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Abstract. In this paper, we introduce the notions of a-F-contractions, by combining the notions of a-y-
contraction and F-contraction. Using our new notions we obtain some fixed point theorems for multivalued
mappings. As an application we establish an existence theorem for integral equations. An example is also
constructed to show an importance of our results.

1. Introduction

Recently, Wardowski [1] introduced a new family of mappings so called F or & family. Using the
mappings from § family he introduced a new contraction condition called F-contraction. This F-contraction
nicely generalize the most famous contraction condition, that is, Banach contraction condition. Several
researcher working in the metric fixed point theory tried or trying to introduce a contraction condition
which generalize Banach contraction condition, see for example [2-40]. Semat et al. [2] succeeded to
generalized Banach contraction condition by introducing a-y-contraction. Many authors appreciate these
two condition conditions which can be seen in [4-19]. In this paper, we combine these two ideas to introduce
some new contraction conditions for multivalued mappings and corresponding fixed point theorem. We
also show that many new results in different setting can be obtained from our results. As an application
of our result we establish an existence theorem for integral equations. For completeness we recollect some
basic results and definitions.

Let (X, d) be metric space. We denote by CB(X) the class of all nonempty bounded and closed subsets of
X. The Hausdorff-Pompeu metric that is,

H(A, B) = max { sup d(a, B), sup d(b, A)}, where A, B € CB(X).
acA beB

For subsets A and B of a partially ordered metric space X, we say that A <, B, if for eacha € Aand b € B,
we have a < b. Wardowski [1] introduced following definition.

Definition 1.1. Let & be the class of all functions F : (0, c0) — R satisfying the following three assumptions:

(F1) F is strictly increasing, that is, for each ay,a, € (0, 00) with a1 < ap, we have F(a1) < F(a).

2010 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.

Keywords. a-admissible mappings, a.-admissible mappings, F-contractions.

Received: 27 October 2014; Accepted: 01 November 2015

Communicated by Naseer Shahzad

Email addresses: muh_usman_ali@yahoo.com (Muhammad Usman Ali ), tayyabkamran@gmail.com (Tayyab Kamran)



M. U. Ali, T. Kamran / Filomat 30:14 (2016), 3779-3793 3780

(F2) For each sequence {d,} of positive real numbers we have lim,_,. d, = 0 if and only if lim,,_, F(d,) = —oo.
(F3) There exists k € (0, 1) such that limy_,o- dF(d) = 0.
Following are some examples of such functions.
e F, =Inx for each x € (0, ).
e F, =x+Inx for each x € (0, 00).

o F. = —\/% for each x € (0, o).

Secelean [3] showed that condition (F;) can be replaced by one of following condition which are equiv-
alent to (F;) but easy to handle.

(Fp) inf F = —c0
or

(Fap) there exists a sequence {d,} of positive numbers such that lim,,_,« F(d,) = —co.
Secelean concluded it on the bases of following lemma.

Lemma 1.2. [3] Let F : (0, 00) — IR be an increasing mapping and {d,} be a sequence of positive real numbers. Then
the following condition holds.

(i) if limy,—,00 F(b,) = —o0, then limy, . b, = 0.
(ii) if inf F = —oo and limy,, D, = 0, then lim,_,o F(d,) = —c0.
Wardowski [1] introduced F-contraction and corresponding fixed point theorem as.

Definition 1.3. [1] Let (X, d) be a metric space. A mapping T : X — X is F-contraction if there exist F € §& and
T > 0 such that for each x,y € X with d(Tx, Ty) > 0, we have

T+ F(d(Tx, Ty)) < F(d(x, y)).

Remark 1.4. [1] Note that if T is F,-contraction, then it is also Banach contraction. But it is not a case with
Fy-contraction.

Theorem 1.5. [1] Let (X, d) be a complete metric space and let T : X — X be an F-contraction. Then T has a unique
fixed point.

Minak et al. [5] introduced following result.

Theorem 1.6. [5] Let (X, d) be a complete metric space and let T : X — X. Assume that there exists F € Fand t > 0
such that

T+ Fd(Tx, Ty)) <F (max {d(x, y),d(x, Tx),d(y, Ty), 4, Ty) er 4y, T2) }) ,

for each x,y € X with d(Tx, Ty) > 0. If T or F is continuous, then T has a unique fixed point.
Sgroi and Vetro [6] introduced following theorem.

