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Abstract. Motivated by the extensive works of W.-S. Cheung [Linear Multilinear Algebra, 51 (2003), 299-
310] and X.F. Qi [Acta Math. Sinica, English Series, 29 (2013), 1007-1018], we present the structure of Lie
higher derivations on a triangular algebra explicitly. We then study those conditions under which a Lie
higher derivation on a triangular algebra is proper. Our approach provides a direct proof for some known
results concerning to the properness of Lie higher derivations on triangular algebras.

1. Introduction

Suppose that U is an associative algebra over a commutative unital ring. Let [x, y] = xy — yx denote
the commutator of x, y € A, and let IN denote the set of non-negative integers. A sequence £ = {£,},en of
linear mappings on A (with Ly = idy) is said to be

e a higher derivation if for each n € IN,

Lilxy) = )LL) (xye); (1.1)

i+j=n
e a Lie higher derivation if for each n € IN,

Loy = Y L0, L] (ye). (1.2)

i+j=n

For a standard example of a (Lie) higher derivation, one may consider £ = {%}ngN, where L : A — A is
a (Lie) derivation. These kinds of (Lie) higher derivations are called ordinary (Lie) higher derivations. It
is obvious that if {£,},en is a (Lie) higher derivation then £; is a (Lie) derivation. Further, every higher
derivation is clearly a Lie higher derivation, however the converse is not true, in general.

If 2 = {Dy}nen is a higher derivation and .% = {f,}sen is a sequence of linear maps from A to Z(2), the
center of U, then & + .7 is a Lie higher derivation if and only if f, annihilates all commutators [x, y] for all
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n € N and x, y € U. Lie higher derivations of the above form are called proper. The fundamental question
in the realm of Lie higher derivations is that under what conditions a Lie higher derivation on an algebra
is proper. Many authors have studied the question for various algebras; see for example [4-6, 8-14] and
references therein.

One of the most studied algebra in this context is the triangular algebra U = Tri(«/, .#, %), which
was first introduced by Chase [1]. Let &/ and % be unital algebras and .# be a left o/-module and right
Z-module, then

a m

Tri(et, M, B) :{( K

): aeﬂ,mEJ/{,bE%’}

isan algebra under the usual matrix operations, whichis called a triangular algebra. Upper triangular matrix
algebras, block upper triangular matrix algebras and nest algebras are standard examples of triangular
algebras. Many properties of some mappings, such as automorphisms, derivations, Lie derivations and
commuting mappings on a triangular algebra are explored in Cheung’s dissertation [2]. Wei and Xiao [12]
have examined innerness of higher derivations on triangular algebras. They have also discussed Jordan
higher derivations and nonlinear Lie higher derivations on a triangular algebra in [13] and [14], respectively.
Qi and Hou [11] showed that each Lie higher derivation on a nest algebra is proper. Li and Shen [5] and
also Qi [10] have extended the main result of [11] for a triangular algebra by providing some sufficient
conditions under which a Lie higher derivation on a triangular algebra is proper.

In this paper we characterize the construction of Lie higher derivations on a triangular algebra . In
this respect, we give the “higher” version of the constructions given by Cheung [3]. Then we study those
conditions under which a Lie higher derivation on U is proper. In the first section our constructions are for
a general A = Tri(o/, #, %) without no restriction on .#. In the second section we have focused on the
case when ./ is faithful. We then apply our characterizations for recapturing the main results of [5], [10]
and also [14].

2. The General Case

For a triangular algebra U = Tri(«7, #, ) it can be readily verified that
ZA) ={adb= ( 4 2 )Ia € Z(),b e Z(B), am =mb forallm € A}. (2.1)

It follows that 7t/ (Z(N)) C Z(<7) and ntxk(Z(N)) C Z(H), where iy : W — o and g : A — A are the
natural projections defined by m, : ? 7;: > aand ng : (11 ’Zl) > b, respectively. We also usually

identify a € ./ with a ® 0 € 2. Similar identifications can be made for the other entries by b — 0@ b and
0 m

0

We begin with the following result that describes the construction of a Lie higher derivation on A =
Tri(o, M , B).

m=

Theorem 2.1. Let L = {L,},en be a sequence of linear maps on N = Tri(<f, 4, AB). Then L is a Lie higher derivation
if and only if, L, can be presented in the form

r ( @ m ) _{ Po@ F1a®) Eijoon (i@ + i®))m; — m(qi(b) + 1)) + Su(m)
n b Gu(b) + I (a)
where {mj}jen C A, and for eachn € N, hy, : o — Z(B), hy : B — Z(), Sy : M —> M are linear maps
satisfying:
(1) {pulnen, {gulnen are Lie higher derivations on <7, %, respectively,
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(2) hyla,a’]l =0and h,[b,b'] =0 foralla,a’ € o/,b, b’ € B, and

(3) Sulam) = Yy iy (pi@)Sj(m) — Si(m)l(a)) and S,(mb) = L., -, (Si(m)gi(b) — hi(b))S;(m)), for all a € <7, b €
B,me M.

