Convergence.

Now we have a list of some basic definitions used in the paper .

Definition 1.1. [4,5] Let X be a non empty set. Then a family of sets IC 2%(2X denoting the power set of X)
is said to be an ideal in X if

(Hoel

(ii) I is additive i.e A,Bel = A U Bel.

(iii) I is hereditary i.e A€l, BC A =BeL

An Ideal IC 2% is called non-trivial if I# 2X. A non-trivial ideal IC 2% is called admissible if {{x} : x € X} CI.
A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J#I containing I as a subset. For
each ideal I, there is a filter £(I) corresponding to L. i.e

£(I) ={KC N:K° eI}, where K=N-K
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Definition 1.2. A double sequence of complex numbers is defined as a function x: N XN — C. We
denote a double sequence as (x;;), where the two subscripts run through the sequence of natural numbers
independent of each other. A number a € C is called a double limit of a double sequence (x;;) if for every
€ > 0 there exists some N = N(¢) € N such that

(xij) —al <€, foralli,j > N (see[6,7,8])
Definition 1.3.[7] A double sequence (x;j) € 2w is said to be I-convergent to a number L if for every € > 0,
{i,je N:|xjj—LI>€} el
In this case we write I — lim x;; = L.

Definition 1.4.[7] A double sequence (x;;) € »w is said to be I-null if L = 0. In this case we write
I —-lim x,-]- =0.

Definition 1.5. [7] A double sequence (x;;) € 2w is said to be I-cauchy if for every € > 0 there exist numbers
m = m(e), n= n(e) such that
{i,jeIN: |x,'j — Xyun| = €} € L.

Definition 1.6.[7] A double sequence (x;;) € »w is said to be I-bounded if there exists M > 0 such that
{i,j €eIN: Ix,-]-I > M}

Definition 1.7.[7] A double sequence space E is said to be solid or normal if (x;;) € E implies (a;;x;;) € E for
all sequence of scalars («;;) with |a;;| < 1 for all i,j € N.

Definition 1.8.[7] A double sequence space E is said to be monotone if it contains the canonical preimages
of its stepspaces.

Definition 1.9.[7] A double sequence space E is said to be convergence free if (y;;) € E whenever (x;;) € E
and x;; = 0 implies y;; = 0.

Definition 1.10.[7] A double sequence space E is said to be a sequence algebra if
(xij.yij) € E whenever (xij), (yij) e E.

Definition 1.11.[7] A double sequence space E is said to be symmetric if (x;;) € E implies (xr(j) € E, where
7t is a permutation on N.

A sequence space A C w with linear topology is called a K-space provided each of maps p; — C defined
by pi(x) = x; is continuous for all i € N.

Let A and u be two sequence spaces and A = (a,) be an infinite matrix of real or complex numbers a,,
where 1,k € N. Then we say that A defines a matrix mapping from A to u, and we denote it by writing
A:Ad— .

If for every sequence x = (xi) € A the sequence Ax = {(Ax),}, the A transform of x is in p1, where

(Ax)y = Y aux,  (neN). )

k

By (A : u), we denote the class of matrices A such that A: A — p.

Thus, A € (A : p) if and only if series on the right side of (1) converges for each n € N and every x € A.
(see[9)).

The approach of constructing the new sequence spaces by means of the matrix domain of a particular
limitation method have been recently studied by Basar and Altay[10], Malkowsky[11], Ng and Lee[12] and
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Wang[13], Basar, Altay and Mursaleen[14]. For more information one can refer [15,16,17] Sengoniil[18]
defined the sequence y = (y;) which is frequently used as the Z? transform of the sequence x = (x;) i.e,

yi =pxi+ (1 =p)xi

where x_1 =0,p # 1,1 < p < o0 and Z denotes the matrix Z7 = (z;) defined by

p.(i=k),
Zik = 1_P1(1_1:k)/(1/k€N)/
0, otherwise.

Following Basar,and Altay [10], Sengoniil[18] introduced the Zweier sequence spaces Z and Zj as follows
Z={x=()ew: ZFxec}
Zo={x=() €ew:Z\x € cy}.

The following Lemmas will be used for establishing some results of this article.

