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Abstract. A new class of generalized convex functions called sub-b-s-convex functions is defined by
modulating the definitions of s-convex functions and sub-b-convex functions. Similarly, a new class sub-b-
s-convex sets, which are generalizations of s-convex sets and sub-b-convex sets, is introduced. Furthermore,
some basic properties of sub-b-s-convex functions in both general case and differentiable case are presented.
In addition the sufficient conditions of optimality for both unconstrained and inequality constrained pro-
gramming are established and proved under the sub-b-s-convexity.

1. Introduction

Owing to the importance of the convexity and generalized convexity in the study of optimality to solve
mathematical programming, researchers worked a lot on the generalized convex functions. For example,
in earlier papers, C.R. Bector and R. Singh(1991)[4] introduced a class of b-vex functions. H. Hudzik and
L. Maligranda(1994)[10] discussed two kinds of s-convexity (0 < s < 1) and proved that s-convexity in
the second sense is essentially stronger than the s-convexity in the first sense whenever (0 < s < 1). E.A.
Youness(1999) [20] introduced a class of sets and a class of functions called E-convex sets and E-convex
functions by relaxing the definitions of convex sets and convex functions. X.M. Yang(2001)[19] gave some
examples for E.A. Youness's paper[20] and perfected it. For more results on generalized E-convex functions,
place refer to [1, 8, 9] and closely related references therein.

Recently, these classes of generalized convex functions caused a lot of research interests. Especially for
the research of b-invex function. Such as, X.J. Long and ].W. Peng(2006)[13] discussed a class of functions
called semi-b-preinvex functions, which is a generalization of the semi preinvex functions and the b-vex
functions. Yu-Ru Syau et al.(2009)[17] introduced a class of functions, called E-b-vex functions, which is
defined as a generalization of b-vex functions and E-vex functions. T. Emam(2011)[18] researched a new
class of functions called roughly b-invex functions, discussed some their properties, and obtained sufficient
optimality criteria for nonlinear programming involving these functions. M.T. Chao et al.(2012)[6] studied
a new generalized sub-b-convex functions and a class of sub-b-convex sets, and presented the sufficient
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conditions of optimality for both unconstrained and inequality constrained sub-b-convex programming. For
more information on generalized convex functions, see [5, 7, 15]. These scholars’s researches promoted the
development of the generalized convex functions like b-invex function. Meanwhile, we now find a class of
generalized convex function, which are not sub-b-convex functions, also has some similar properties of sub-
b-convex function and even s-convex function, and more generalized than these two types of generalized
convex functions. Therefore, these extensions of convexity such as sub-b-convexity and s-convexity sparking
our research interest, so we turn our attention to this new research.

Inspired by the research works|[2, 6, 10-12, 14, 16], the purpose of this paper is to present a new class of
generalized convex functions which is called sub-b-s-convex functions and discuss some properties of the
class of functions satisfying the sub-b-convexity. We also give the sufficient conditions of optimality for both
unconstrained and inequality constrained programming, which are obtained under the sub-b-s-convexity.
Therefore, under the sub-b-s-convexity, we can solve the sub-b-convex and s-convex optimization programs
which were solved separately in different frames.

The remainder of this paper is organized as follows. In Sect. 2, a new class of functions, called sub-b-s-
convex function, which further extends to the concept of sub-b-convexity is introduced. Correspondingly,
anew class of sets called sub-b-s-convex sets is introduced, and some properties of sub-b-s-convex function
and sub-b-s-convex sets are developed. In Sect. 3, we introduce a new sub-b-s-convex programming and
establish the sufficient conditions of optimality under the sub-b-s-convexity. Sect. 4 is devoted of drawing
the conclusions.

2. Basic Results

In this section, we first recalled the definitions of sub-b-convexity and s-convexity of function. The class
of sub-b-convex functions is defined by M.T. Chao et al.[6] as follows. Through out the paper, let S be a
nonempty convex set in IR".

Definition 2.1. The function f: S — R is said to be a sub-b-convex function on S with respect to map b:
S xS x[0,1] = R, if

FAx+ 1= Dy) < Af) + (1= A)f(y) + blx, y, A)
holds forall x,y € Sand A € [0,1].