Proof. We proceed the proof by induction on 7. The case nn = 1 follows from Cheung’s result [3, Proposition
4]. Suppose that the conclusion is true for any integer less than n. Then £, has the presentation

@ m [ pu@) 4 ha®) +Kalm)  1aa) = r(B) + Sulm)
Lﬂ( b)—( 9a0) + I, (@) + Koy |7 @€ A0 €S me M),

in which the maps appeared in the entries are linear. As for eachn € N,a € &7,

o
|

L,[(@®0),(180)]
Y [£ia®0), £i(180)]

i+j=n
pn(a) r4(a) 1 0 a 0 pn(1)  1,(1)
ma@ )\ o )|\ o) I, (1)

pi(a) am; pi1) m;
DM (e Ay

i+j=n,i,j#n

Lisjonlpi@), D] =7a(@) + a1u(1) + Loy o PilOM; = i1 (@)
L isjoallt (@), ()] '

It follows that r,(a) = Yy e (Pi(@)m; — mh(@)).
For each n € .# we have k, = 0and k|, = 0, as

kn,(m) Sn(m) 0
( k:xm)) - "1( )

Il
&
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Since for eachn € N,a,a’ € &,

)] = D0
= L(a®0,a ®0)])
= [£.(@®0),d ®0]+[a®0, L@ ®0)] + Z [£i(a®0), Li(@" ®0)]

i+j=n,i,j#n

pn(a) * a 0 a 0 pu(@’) *
o w@)\lo of[fllo o)\ o we

pl@  « ) [(pi@) s
LA U i)

i+j=n,i,j#n

_ an+]:n[pl(a)/pj(bZ )] *
- 0 Litjmnijenl (@), @] ]|

By the hypothesis of induction, }., i ; iz /] (a),h}(a’)] = 0, therefore h;[a,a’] = Oand pyla,a’] = L. j—lpi(a), pj(@’)].
Since foreachn e N,a e &/, m e 4,

3

(76 ) e s
=58

Il
OO OO o

(O S o) =" 5 )
LIl e (M)

(@) )]
LRI CRR

i+j=n,i,j#n
LY [( Pia)  Lsrrmisui(ps(@)me — mihi(a)) )(8

o3

[( Pn(a) Zz+] nl#n(pl(a)m] m]h:(a)) ) ( 0
I 0
h(a)

[92)
o=
3
N
N—
.

i+j=n,i,j#n

*

( * Livjen jen(Pi@)Sj(m) = Si(m)hi(a)) + aS,(m) )
0 ,

we have

Sulam) = Y (pi@S;(m) - S(m)h}(a)).

i+j=n
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From [(a®0),(0®D)] =0, we get

0 = Lil@e0),0sb)]

_ Pn(a) * 00 a 0 h,,(b) *
- n.(a) |’ b 0) qn(b)

p@) + ) (BB
* ) [( h:<a>)'(] 7,0) )]

i+j=n,i,j#n

ahy(b) — iy (b)a .
I a)b ~ bl (a) |

+

Again by the hypothesis, }; +j=nij2nlPi(@), hi(b)] =0and };, j:n/i,]-#n[hl’, (a),q;(b)] = 0 which imply [a, h,,(b)] = 0
and [h;,(a),b] = 0 for alla € o/, b € #. Thus we have h)(</) € Z(#) and h,(#B) € Z(</), as required.
Similarly for each b € #,n € N, r,,(b) = ¥, +j=n,izn(hi(b)m; — m;q;(b)). By a similar way one can prove the
required assertions for . [

In the next result we present the construction of a higher derivation on U = Tri(«7, .#, ).

Theorem 2.2. Let {Z,}nen be a sequence of linear maps on W = Tri(oZ, M , B). Then { Dy}nen is a higher derivation
if and only if 9, can be written as

@(aﬂﬁ:(m@ Eﬁmm@@%‘%ﬁw+%ww
! b qn(b)

where {mj}jen C ., and for eachn € N, p, : o — o, q,: B —> B, Sy : M — M are linear maps satisfying:
(1) {pnlneN, {gnlnen are higher derivations on <7, %8, respectively, and
(2) Sulam) = Y. j—y pi(@)Sj(m) and S, (mb) = }.j,i—, Sj(m)pi(b), for alla € <7/ ,b € B,m € M.