Lemma 1.12. A sequence space E is solid implies that E is monotone.(See[19,20])
Lemma 1.13. Let K€ £(l) and M C N. If M ¢ I, then M N K ¢ 1.(See[19,20])
Lemma 1.14. If  c 2N and M C N. If M ¢ I, then M N K ¢ I.(See[21,22,23])

Main Results
In this article we introduce the following classes of sequence spaces.

2Z' ={x=(x;j) € 20:{(i,j) e NxN:1-1lim Z’x = L for some L}} € |
2Zy={x=(x;j) € 20 :{(i,)) ENXN:I-limZ’x=0}} €I
2Zh = f{x=(xij)) € 2w :{(i,j) € NX N :sup|ZFx| < oo}} €
ij
We also denote by

I I I 1
2y = 2ZuN 2 and amy = 2Z0N 227,

I

Theorem 2.1. The classes of sequences ,Z', »ZJ, gmlz and o,

are linear spaces.
0

Proof. We shall prove the result for the space 2 ZL
The proof for the other spaces will follow similarly.
Let (xi)), (yij) € »Z" and let a, B be scalars. Then

I —1lim|x;j — L] = 0, for some L; € C ;

I —=1lim|y;; — Ly| = 0, for some L, € C ;

That is for a given € > 0, we have

A1={(i,j)eNxN:|xij—L1|>g}el, (1)
AZ:{i,jeNxNzly,-j—L2|>g}el. )

we have
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(evxij + Byij) — (aLy + BLo)| < lal(|xij — Lal) + IBI(lyij — Lal)
< |xij = Lil + lyij — Lal.

Now, by (1) and (2),
{(i, ) € N XN : [(axij + Byij) — (aLy + BLo)| > €} C A1 U Ay.

Therefore (ax;; + Byij) € 2Z". Hence ,Z" is a linear space.
We state the following result without proof in view of Theorem 2.1.

I
Z

I

and 2fM,

Theorem 2.2. The spaces ,m , are normed linear spaces, normed by

llxijlle = sup |xijl. 3)
i)j

Theorem 2.3. A sequence x = (x;j) € zmIZ I-converges if and only if for every € > 0 there exists N. = (m,n) €
N x N such that
{(i,)) ENXN:|xij—xn| <€} € zmIZ 4)

Proof. Suppose that L = I — limx. Then
Be={(i,]) € N XN |y~ L| < 5} € omiy foralle > 0.
Fix an N¢ = (m, n) € Be. Then we have

€
|xNF—Xi]‘|S|XN€—L|+|L—XI']'|<§+ =€

€
2
which holds for all (i, j) € Be.

Hence {(i, j) € N X N : |xj; — x| < €} € om!

z

Conversely, suppose that {(i, /) € N X N : |x;; — xn.| < €} € om
That is

I
.
{(i, ) ENXN: g —xn,| <€} € amy
for all € > 0. Then the set
Ce ={(i,j) e NXN : x; € [xn, —€,xn, + €]} € om’, foralle > 0.

Let Jo = [xn. — €, xn. + €].

If we fix an € > 0 then we have C, € zmIZ as wellas C; € zmIZ.
Hence C.NCs € zm’Z.
This implies that
J=1J]eN Ig ¢
that is
{(i,)) ENXN:x; €]} € ymy
that is

diam] < diam]

where the diam of ] denotes the length of interval J.
In this way, by induction we get the sequence of closed intervals
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(k=1,2,34,......).
Then there exists a & € NI where (7, j) € N X N such that £ = — limx, thatis L = I — lim x.

Theorem 2.4. Let [ be an admissible ideal. Then the following are equivalent.

(a) (xij) € 2ZF;

(b) there exists (y;;) € »Z such that x;; = y;j, for a.a.k.r.l;

(c) there exists(yij) € »<Z and (z;j) € ZZB such that x;; = yij + z;; for all (7, j) € N X N and

{,j)) ENXN:ly;j— Ll >2€} €1
(d) there exists a subset K = {k; < ky....} of N such that K € £(I)
and lim |x,, — L| = 0.
Proof. (a) implies (b). Let (x;;) € »Z!. Then there exists L € C such that
{(,)ENXN:|xj—Ll>e}el

Let (m;, n¢) be an increasing sequence with (1, n;) € N X N such that

—_

G )) < (me,my) 2 xij— Ll = <} € L.