Among others, H. Hudzik ef al.[10] considered the class of functions which is s-convex in the second
sense defined in the following way:

Definition 2.2. The function f: S — R is said to be s-convex in the second sense(i.s.s. in short of in the second
sense) if

FAx+ = A)y) < A f(0) + (1= AP F(v)

holds for all x,y € S, A € [0,1] and for some fixed s € (0,1]. The class of s-convex in the second sense is usually
denoted by K2.

In the following, by combining Definition 2.1 and Definition 2.2, we introduce the concepts of sub-b-s-
convex function and sub-b-s-convex set i.s.s.. Then we study some of their basic properties.

Definition 2.3. The function f: S — R is said to be sub-b-s-convex function i.s.s. on S with respect to map b:
SxSx[0,1] = R, if

f(Ax+ (1= A)y) S AF@) + (1= AP f(y) + b(x, y, A) .1)
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holds for all x,y € S, A € [0,1] and for some fixed s € (0,1]. On the other hand, If

FAx+ @ = D)y) 2 Af(x) + (1= A f(y) + b(x, v, 1) (2.2)

holds forall x,y € S, A € [0,1] and for some fixed s € (0, 1], then the function f is said to be sub-b-s-concave function
i.s.s.. If the inequality signs in the previous two inequalities are strict, then f is called strictly sub-b-s-convex and
sub-b-s-concave function i.s.s., respectively.

Remark 2.4. When s = 1, the sub-b-s-convex function i.s.s. is reduced to be the sub-b-convex function. Moreover,
when s = 1 and b(x,y, A) <0, the sub-b-s-convex function is reduced to be the convex function.

Remark 2.5. Sub-b-s-convex function can be concave. It is easy to see that when b(x,y,A) = f(Ax + (1 = A)y), if
f(x) = 0, then f is a sub-b-s-convex function i.s.s.. In this case, if f is a concave function, then f is both sub-b-s-convex
and concave function.

Example 2.6. Let f : R — R be defined as
f(x) = _(x - 2)2 + 4rx € [014]1
and let b(x, y, A) = 4, then f is both sub-b-s-convex and concave function.

In what following, we are going to find out, whether or not, the sub-b-s-convex function i.s.s. shares
some similar properties with the sub-b-convex function. The first observation is given as follows.

Theorem 2.7. If f, g : S — R are sub-b-s-convex functions i.s.s. with respect to the same map b, then f + g and af,
(o > 0) are sub-b-s-convex with respect to the same map b.

Corollary 2.8. If fi: S - R,(i = 1,2,--- ,m) are sub-b-s-convex functions i.s.s. with respect to maps b;: S X S X
[0,1] >R, =1,2,---,m), respectively, then the function

f=Y afiyai=0,G=12-,m (2.3)

m
i=1
is sub-b-s-convex with respect tob = Y.\, a;b;.

Proposition 2.9. If fi: S - R,(i = 1,2, , m) are sub-b-s-convex functions i.s.s. with respect to maps b;: S X S X
[0,1] =R, (i=1,2,:--,m), respectively, then the function f = max{f;,i=1,2,---,m}isa sub-b-s-convex function
i.s.s. with respect to b = max{b;,i=1,2,--- ,mj}.

Theorem 2.10. Assume f: S — R is a sub-b-s-convex functions i.s.s. with respect to b: S X S x [0,1] = R and g:
R — R is an increasing function. If g satisfies the following conditions

(@) glax) = ag(x),Vx € R,a > 0, (2.4)
(ii) glx + y) = g(x) + 9(y), ¥x, y € R, (2.5)

then f' = g o f is a sub-b-s-convex function i.s.s. with respect to b’ = g o b.