Proof. As every higher derivations is a Lie higher derivation, £, has the presentation as in Theorem 2.1.
Following the proof of Theorem 2.1, that {p,},en is a higher derivation follows from the fact that for every
a,a € ,(a®0)a ®0) = (aa’ ®0). Further, the equality (2 ® 0)(1 ®0) = (2 ® 0), implies that i, = 0. A similar
argument prove that {g,},en is a higher derivation and &, = 0, as required. [

We are ready to present the main result of the paper which gives a necessary and sufficient condition for
properness of a Lie higher derivation on A = Tri(«/, .#, %).

Theorem 2.3. A Lie higher derivation L = {L,}pen on W = Tri(e/, A, B) with the presentation (as given in
Theorem 2.1)

&(”W)ZVWWWM)Zwmm@@+MmW_W@®+mm+%Ww
b Qn(b) + hy,(a)

is proper if and only if there exist two sequences {l,}nen : & — Z(7) and {I}}nen : B —> Z(B) of linear maps
such that

(1) {pn — Linen and {q, — I }ueN are higher derivations on </ and 98, respectively,
(2) Iy([a,a’) =0and I;([b,V']) =0 foralln e N,a,a’ € </,b, b’ € B, and

(3) lu(a)ym = mh)(a) and h,(bym = ml,(b), foralln e N,ae o/, be B,me .
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Proof. To prove “if” part, if we set

2 ( a m ):( pu(@) = 1n(@)  Liyjonion ((Pi(ﬂ) = li(a))m; — m;(qi(b) —lf(b))) + S,(m) )
! b qn(b) = L, (b) '

and

a m\ [ L(a)+h,D) 0
I L)+ @ |

Theorem 2.2 confirms that Z = {Z,}sen is a higher derivation and a direct verification reveals that .# =
{fulnen satisfies the required properties. Clearly £ = Z + %, so L is proper.

For the converse, suppose that L is properi.e. L = & + .# for some sequence of center valued mapping
F = {fulnen : W — Z(A) that vanishing at commutators, and a higher derivation 2 : A — A. According
to (2.1), we may assume that

a m\ _ [ L(a)+ k(D) 0
ful o )F 0 K@) +I0) |

By Theorem 2.2, & can be written as

@(a m)z(p,;w) ziﬂ-:n,#n(p;(a)mj—m;q;<b>)+sn<m>).
b g, ()

Now, from Theorem 2.1 we have p,(a) + h,(b) = p;(a) + I,(a) + k, (), for alla € o7, b € 8 and n € IN. Set
a = 0 in the last equation hence h,(b) = k, (), again set b = 0, thus p,(a) — I,(a) = p;,(a), i.e {pn — In}ren is a
higher derivation on .« That I,([a,4a’]) = 0, l,(a)m = mh;,(a) follows from the properties of Z(2). The other
statements can be derived similarly. O

With the notation as in Theorem 2.1, suppose that {p, = p;, + I, }nen, where {p;, }nen is a higher derivation on
o/ and {I}peN : @ — Z(47) annihilates the commutators. Mimic the methods of Cheung [3], we define a
powerful subset V., of &/ by

Vo= ﬂ{a € o ¢ L(a)m = mh(a) forall m € .4).

nelN

With some modifications in the proof of [3, Proposition 10], using an induction process, it can be shown that
V. is a subalgebra of &/ containing all commutators and idempotents. For more details on the properties
of V. and its relation to what was introduced by Cheung [3] see [7].

It can also be readily verified that

Ver [ |la € o 11 (a) € ma(ZQO)). 2.2)
nelN

We denote by ‘W, the smallest subalgebra of </ contains all commutators and idempotents. Trivially
W €V and if W,y = o7 then for each n € N, h,(#7) C ng(Z(N)), consequently mg(L(e)) C na(Z(N)).

As an immediate consequence of the above theorem, we have the next corollary providing some neces-
sary conditions for the properness of Lie higher derivations on U = Tri(«/, #, %).

Corollary 2.4. Let L = {L,},en be a Lie higher derivation on A = Tri(</, ., B) and {p,}nen and (g, }nen as given
in Theorem 2.1. If L is proper then

(i) The Lie higher derivations {p,}nen and {qn}nen are proper on <f , 9B, respectively.
(i) Vo = and Vg = 8.
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As another consequence of Theorem 2.1 we have the next result providing some sufficient conditions
for a Lie higher derivation on A = Tri(«7, .#, #) to be proper.