Theorem 1.7. [6] Let (X, d) be a complete metric space and let T : X — CB(X). Assume that there exists F € & and
T > 0 such that

2t 4+ F(H(Tx, Ty)) < F(a1d(x, y) + axd(x, Tx) + azd(y, Ty) + asd(x, Ty) + Ld(y, Tx)), (1)

for each x,y € X with Tx # Ty, where ay,a,a3,a4,L > 0 satisfying a1 +a + a3 +2a4 = 1and az # 1. Then T has a
fixed point.



M. U. Ali, T. Kamran / Filomat 30:14 (2016), 3779-3793 3781
2. Main Results

We start this section by slightly modifying the definitions given in [11] and [12].

Definition 2.1. Let a : X X X — [0, 00) be a function. A mapping T : X — CB(X) is strictly a-admissible if for
each x € X and y € Tx such that a(x, y) > 1, we have a(y,z) > 1 for each z € Ty.

Definition 2.2. Let a : XX X — [0, 00) be a function. A mapping T : X — CB(X) is strictly a.-admissible mapping
if for each x, y € X with a(x, y) > 1, we have a.(Tx, Ty) > 1, where a.(Tx, Ty) = infla(u,v) : u € Tx and v € Ty}.

Remark 2.3. Note that if a mapping T : X — CB(X) is strictly a.-admissible, then it is strictly a-admissible.
Converse is not true in general.

Example 2.4. Let X = [-1,1]. Define T : X — CB(X) by
{0,1} ifx=-1

Tx={{1} ifx=0
{=x} ifx ¢ {-1,0}

and o : X X X — [0, 00) by
0 ifx=
ax,y) = {2 f Y
ifx+y.
Following the details of [13, Example 1], it is straight forward to see that T is strictly a-admissible but not av.-admissible.

Definition 2.5. Let (X, d) be a metric space and a : X X X — [0, 00) be a function. A mapping T : X — CB(X) is
a-F-contraction of Hardy-Rogers-type, if there exist F € & and T > 0 such that

T+ Fa(x, y)H(Tx, Ty)) < F(N(x, y)), 2
for each x,y € X, whenever min{a(x, y)H(Tx, Ty), N(x,y)} > 0, where

N(x,y) = md(x, y) + axd(x, Tx) + azd(y, Ty) + asd(x, Ty) + Ld(y, Tx),
with ay,a;,a3,as, L > 0 satisfying a1 + ap + az + 2a, = L and as # 1.

Theorem 2.6. Let (X, d) be a complete metric space and T : X — CB(X) be an a-F-contraction of Hardy-Rogers-type
satisfying the following conditions:

(i) T is strictly a-admissible mapping;
(ii) there exist xy € X and x1 € Txg with a(xg, x1) > 1;

(iii) for any sequence {x,} C X such that x, — xasn — co and a(xy, X,+1) > 1 for each n € IN, we have a(x,, x) > 1
foreachn € IN.

Then T has a fixed point.

Proof. By hypothesis (ii), there exist xo € X and x; € Txg with a(xg,x1) > 1. If x; € Txy, then x; is a fixed
point of T. Let x1 ¢ Tx;. As a(xg,x1) > 1, there exists x, € Tx; such that

d(xll x2) < (X(XO, xl)H(Tx0/ Txl)' (3)
Since F is strictly increasing, we have

F(d(x1, x2)) < F(a(xo, x1)H(Txo, Tx1)). (4)
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From (2), we have

T+ F(d(X1, Xz))

IN

T+ P((X(X(), xl)H(TxO/ Txl))
F(ﬂld(x(), x1) + axd(xo, Txo) + azd(x1, Tx1) + asd(xo, Tx1) + Ld(xq, Txo))

IA

IA

F(ﬂld(XO, xl) + azd(XQ, xl) + ﬂ3d(3€1,X2) + ﬂ4d(X0, XZ) + LO)

IN

F(ald(xo, x1) + axd(xo, x1) + asd(xq, x2) + as(d(xo, x1) + d(x1, xz)))
= F((ﬂl +ap + az)d(xo, x1) + (a3 + a4)d(x1,x2)). 6)

Since F is strictly increasing, we get from above that

d(x1, x2) < (a1 + az + ag)d(xo, x1) + (a3 + as)d(x1, x2).
That is,

(1 — a3 — as)d(xy, x2) < (a1 + az + ag)d(xo, x1).
As ay + ap +az + 2a4 = 1, thus we have

d(x1,x2) < d(xo, x1).
Now, from (5), we have

T + F(d(x1, x2)) < F(d(x0, x1)).