Proof Since f is a sub-b-s-convex functions i.s.s. with respect to b and g is an increasing function, it follows
that

(g0 H(Ax+ (1= A)y) = g(f(Ax + (1 - A)y))
< g(A°f () + (1= AV £(y) + blx, v, A)).
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Since A € [0, 1], by combining the two conditions of (2.4) and (2.5), it yields that

(g0 H(Ax+ 1 = Dy) < Lg(F()) + (1 = A¥g(f() + 9(blx, y, 1))
= A(g 0 )+ (1= A)(g0 Hy) + (g o b)x, y, A).
Thatis, f* = g o f is a sub-b-s-convex function i.s.s. with respect to b’ = g o b and the proof is completed.

Remark 2.11. In Theorem 2.7, Corollary 2.8, Proposition 2.9 and Theorem 2.10, if the sub-b-s-convex function f and
g are replaced with the strict sub-b-s-convex function i.s.s., then we can obtain the similar conclusions. Obviously,
Theorem 2.7, Corollary 2.8 and Proposition 2.9 satisfy the conditions of Theorem 2.10, so Theorem 2.7, Corollary 2.8
and Proposition 2.9 can be regarded as the special cases of Theorem 2.10.

In what following, we introduce a new concept of sub-b-s-convex set i.s.s..

Definition 2.12. Let X C R™! be a nonempty set. X is said to be a sub-b-s-convex set i.s.s. with respect to b:
R" x R" x [0,1] = R, if

(Ax+ (1 = Dy, Aa + (1= AYB +blx,y, 1)) € X (2.6)
holds for all (x,a), (y,B) € X, x,y € R*, A € [0, 1], and some fixed s € (0, 1].

Here, we give a characterization of sub-b-s-convex function f: S — R i.s.s. in terms of their epigraph
E(f), which is given by

E(f) = {(xa)xeS,a e R, f(x) < af. 2.7)

Theorem 2.13. A function f: S — R is a sub-b-s-convex function i.s.s. with respect to b: Sx S x[0,1] = R, if and
only if E(f) is a sub-b-s-convex set i.s.s. with respect to b.

Proof Suppose that f is a sub-b-s-convex function i.s.s. with respect to b. Let (x1,a1), (x2, a2) € E(f). Then,
f(x1) < a1, f(x2) < az. So we have

F(Axr + (1= Mxa) < A°f(xr) + (1= A) f(axa) + blaxy, x2, A)
< Aoy + (1= AYag + b(xy, x2,A)

holds for all x;,x; € S, A € [0, 1] and some fixed s € (0, 1]. Hence, it is easy to see that
(A1 + (1 = g, A+ (1= A + b, x2,A)) € E(f).
Thus, by Definition 2.12, E(f) is a sub-b-s-convex set i.s.s. with respect to b.

Conversely, let’s assume that E(f) is a sub-b-s-convex set i.s.s. with respect to b. Let x1,x, € S, then
(xl,f(xl)), (xz,f(xz)) € E(f). Thus, for A € [0,1] and some fixed s € (0, 1], we have that

(Axr + (1= Dxg, A1) + (1= A f(x2) + b, 32, A)) € E().

This implies that

F(Axr+ (1= Mx2) < A°f(xr) + (1= A) flaxa) + blaxy, x2, A).

That is, f is a sub-b-s-convex function i.s.s. with respect to b and the proof of Theorem 2.13 is completed.
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Proposition 2.14. If X; is a family of sub-b-s-convex sets i.s.s. with respect to the same map b(x,y, A), then (\;; Xi
is a sub-b-s-convex set i.s.s. with respect to b(x, y, A).

Proof Let (x, ), (y, B) € Nie Xi, then, for eachi € I, (x, ), (y, B) € Xi.
Since X; is a sub-b-s-convex set i.s.s. with respect to b, for all A € [0, 1] and some fixed s € (0, 1], it follows
that

(Ax+ (1 = Ay, Aa+ (1= AFB+blx,y, 1)) € X;, Vi€ L.