Corollary 2.5. Every Lie higher derivation on W = Tri(<f, # , B) is proper if the following conditions are satisfied:
(i) Every Lie higher derivation on </ and 9 are proper.
(ii) (WQ{ = o and (ng =A.

In [3, Example 8] Cheung presented an improper Lie derivation L on certain triangular algebra A =
Tri(e/, 4, %) such that &/ and % do not have improper Lie derivations. It induces the ordinary Lie higher
derivation £ = {£},en on A which is clearly improper. By the above corollary we should have either
Wy + o or Wy + A.

3. The Case Where ./ is Faithful

In this section we focus on the case when .# is a faithful (<7, )-module, i.e. .# is both a faithful
left o/ —module and a faithful right —module. Similar to what was explored by Cheung, [2, 3], for (Lie)
derivations on U = Tri(.«7, .#, %), we show that the faithfulness of .# also provides some simplifications for
the structures of (Lie) higher derivations. The proposed simplifications in the construction of (Lie) higher
derivations are basically come from a unique algebra isomorphism 7 : mz(Z(N)) — 7 (Z(N)) satisfying
am = mt~(a), for all m € .#,a € o/, whose existence guaranteed by Cheung [3, Proposition 3].

In this case, for example, the center Z(2) of A (see (2.1)) can be simplified as

ZM) = {a®blam = mb forallm e #}.

It also follows that if ./ is faithful then by setting I, = 7 o h;,,n € IN, as h;, annihilates the commutators, I,
behaves the same and these imply that the equality holds in (2.2), i.e.

Vo = [ Yla€ o : h,(a) € ma(ZQA)). 3.1)
nelN

In particular, if ./ is faithful then ‘W, = &7 if and only if m2(L(%)) C ne(Z(Q)).

The faithfulness of .# also brings some simplifications in Theorems 2.1, 2.2, 2.3. It can be verified that
in this case, the condition (2) in Theorem 2.1 is superfluous, as it can be derived from (1), (3). Similarly, (1)
in Theorem 2.2 can be derived from (2).

In Theorem 2.3 the conditions (1) and (2) can also be dropped and, by the above discussions, (3) is
equivalent to saying that 7., (L(%#)) C 1y (Z(N)) and 1tz(L()) C na(Z(A)). We thus restate the faithful
version of Theorem 2.3 as follows (see also Corollary 2.4).

Corollary 3.1. Let L = {L,}nen be a Lie higher derivation on W = Tri(</, M, B). If A is faithful then the following
assertions are equivalent:

(a) Lis proper.
(b) ma(L(o)) € na(Z() and 1o (L(B)) € T (Z(N)).
(C) (Wd = QfﬂﬂdW@ = A.

As a rapid consequence, we derive the next result from Li and Shen [5] which was proved by a different
method. It also is an extension of [14, Theorem 2.1] and [10, Theorem 2.1].

Corollary 3.2 ([5, Theorem 3.1]). Let A = Tri(/, #, %) be a triangular algebra with faithful .4 such that
2() = 17 (Z(N)) and Z(B) = 1(Z(N)). Then every Lie higher derivation on W is proper.

Proof. It is obvious that for every Lie higher derivation £ on U, nz(L(%7)) C Z(A) and 1 (L(B)) C Z().
As Z(47) = 117 (Z(N)) and Z(H) = nz(Z(N)), the conclusion follows from Corollary 3.1. O



F. Moafian, H.R. Ebrahimi Vishki / Filomat 30:12 (2016), 3187-3194 3194

One may collect the assertions of the Corollaries 2.5, 3.1 and 3.2 to arrive the next result which is the “higher”
version of a nice result of Cheung, [3, Theorem 11].

Theorem 3.3. A Lie higher derivation on W = Tri(</, M, PB) is proper if the following two conditions hold:

(@) Z(#) = nz(Z(W)) and A is faithful left o -module, or of = W oy and A is faithful left </ -module, or every

Lie higher derivation of </ is proper and o/ = W .

(b) Z(F) = 1ty (Z(N)) and A is faithful right %B-module, or % = W 5 and 4 is faithful right %8-module, or

every Lie higher derivation of 2 is proper and 8 = W .

In [3] Cheung has applied his results for some classic triangular algebras, such as upper triangular

matrix algebras, block upper triangular matrix algebras and nest algebras. Based on the Corollaries 2.5, 3.1,

3.2,

in the most cases the “higher” versions of Cheung’s results on some classical triangular algebras are

hold, however we omit the similar results here.
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