If x, € Txy, then x; is a fixed point of T. Let x, ¢ Tx,. Since, T is strictly a-admissible, we have a(x1, x2) > 1.
There exists x3 € Tx, such that

d(xz,x3) < axq, x2)H(Tx1, Txp). (6)
Since, F is strictly increasing, we have
F(d(xy,x3)) < F(a(x1, x2)H(Tx1, Txy)). (7)

From (2), we have

T+ F(d(x2, X3))

IA

T + F(a(x1, x2)H(Tx1, Tx2))
F(a1d(x1, xz) + azd(xl, Txl) + agd(xz, TXZ) + a4d(x1, TXZ) + Ld(xz, TX1))

IA

IN

F(uld(xl, xz) + ﬂzd(xl,XQ) + 613(1(362, X3) + a4d(x1, X3) + L.O)

IA

F(lhd(xl, X2) + a2d(x1, X2) + a3d(xz, X3) + as(d(x1, x2) + d(x2, xa)))
= F(@ +a +ag)d(x1, x2) + (a3 + a5)d(x2, 33)). ®)
Since F is strictly increasing, we get from above that
d(x2,x3) < (a1 + az + ag)d(x1, x2) + (a3 + ag)d(x2, x3).
That is,
(1 —as —ag)d(x2, x3) < (a1 + a2 + as)d(x1, x2).
As ay + ap +az + 2a4 = 1, thus we have

d(xa, x3) < d(x1,x2).
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Now from (8), we have

T+ F(d(x2, x3)) < F(d(x1, x2)).
So we have

F(d(x2,x3)) < F(d(x1,x2)) — T < F(d(xo, x1)) = 27.
Continuing in the same way, we get a sequence {x,} C X such that

Xn € Txy—1, xp-1 # X, and a(x,-1,x,) > 1 for each n € IN.
Furthermore,

F(d(xy,, x,11)) < F(d(xg,x1)) — nt for each n € IN. )

Letting n — coin (9), we getlim,, oo F(d(xyy, Xn41)) = —c0. Thus, by property (Fz), we have limy, e d(Xy, X44+1) =
0. Let d, = d(x,,, x,+1) for each n € IN. From (F3) there exists k € (0, 1) such that

lim d*F(d,) = 0.

n—o0

From (9) we have
dﬁF(dn) - dﬁF(do) < —d’,‘,n’[ < 0 for each n € IN. (10)
Letting n — oo in (10), we get

lim nd* = 0. (11)

n—o0

This implies that there exists n; € IN such that nd < 1 for each n > ny. Thus, we have

dy <

1
< —5, foreachn >mn. (12)
nt/k

To prove that {x,} is a Cauchy sequence. Consider m,n € IN with m > n > n;. By using the triangular
inequality and (12), we have

m—1 oo )

1
A0, %) < A, Xy1) + At Xna) + o+ Ay, ) = Y di S Y di < )

i=n i=n i=n

Since Y2, ﬂ% is convergent series. Thus, lim,,_,« d(X,, x;,) = 0. Which implies that {x,} is a Cauchy sequence.
As (X, d) is complete, there exists x* € X such that x,, — x* as n — oco. By condition (iii), we have a(x,, x*) > 1
for each n € IN. We claim that d(x*, Tx") = 0. On contrary suppose that d(x*, Tx*) > 0, there exists ny € IN
such that d(x,, Tx*) > 0 for each n > ny. For each n > ny, we have

d(x*, Tx") A(x*, xp+1) + d(xp41, TxY)

<
< d(X*/ x71+1) + Of(xn, x*)H(Tler Tx*)
<

d(x", xXns1) + a1d(Xn, X7) + a2d(xp, Xn41) + azd(x", TXT) + agd(xy, TxXY) + Ld(x7, Xp11).- (13)

Letting n — oo in (13), we have
d(x, Tx") < (az + ag)d(x*, Tx*) < d(x*, Tx").