Thus,

(Ax+ (1= Dy, Aa+ (1= A¥p+blx,y, 1) €[] X

iel
Hence, (;¢; Xi is a sub-b-s-convex set i.s.s. with respect to b and the conclusion obtains.
Proposition 2.15. If {fili € I} is a family of numerical functions i.s.s., and each f; is a sub-b-s-convex function with
respect to the same map b(x, y, A), then the numerical function f = sup,, fi(x) is a sub-b-s-convex function i.s.s. with
respect to b(x, y, A).
Proof Since f; is a sub-b-s-convex function i.s.s. on S with respect to b(x, y, A), its epigraph E(f;) = {(x, a)lx €
S, filx) < a} is a sub-b-s-convex set i.s.s. with respect to b. Therefore, their intersection
(EW) = {olxes, fix) <ajiel
iel
={a)xeSs, f(x) <a}
= E(f),

where f(x)=sup, fi(x). By Theorem 2.13 and Proposition 2.14, we know that f = sup,, fi(x) is a sub-b-s-
convex function i.s.s. with respect to b(x, y, A) and the conclusion follows.

3. Main Results

We consider continuously differentiable functions which are sub-b-s-convex functions with respect to

a map b(x,y,A). For fixed x,y € S, b(x, y, A) is a continuously decreasing function about A. So, b(xf s a

continuously decreasing function about A.

b(x,y,A)
A

b(x,y,A)—0(A)
A

Furthermore, we assume that the limit lim,_,, exists and the limit is the maximum of

forall A € (0,1] and fixed x,y € S.

Theorem 3.1. Suppose that f: S — R is a non-negative differentiable sub-b-s-convex function i.s.s. with respect to
map b(x,y, A). Then

b(x,y,A)

V) (= y) < 7(f) + f(y) + lim ==, (3.1)
b(x,y, A
() V)~ ) < 47 (1) — ) + L i 2202) (32)
Proof (i) By the Taylor expansion and the sub-b-s-convexity of f, we have taht
fAx+ @ = Ny) = fly+ A - y)) 63

= f(y) + AVE() (x = y) + o(A).
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FAx+ (1= A)y) X0 + (1= AF f(y) + bx, v, A)

(3.4)
SAfx)+ 1+ A%)f(y) +bx, y, A).
Combining the equality (3.3) and inequality (3.4) yields that
AVFW)T (x = y) +0(A) < A(f(0) + f()) + b(x, v, A). (3.5)
Dividing the inequality (3.5) above by A and using the fact that lim, o, b(x’{ A is the maximum of M - %,

it yields that

b(x,y, A
VI <270 + f)) + fim S,

which proves the first part of Theorem 3.1.
(if) Combining the above equality (3.3) and inequality (3.4), it yields that

fO) + AV (= y) +0(A) S Af(x) + (1 =AY f(y) + b, y, A)
= A f(0) + (1= AP f(y) - A f(y)
+ A f(y) + b(x, y, 1) (3.6)
= 2(f0) = f) + blx, y, )
H(@=ay + )7

Obviously, (/\S +(1- )\)S) < 2 for A € [0,1] and some fixed s € (0,1]. By invoking the fact that f is a
non-negative function, inequality (3.6) can be simplified to

FO) + AV (x = y) +0(d) < A(F) = F(1)) + 2f (W) + b(x, , ).
Thus,
AV (x = y) +0(A) < A*(f(x) = F)) + f(y) + b(x, , A). (37)

In the same way, dividing the inequality (3.7) above by A and using the fact that lim)_,, b(x’}(’A) is the

bx,y,A
% — @,we have

maximum of

VA - 9 <270~ fiw) + L+ i 220D

7

which proves the second part of Theorem 3.1.

Theorem 3.2. Suppose that f: S — R is a negative differentiable sub-b-s-convex function i.s.s. with respect to map
b(x,y,A). Then

b(x,y, A
VA (- ) < (0 - ) + lim 2, 69

Proof By the Taylor expansion and the sub-b-s-convexity of f, we have that

fAx+ @ =Ny) = fly+Ax - )

(3.9)
= f(y) + AVE() (x = y) + o(A).
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F(Ax+ (1= A)y) S ATF@) + (1= AP F(y) +b(x, y, A). (3.10)

Since A € [0,1] and some fixed s € (0,1], then we have (As + (1 - /\)S) > 1. Furthermore, because f is a
negative function, the inequality (3.10) can be simplified to

FAx+ (1= 2)y) < AF(0) + (1= A)f(y) + b, y, A). (3.11)

Meanwhile, combining the above equality (3.9) and inequality (3.11) yields that

AVEW) (x = y) +0(A) < A°(f(x) = f(y)) + b(x, y, A). (3.12)
Dividing the inequality (3.12) above by A and using the fact thatlim_,o, h(x’Ay A is the maximum of —b(x’}( A _ @,
we have

b(x,y, A
Vi (x - y) < AHf) - f(y) + Ah_f& (x)}\/ )'

The proof of Theorem 3.2 is completed.