~

Define a sequence (y;j) as
yij = xij, forall (i, j) < (my, n1).

For (my, n;) < (i, j) < (mes1, 1) for teN.

xii, if |xii — L] < t_l,
yii = j j .
Y L, otherwise.

Then (y;;) € 2 and form the following inclusion
G ]) < (my,my) 2 xij # yifh SH{G7) < (my,my) 2 |xij — LI > €} € L.
We get x;; = y;j, for a.ak.r.l.

(b) implies (c). For (x;j) € »Z!, there exists (vij) € 2 such that x;; = y;j, for a.ak.rl.
Let K={(i,j) € NXN:x;; # yij}, thenK € L
Define a sequence (z;j) as

o= | iy G ) €K
v 0, otherwise.
Then Zij € ZZé and Yij [S 2Z.
(d)implies (d). Let P; = {(i, /) € N X N : |z;j| > €} €  and
K=P{ ={(i1, 1) < (i, j2) < ...} € £(D).
Then we have lim |x;, ;,) — L| = 0.
n—o0
(d) implies (a). Let K = {(i1, j1) < (i2, j2) < ...} € £(I) and lim |x(;, ;,) — L| = 0.
Then for any € > 0, and Lemma 1.17, we have

{(,)) ENXN:|x;—Ll > el SK UG, j) € K:|x;; — LI = ).
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Thus (x;) € ,Z".
Theorem 2.5. The inclusions »Z} € »Z' € »ZL hold and are proper.
Proof. Let (x;) € »Z!. Then there exists L € C such that

I—limlxl-]-—LI =0

We have |x;j| < 3lxi; — LI + 3[LI.
Taking the supremum over (i, j) on both sides we get (x;;) € 2 ZL.
The inclusion »Z} ¢ »Z"is obvious. The strict inclusion is also trivial.

I
Z

am’, = ,Z' N 2 Zw, and hence uniformly continuous.

Theorem 2.6. The function 71 : ,m-, — Ris the Lipschitz function,where

Proof. Letx,y € 2mIZ, x # y. Then the sets
Ay ={(,)) e NXN:|x;j —h(x)| = lx - yll.} € I,

Ay =1 j) e NXN :lyij —h(y)| = lIx — yll.} € L.

Thus the sets,
By ={(i,j) € NX N : |x;; = Ai(x)| < |lx — yll.} € £(I)

By ={(i, j) € N XN : |yij — h(y)l < llx — yll.} € £(I).

Hence also B = B, N By, € £(1), so that B # ¢.
Now taking (i,j) in B,

[7i(x) = A(y)l < 1(x) — xi5] + |xij = yijl + ly = B(y)] < 3llx = yll-.
Thus 7 is a Lipschitz function.
For 2mIZO the result can be proved similarly.
Theorem 2.7. If x, y € om’, then (x.y) € »m’, and fi(xy) = T(x)h(y).
Proof. Fore >0

By =1{(,j) e NXN:|x - hx)| < e} € £]),

B, ={(i,j) e NxN : |y - hi(y)| < €} € £(I).

Now,
ey~ BEAW)| = .y — xfi(y) + xh(y) ~ BEA()|
< Ixlly = A(y)l + 1A(y)llx — i(x)l ®)
As zmIZ C Z, there exists an M € R such that 7i|x| < M and |fi(y)| < M.
Using eqn(5) we get

lx.y = A(x)h(y)| < Me + Me = 2Me

For all (i, j) € By N B, € £(I).
Hence (v.y) € »m’, and fi(xy) = R()h(y).
For 2mIZO the result can be proved similarly.

Theorem 2.8. The spaces 2Zé and zmIZO are solid and monotone .
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Proof. We shall prove the result for ,Z}.
Let (x;j) € .Zé. Then
I- 11]1(’11 Ix,-jl =0 (6)

Let (a;j) be a sequence of scalars with |a;j| < 1 for all (i, j) € N X N. Then the result follows from (6) and the
following inequality

|Ckl']'xi]'| < Iaij||x,-]-| < |x1-]-| for all (i, ]) € NXN.