Which is a contradiction. Thus d(x*, Tx*) =0. O
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Example 2.7. Let X = IN U {0} be endowed with the usual metric d(x,y) = |x — y| for each x,y € X. Define
T:X — CB(X) by

_J{0,1} ifx=0,1
Tx_{{x—l,x} ifx>1

and o : X X X — [0, 00) by

ifx,y €{0,1}
ifx,y>1
otherwise.

a(x,y) =

S = N

Tnke F(x) = x + Inx for each x € (0, 00). Under this F, condition (2) reduces to

a(x, y)H(Tx, Ty) .

a(x,y)H(Tx,Ty)-N(x,y) < e T (14)
N(x,v)

for each x,y € X with min{a(x, y)H(Tx, Ty), N(x,y)} > 0. Assume thatay =1,ay =a3 =a, =L =0and 7 = %
Clearly, min{a(x, y)H(Tx, Ty), d(x, y)} > O for each x, y > 1 with x # y. From (14) for each x, y > 1 with x # y, we
have

1 1 1

Ze iUl £ o7a

5" ez,

Thus, T is a-F-contraction of Hardy-Rogers-type with F(x) = x + Inx. For xo = 1, we have x; = 0 € Txq such that
a(xo, x1) > 1. Moreover, it is easy to see that T is strictly a-admissible mapping and for any sequence {x,} € X such
that x, — x as n — oo and a(x,,xn+1) > 1 for each n € N, we have a(x,,x) > 1 for each n € IN. Therefore, by
Theorem 2.6, T has a fixed point in X.

Remark 2.8. Note that [6, Theorem 3.4] is not applicable on above example with F(x) = x + Inx. Since for x = 3

and y = 2, from (1), we have al}rru el=m=m < 727 which is impossible.

Definition 2.9. Let (X, d) be a metric space and a : X X X — [0, 00) be a function. A mapping T : X — CB(X) is
a.-F-contraction of Hardy-Rogers-type, if there exist F € & and t© > 0 such that

T + F(a.(Tx, Ty)H(Tx, Ty)) < F(N(x, y)), (15)
for each x,y € X, whenever min{a.(Tx, Ty)H(Tx, Ty), N(x,y)} > O, where

N(x,y) = md(x, y) + axd(x, Tx) + azd(y, Ty) + asd(x, Ty) + Ld(y, Tx),
with ay,a;,a3,a4, L > 0 satisfying ay + ap + a3 + 2a, = Land a3 # 1.

Theorem 2.10. Let (X,d) be a complete metric space and let T : X — CB(X) be an a.-F-contraction of Hardy-
Rogers-type satisfying the following conditions:

(i) T is strictly a.-admissible mapping;
(ii) there exist xg € X and x1 € Txy with a(xg, x1) > 1;

(iii) for any sequence {x,} € X such that x, — xasn — oo and a(xy,, X,+1) > 1 for each n € IN, we have a(x,,, x) > 1
foreach n € IN.

Then T has a fixed point.

Proof. The proof of this theorem runs along the same lines as the proof of Theorem 2.6 is done. [
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Remark 2.11. We may replace the condition (iii) of Theorem 2.6 and Theorem 2.10 by continuity of T.

Definition 2.12. Let (X, d) be a metric space and o : X X X — [0, 00) be a function. A mapping T : X — CB(X) is
a-F-contraction, if there exist continuous F in & and T > 0 such that

T+ Fla(x, y)H(Tx, Ty)) < F(M(x, y)), (16)
for each x,y € X, whenever min{a(x, y)H(Tx, Ty), M(x, y)} > 0, where

d(x, Ty) + d(y, Tx)
2

M(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), } + Ld(y, Tx)

with L > 0.