Corollary 3.3. Let f: S — R be a differentiable sub-b-s-convex function i.s.s. with respect to map b. For A € (0,1],
if f is a non-negative function, then

V() - 1) -y < L L iy K] g P2 613)
If f is a negative function, then

b(x,y, A . bly,x, A
V(1) ~ ) () < tim PELD) iy 22D, 614)

Proof If f is a non-negative function, by Theorem 3.1, we have that

f(y lim b(x,y,A)

/\—>OJr

f( Y+ lim b(y,;c,)t)‘

\—»0

VW) (- y) < A7 (F() - f(y) +

V) (v =2 < A7 (fy) - f0) +

Adding the two inequalities above, it is easy to show that

b(x,y, A b(y,x, A
V() - @) =) < B o g DL L gy 020,

In a similar way, if f is a negative function, by Theorem 3.2, we can also get

b,,A b///\
1) |y B30

A—0, A

T .
V(f(y) - f(x)) (x-y) < /\h_r)&
The proof is completed.

Now, we apply the associated results above to the nonlinear programming. First, we consider the
unconstraint problem (P).

(P) : min{f(x),x € S} (3.15)
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Theorem 3.4. Let f: S — IR be a non-negative differentiable and sub-b-s-convex function i.s.s. with respect to b. If
X € S and the inequality

9 Mt
A

VI®) (x - %) 2 lim

(3.16)

holds for each x € S, A € (0, 1] and some fixed s € (0, 1], then X is the optimal solution to the optimal problem (P) with
respect to f on S.

Proof For any x € S, since f is a non-negative differentiable sub-b-s-convex function i.s.s., by (3.2) of Theorem
3.1, we have that

lim

A—0,

f®) b(x,x,A)
=

V) (x - ) < A7Y(f(0) - f@)

holds for A € (0,1] and some fixed s € (0, 1], on the other hand, since

Vi@ (x-%) > J? + lim 2 ;‘ N

A—0,

we have f(x) — f(%) > 0. Therefore, X is the optimal solution of f on S. This completes the proof.
Example 3.5. Let f : [0, +00) — R be defined as

() = (& + 427,
and let b(x, y, A) = Ax> + 4Ay?, here s is a fixed constant on (0,1). Then f is sub-b-s-convex function.

In fact, g(x) = x? +4x is a non-negative convex function on [0, +0), combining Corollary 7 in [3](M. Alomari,
M. Darus and S.S. Dragomir 2009), then f(x) is an s-convex function on [0, +c0), 0 < s < 1. So we have that

fAx+ (1= A)y) SAfx)+ 1A= A) f(y).
Since b(x,y, A) = Ax?> + 4Ay* > 0 for x, y € [0,2] and A € (0, 1], it is easy to show that
fAx+ (1 = A)y) <A f(x) + (1= A f(y) + blx, y, A).

Hence, f is sub-b-s-convex function.
Now we consider the following unconstraint sub-b-s-convex programming

P : min{f(x),x € [0, +o0)},

where f(x) = (x? + 4x)%, b(x,y,A) = Ax* + 4Ay? and some fixed s € (0,1). Since f(x) is a non-negative

differentiable and sub-b-s-convex function i.s.s. with respect to b and the limit lim,_,q, h(x’/\y D exists for fixed

x,y € [0,+00) and A € (0, 1]. Followed by calculating, we have that

VEE) (x — %) = s(F + 4%)° (2% + 4)(x — %)

f®) _ (& +4x)
A A
b(x, %, A
lim 25 _ 2 gp
A—=04 A
It can easily see that ¥ = 0, the inequality Vf(¥)"(x — %) > ’? + limy 0, M holds for all x € [0, +00),
A € (0,1] and some fixed s € (0,1). According to the theorem 3.4, the minimum value of f(x) at zero. As
shown in Figure 1, let x € [0,2] and s take 0.5, 0.6 and 0.7, respectively. We can obtain the same optimal
value at (0,0).
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f= 0+ 2