That the space »Zj is monotone follows from the Lemma 1.16.

For ZmIZo the result can be proved similarly.

Theorem 2.9. If I is not maximal, then the space »Z!is neither solid nor monotone.

Proof. Here we give a counter example. Let (x;;) = 1 for all (7, j) € N X N. Then (x;;) € 2Z.LetKC N XN
besuchthat K¢ [and N XN —-K ¢ I

Define the sequence

o) () i) K,
() _{ 0, otherwise.

Then (y;;) belongs to the canonical preimage of K-step space of ,Z' but (yij) ¢ 2Z".
Hence 2Z1 is not monotone.

Theorem 2.10. The spaces ,Z and ,Z| are sequence algebras.

Proof. We prove that ,Z] is a sequence algebra.

Let (xi), (vij) € 2Z{. Then
I-limlxj| =0 and I-lim]|y;j=0

Then we have I - lim |(x;;.y;j)| = 0. Thus (xij.yij) € 2Z},
Hence ,Z] is a sequence algebra.
For the space ,Z, the result can be proved similarly.

Theorem 2.11. The spaces ,Z" and ,Z] are not convergence free in general.

Proof. Here we give a counter example. Let I = ;. Consider the sequence (x;;) and (y;;) defined by
1 . .
Xij = ; and y;; =i.j forall (ij) e NXN

Then (x;j) € 2Z" and »,Z}, but (y;j) ¢ 2Z" and 2 Z}).
Hence the spaces ,Z" and ,Z] are not convergence free.

Theorem 2.12. If I is not maximal and I # If, then the spaces »Z'and ZZf) are not symmetric.
Proof. Let A € I be infinite. If

1, fori, jeA,
Xij = 0, otherwise.

Then Xij € 226 C ZZI
let Kc Nbesuchthat K¢ Jand N-K ¢ 1. Let¢: K — Aand ¢ : N - K — N — A be bijections, then the
map 71t : N — N defined by

_ | ¢k, forkeKk,
m(k) = { w(k), otherwise.
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is a permutation on N, but Xz ¢ Z' and Xy € 2Z,. Hence ,Z" and ,Z] are not symmetric.

I

Theorem 2.13. The sequence spaces ZZ[ and ,Z) are linearly isomorphic to the spaces »c’ and c]

respectively, i.e 2 Z' = >c'and 2 Z) = o],

Proof. We shall prove the result for the space ,Z' and »c!. The proof for the other spaces will follow

similarly. We need to show that there exists a linear bijection between the spaces »Z' and ¢!. Define a map
T: ,Z' — ' such thatx —» x' = Tx

T(xij) = pxij + (1 = p)xi-1)j- 1>—x

where x_1 =0,p # 1,1 < p < co. Clearly T is linear. Further, it is trivial that x = 0 = (0,0,0, ......) whenever
Tx = 0 and hence injective. Let x;.]. € ! and define the sequence x = x;; by

i
xj=M Z Z(_1)(i—r)(j—s)N(i—r)(j—S) X,
r=0 s=0

for (i, j) € N X N and where M = % and N = 1;7'?. Then we have

(lljlm pxij + (1 = p)xotyj-1) = =7, hm MZZ NG EOINCl s)x
r=0 s=0

i-1 j-1
+(1-p) lim M (-)EIINEIG )
(@rj) =0 r=0 s=0

=1(j-1)

= lim x
(i)j)—o0 "I

which shows that x € ,Z'. Hence T is a linear bijection. Also we have |[x]|. = ||ZFx]|,
Therefore

lxll. = sup |pxij + (1 = p)xgi-1y-1)|
(i,j))eNxXN

= sup |7“MZ4 2( 1)=NG=5) N s)x

(L,j)ENXN r=0 s=0
i-1 j-1
+ (1 _ P)M ( 1 1—r)(]—1—S)N(z—1—r)(]—1—s)x(i_1)(j_1)
r=0 s=0
= sup Ix,]l = [l |] -
(i,))ENXN

Hence ,Z% = !
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