Theorem 2.13. Let (X, d) be a complete metric space and let T : X — CB(X) be an a-F-contraction satisfying the
following conditions:

(i) T is strictly a-admissible mapping;
(1i) there exist xq € X and x1 € Txy with a(xg, x1) > 1;

(iii) for any sequence {x,} € X such that x, — x as n — oo and a(xy, Xu+1) > 1 for each n € IN, we have a(x,,, x) > 1
foreach n € IN.

Then T has a fixed point.

Proof. By hypothesis (ii), there exist xp € X and x; € Txg with a(xg,x1) > 1. If x; € Txy, then x; is a fixed
point of T. Let x1 ¢ Tx;. From (16), we have

T + F(a(xo, x1)H(Tx0, Tx1)) < F (max {d(xo, x1), d(xo, Txg), d(x1, Tx1), 4, Txo) ; dxo, Txl)} + Ld(xq, Txo))
= F(max{d(xo, x1), d(x1, Tx1)}). (17)

As a(xg, x1) > 1, there exists x, € Tx; such that

d(x1, x2) < a(xo, x1)H(Txo, Tx1). (18)
Since, F is strictly increasing, we have

F(d(x1,x2)) < F(a(xo, x1)H(Txo, Tx1)). (19)
From (17) and (19), we have

T+ F(d(x1,x2)) < F( max{d(xo, x1), d(x1, Txp)}). (20)

If we assume that max{d(xg,x1),d(x1, Tx1)} = d(x1,Tx1), then we have a contradiction to (20). Thus,
max{d(xo, x1),d(x1, Tx1)} = d(xo, x1). From (20), we have

T + F(d(x1, x2)) < F(d(x0, x1)). (21)
Since T is strictly a-admissible, therefore a(xop, x1) > 1 implies a(x1,x2) > 1. If xp € Txy, then x; is a fixed
point of T. Let x, ¢ Tx,. From (16), we have
d(x2, Tx1) + d(x1, Txa)

2
F( max{d(x1, x2), d(x2, Tx2)})- (22)

T+ Fa(n, x)H(Tx, Txy)) < F(max{d(x, x2), d(x1, Txa), d(xz, Txa), b+ Ld(x, Tx))
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As a(x1,x2) > 1, there exists x3 € Tx, such that
d(xz, x3) < a(x1, x2)H(Tx1, Txp). (23)
Since F is strictly increasing, we have
F(d(x2, x3)) < F(a(x1, x2)H(Tx1, Txy)). (24)
From (22) and (24), we have
T+ F(d(x2, x3)) < F( max{d(x1, x2), d(xa, Txo)}). (25)

If we assume that max{d(xy,x2),d(x2, Tx2)} = d(xz, Tx,), then we have a contradiction to (25). Thus,
max{d(x1, x2), d(x2, Txz)} = d(x1, x2). From (25), we have

T + F(d(x2, x3)) < F(d(x1, x2)). (26)
From (21) and (26), we have

F(d(x2, x3)) < F(d(x0,x1)) — 21. (27)
Continuing in the same way, we get a sequence {x,} C X such that

Xn € Txy—1, Xp-1 # X, and a(x,-1,x,) > 1 for each n € IN.
Moreover,

F(d(xy,, x441)) < F(d(xg,x1)) — nt for each n € IN. (28)

Lettingn — coin (28), we getlim,_,oo F(d(xy,, X44+1)) = —oo. Thus, by property (F2), wehave lim,, o0 (X, Xy41) =
0. Let d, = d(x,,, x,,+1) for each n € IN. From (F3) there exists k € (0, 1) such that

lim d,,F(d,) = 0.
From (28) we have

d*F(d,) — d*F(dy) < —d“nt < 0 for each n € N. (29)
Letting n — oo in (29), we get

lim nd* = 0. (30)

n—o0

This implies that there exists n; € IN such that nd® < 1 for each n > n7. Thus, we have

d, < for each n > n;. (31)

nl/k’

To prove that {x,} is a Cauchy sequence. Consider m,n € IN with m > n > n;. By using the triangular
inequality and (31), we have

m—1 ) )
1
A, Xm) < d(xXp, Xni1) + AXns1, Xpa2) + -+ d(X1, X) = Z d; < Z d; < Z 117