The minimum paint (0,0)

L L L L L L L L L
a 02 04 06 08 1 12 14 16 18 2

Figure 1: The optimal value of f(x) with different s

Corollary 3.6. Let f: S — R be a strictly non-negative sub-b-s-convex function i.s.s. with respect to b. If X € S and
satisfies the condition (3.16), then X is the unique optimal solution of f on S.

Proof From Theorem 3.1, if f is a strictly non-negative sub-b-s-convex function i.s.s. with respect to b, then
we have

VAW (= y) < A7H(f00) = fy) + o+ lim =
Suppose x1,x; € S are two different optimal solutions of problem (P). Then f(x1) = f(x;). Combining the
above inequalities, we have

f (x2) .
1 am

b(x1,x2, A)
A

V() (x1 - x2) - <ATY(f () = f(x2).

Hence, from (3.16), we can see

A7 (fn) = foe) > 0.

Since f(x1) = f(x2), so x1 = x, = X. Therefore, ¥ is the unique optimal solution of f on S and the proof of
Corollary 3.6 is completed.

Next, we apply the associated results to the nonlinear programming with inequality constraints as
follows:

(Ps) : min {f()lx € R, g;(x) < 0,i € I}, I = {1,2,--- ,m}. (3.17)

Denote the feasible set of (P;) by F = {x € R"|g;(x) < 0,1 € I}. For the convenience of discussion, we assume
that f and g; are all differentiable and F is a nonempty set in R".

Theorem 3.7. (Karush-Kuhn-Tucker Sufficient Conditions) Suppose that the function f: R* — R is non-
negative differentiable sub-b-s-convex function i.s.s. with respect to b: R" X R" X (0,1] = R, gi: R* — R (i € I) are
differentiable sub-b-s-convex functions i.s.s. with respect to bj: R" X R" x (0,1] = R (i € I). Assume that x* € Fisa
KKT point of (Ps), i.e., there exist multipliers u; > 0 (i € I) such that

V() + Z UiV gi(x) = 0, ug:(x*) = 0. (3.18)

iel
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If
f(x)
A

b, x', M) . bilx,x, M)
+ lim =2 < Zu, lim —=, (3.19)

A—0, = A—04
i

then x* is an optimal solution of the problem (Ps).
Proof For any x € F, we have
7i(x) <0 = gi(x"),i € [(x*) = {i € I|g:(x") = O}.
Therefore, by the sub-b-s-convexity of g; and the Theorem 3.2, for i € I(x*), we obtain

b(x,x*, A)
A

Va,() (= x) = lim < 7 (gix) - i) < 0. (3.20)

From (3.18), we have

VAE) (c=x) = =) uVgi(e) (x=x) = = ) uVaile) (x - x).

i€l iel(x*)

Using the condition (3.19), we have that
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Combining the inequality (3.20) with the above inequality, we have

F) g W)

Vf(x*)T(x —x)- A—0, A

0.

From Theorem 3.4, we can get f(x) — f(x*) > 0 for each x € F. Therefore x* is an optimal solution of the
problem (Ps). This ends the proof.

4. Conclusion

In this paper, we have introduced sub-b-s-convex functions and sub-b-s-convex sets i.s.s.. According to
the definition, it is observed that sub-b-s-convex function can be reduced into sub-b-convex function on the
condition that s = 1. Furthermore, it can be simplified into convex function on the conditions thats = 1 and
b(x,y, A) < 0. Therefore, the sub-b-s-convex function i.s.s. is a generalization of sub-b-convex and s-convex
function. In the end, we have studied Karush-Kuhn-Tucker sufficient conditions for obtaining an optimal
solution of sub-b-s-convex programming with unconstrained or inequality constrained conditions.
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