Since .72, lﬁ is convergent series. Thus lim,,—,c d(x,,, X;s) = 0. Which implies that {x,} is a Cauchy sequence.
As (X, d) is complete, there exists x* € X such that x, — x" asn — co. By condition (iii), we have a(x,, x*) > 1
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for each n € IN. We claim that d(x*, Tx") = 0. On contrary suppose that d(x*, Tx*) > 0, there exists ny € IN
such that d(x,, Tx*) > 0 for each n > ny. From (16), for each n > ngy, we have

T+ F(d(xp41, TxY)) < 14 F(a(x,, x)H(Tx,, Tx"))

(x, Txy) + d(x,,, TX")
2

IA

F( max {d(x,,, X, d(x,, Tx,),d(x*, Tx"), d } + Ld(x7, Txn))
Letting n — oo in above inequality and by continuity of F, we get

T+ F(d(x", Tx")) < F(d(x", Tx")).
This implies 7 < 0. Which is a contradiction. Thus d(x*, Tx*) =0. O

Example 2.14. Let X = [0, 00) be endowed with the usual metric d(x,y) = |x — y| for each x,y € X. Define
T:X — CB(X) by

[0,7] ifx€[0,2)
Tx=1{2) ifx =2
{x+1,(x +1)?} otherwise,

and a : X X X — [0, 0) by

0 otherwise.

ot ):{2 ifx,y € [0,2]

Take T =1In2, L = 6 and F(x) = Inx for each x > 0. Then it is easy to check that T is a-F-contraction and all other
condition of Theorem 2.13 hold. Therefore, T has a fixed point.

Definition 2.15. Let (X, d) be a metric space and a : X X X — [0, o) be a function. A mapping T : X — CB(X) is
a,-F-contraction, if there exist continuous F in & and t > 0 such that

T + F(a..(Tx, Ty)H(Tx, Ty)) < F(M(x, y)), (32)
for each x,y € X, whenever min{a.(Tx, Ty)H(Tx, Ty), M(x, y)} > 0, where

(x, Ty) +d(y, Tx)

d
M(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), >

} + Ld(y, Tx)

with L > 0.

Theorem 2.16. Let (X, d) be a complete metric space and let T : X — CB(X) be an a.-F-contraction satisfying the
following conditions:

(i) T is strictly a.-admissible mapping;
(1i) there exist xg € X and x1 € Txy with a(xg, x1) > 1;

(iii) for any sequence {x,} C X such that x, — xasn — co and a(x,, X,+1) > 1 for each n € IN, we have a(x,, x) > 1
foreach n € N.

Then T has a fixed point.
Proof. The proof of this theorem is similar to proof of Theorem 2.13. [

Remark 2.17. If we assume that T is continuous then we can leave condition (iii) and continuity of F from Theorem
2.13 and Theorem 2.16.
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3. Consequences

In this section, we obtain some fixed point theorems as consequences of our results. It is worth
mentioning that these results are also new, as for as our knowledge.

3.1. Metric space endowed with partial ordering

Here we prove some results for fixed points of multivalued mappings from a partially ordered metric
spaces into the space of nonempty closed and bounded subsets of the metric space. We begin this subsection
by introducing the following definition.

Definition 3.1. Let (X, d, <) be an ordered metric space. A mapping T : X — CB(X) is Fy-contraction of Hardy-
Rogers-type, if there exist F € §, © > 0 and q > 1 such that

T + F(gH(Tx, Ty)) < F(N(x, v), (33)
foreach x,y € X with x <y, whenever min{gH(Tx, Ty), N(x, y)} > O, where

N(x,y) = md(x, y) + axd(x, Tx) + a3d(y, Ty) + asd(x, Ty) + Ld(y, Tx),
with ay,a;,a3,a4, L > 0 satisfying a1 + a, + a3 + 2a, = Land az # 1.

Theorem 3.2. Let (X,d, <) be a complete ordered metric space and let T : X — CB(X) be an F-contraction of
Hardy-Rogers-type satisfying the following conditions:

(i) for each x € X and y € Tx such that x < y, this implies y < z for each z € Ty;
(ii) there exist xg € X and x1 € Txo with xy < x1;

(iii) for any sequence {x,} C X such that x, — x as n — oo and x, < x,11 for each n € N, we have x, < x for each
n € N.

Then the mapping T has a fixed point.

Proof. Define o : X X X — [0, o0) by

if x <
alx,y) = {q y

0 otherwise.

It is easy to see that all the conditions of Theorem 2.6 hold. Thus, T has a fixed point. [

Definition 3.3. Let (X, d, <) be an ordered metric space. A mapping T : X — CB(X) is F;-contraction, if there exist
continuous F in §, © > 0 and q > 1 such that

T+ F(qH(Tx, Ty)) < F(M(x, y)), (34)
for each x,y € X with x <y, whenever min{gH(Tx, Ty), M(x, y)} > 0, where

d(x, Ty) + d(y, Tx)
2

M(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), } + Ld(y, Tx)

with L > 0.

Theorem 3.4. Let (X, d, <) be a complete ordered metric space and let T : X — CB(X) be an F-contraction satisfying
the following conditions:

(i) for each x € X and y € Tx such that x <y, this implies y < z for each z € Ty;
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(ii) there exist xg € X and x1 € Txo with xy < x1;

(iii) for any sequence {x,} € X such that x, — x as n — oo and x, < x4 for each n € N, we have x,, < x for each
n € N.

Then the mapping T has a fixed point.

Proof. Define a: X x X — [0, o0) by

if x <
alx,y) = {q Y

0 otherwise.

It is easy to see that all the conditions of Theorem 2.13 hold. Thus, T has a fixed point. [J

Remark 3.5. If we replace assumption (i) of above results by
(i’) If x < y, then we have Tx <, Ty. Then Theorem 3.2 and Theorem 3.4 follow from Theorem 2.10 and Theorem
2.16, respectively.

3.2. Metric space endowed with graph

In this subsection, we drive some fixed point theorems for multivalued mappings from a metric spaces
X, endowed with a graph, into the space of nonempty closed and bounded subsets of the metric space.
Throughout this subsection, we assume that G is a directed graph such that the set of its vertices V(G)
coincides with X (i.e., V(G) = X) and the set of its edges E(G) is such that E(G) 2 A, where A = {(x,x) : x € X}.
Let us also assume that G has no parallel edges. We can identify G with the pair (V(G), E(G)).

Definition 3.6. Let (X,d) be a metric space endowed with a graph G. A mapping T : X — CB(X) is graphic
Fg-contraction of Hardy-Rogers-type, if there exist F € §, T > 0 and q > 1 such that

T+ F(gH(Tx, Ty)) < F(N(x, v), (35)
for each x,y € X with (x, y) € E(G), whenever min{gH(Tx, Ty), N(x, y)} > 0, where

N(x,y) = md(x, y) + axd(x, Tx) + azd(y, Ty) + asd(x, Ty) + Ld(y, Tx),
with ay,a;,a3,a4, L > 0 satisfying ay + a, + a3 + 2a, = Land as # 1.

Theorem 3.7. Let (X,d) be a complete metric space endowed with a graph G and T : X — CB(X) be a graphic
F;-contraction of Hardy-Rogers-type satisfying the following conditions:

(i) for each x € X and y € Tx such that (x, y) € E(G), this implies (y,z) € E(G) for each z € Ty;
(1i) there exist xq € X and xq1 € Txy with (xg, x1) € E(G);

(iii) for any sequence {x,} € X such that x, — x as n — oo and (X, xy+1) € E(G) for each n € IN, we have
(xn,x) € E(G) for each n € IN.

Then the mapping T has a fixed point.

Proof. Define o : X X X — [0, o) by

q if (x, y) € E(G)

0 otherwise.

a(x, y) = {

It is easy to see that all the conditions of Theorem 2.6 hold. Thus, the mapping T has a fixed point. [



M. U. Ali, T. Kamran / Filomat 30:14 (2016), 3779-3793 3790

Definition 3.8. Let (X,d) be a metric space endowed with a graph G. A mapping T : X — CB(X) is graphic
Fg-contraction, if there exist continuous F in §, T > 0 and q > 1 such that

T+ F(gH(Tx, Ty)) < F(M(x, y)), (36)
for each x,y € X with (x, y) € E(G), whenever min{qH(Tx, Ty), M(x, y)} > 0, where

d(x, Ty) + d(y, Tx)
2

M(x, y) = max {d(x, y),d(x, Tx),d(y, Ty), } + Ld(y, Tx)

with L > 0.

Theorem 3.9. Let (X, d) be a complete metric space endowed with a graph G and let T : X — CB(X) be a graphic
F-contraction satisfying the following conditions:

(i) for each x € X and y € Tx such that (x,y) € E(G), this implies (y,z) € E(G) for each z € Ty;
(1i) there exist xg € X and x1 € Txy with (xg,x1) € E(G);

(iii) for any sequence {x,} C X such that x, — x as n — oo and (x,,x,+1) € E(G) for each n € IN, we have
(xn,x) € E(G) for each n € IN.

Then the mapping T has a fixed point.
Proof. Define o : X X X — [0, o0) by

_ g if(x,y) € E(G)
alx y) = {0 otherwise.

It is easy to see that all the conditions of Theorem 2.13 hold. Thus, mapping T has a fixed point. [

Remark 3.10. If we replace assumption (i) of above result by
(') I (x, y) € E(G), then we have (a, b) € E(G) for eacha € Tx and b € Ty. Then Theorem 3.7 and Theorem 3.9 follow
from Theorem 2.10 and Theorem 2.16, respectively.

4. Application

In this section, as a consequence of our result, we establish an existence theorem for an integral equation.
Let X = (Cla, b], R) be the space of all realvalued continuous functions defined on [a,b]. Note that X is
complete [30] with respect to the metric d.(x, y) = sup,, ,{Ix(£) — y(hle™™} . Consider an integral equation
of the form

h(t)
w0 =0+ [ K560, @)
()
fort,s € [a,b]. Where K : [a,b] X [a,b] xR — Rand f, g,k : [a,b] = R are continuous functions and g(t) < h(t)
for each t € [a, b].

Theorem 4.1. Let X = (Cla, b], R) and let T : X — X be the operator defined as

h(t)
Tx(t) = f(t) + f K(t, s, x(s))ds, (38)
()
fort,s € [a,b]. Where K : [a,b] X [a,b] x R — Roand f,g,h : [a,b] — R are continuous functions and g(t) < h(t)
foreach t € [a,b]. Assume that there exist f : X — (0,00) and a : X X X — (0, 00) such that the following conditions
hold:
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(i) there exist T > 0 such that

e—’(
B(x+y)

foreach t,s € [a,b] and x, y € X, moreover,

IK(t,s,x) = K(t, s, )| < lx = vl

| fh(f) eltsl s el
gy POX(S) + y(s)) = atwy)
foreach t € [a,b);
(ii) for x, y € X, a(x,y) > 1 implies a(Tx, Ty) > 1;

(iii) there exist xo € X such that a(xy, Txg) > 1;

3791

(iv) for any sequence {x,} C X such that x, — x asn — oo and a(xy, X,41) > 1 for each n € IN, we have a(x,,, x) > 1

foreach n € IN.
Then the integral equation (37) has a solution in X.

Proof. First we show that T is an a-F-contraction Hardy-Rogers-type.

ht)
Tx(t) - Ty(®) < f( K536~ Kit s, Y0l
g(t

O
) fgm B + o) ) T YOI
B hi(t) e~ Telml o
) f!}(t) B + oy 1) T yEleds
J h(t) e‘TS|
< o T e
< e T(x/y) » ﬁ(x(s)_'_y(s))
it
= ayt BV

Thus, we have
a(x, PITx(t) = Ty(t)le™™ < e de(x, y).
Equivalently
a(x, Yd(Tx, Ty) < e d-(x, ).
Clearly natural logarithm belongs to . Applying it on above inequality, we get
In(a(x, y)d(Tx, Ty)) < In(e™"d=(x, y)),
after some simplification, we get
T + In(a(x, y)d.(Tx, Ty)) < In(d:(x, v)).

Thus, T is an a-F-contraction of Hardy-Rogers-type witha; = 1,4, = a3 = a4 =

L =0and F(x) =

Inx. All

other conditions of Theorem 2.6 are immediately hold. Therefore, the operator (38) has a fixed point, that

is, the integral equation (37) has a solutionin X. O
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