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Abstract. For a € (7, 7t], let R,(¢p) denote the class of all normalized analytic functions in the open unit
disk U satisfying the following differential subordination:

1 )
f@+5 (1+e")zf"@ <p(2) (€U,
where the function ¢(z) is analytic in the open unit disk U such that ¢(0) = 1. In this paper, various integral
and convolution characterizations, coefficient estimates and differential subordination results for functions
belonging to the class R,(¢) are investigated. The Fekete-Szegt coefficient functional associated with the
kth root transform [ f(z¥)]"/¥ of functions in R,(¢) is obtained. A similar problem for a corresponding class

Rs;«(¢) of bi-univalent functions is also considered. Connections with previous known results are pointed
out.

1. Introduction

Let A denote the class of functions f(z) of the form:

f@)=z+ Z 02" (zeU). (1)
n=2

which are analytic in the open unit disk
U={z:zeC and |zl <1}.

We denote by S the subclass of A consisting of univalent functions in U and by C the familiar subclass
of S whose members are convex functions in U.
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Let M be the class of analytic functions ¢(z) in U, normalized by ¢(0) = 1. Also let N be the subclass of
M consisting of all univalent functions ¢ for which ¢(U) is a convex domain.
We denote by P the well-known class of analytic functions p(z) with

p=1 and R(p(z))>0 (zeU).
We also denote by 8 the class of analytic functions w(z) in U with
w(0)=0 and lw(z)] <1 (zeU).

Suppose that the functions f and g are analytic in U. Then the function f is said to be subordinate to
the function g, denoted by f < g, if there exists a function w € 8B such that

f@=9(0we) (eU)
For functions f given by (1) and g € A given by

g(z) =z + Z b,z" (zeU),
n=2
the Hadamard product (or convolution), denoted by f * g, is defined by
(f+9)@ =2+ ) ab" = (g+z)  (zeU).
n=2

Recently, Silverman and Silvia [25] considered the following classes of functions:

! Jrzem 2 f"(z)) >0 (ze IU)} @)

L= {f:fefﬂ and %(f’(z)+
and

La(b) = {f feA and |f(2)+ %4”@) —b

<b (ze[U)}, 3)

where a € (-7, 7] and b > % Clearly, if b — oo, then L,(b) — L,. For each of these two classes of functions,
they obtained extreme points, coefficient estimates and convolution characterizations. Trojnar-Spelina [31],
on the other hand, studied the function class LP, given by

1+el@
2

LP, = {f :feA and f'(z)+ z2f"(z) < Qz) (z€ U)}/ (4)

where a € (—n, 7t]. The function Q(z) defined by

2 1 :
Q=1 and QE)=1+= [log(li é)] (zeU) 5)

maps U onto the domain given by
Q={w:weC and |w-1|<Rw)}.

Motivated by some of the ideas explored in the aforecited investigations [25] and [31], here we define a
new class of analytic functions.
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Definition 1. Let o € (-7, ] and let ¢ € M. A function f € Ais said to be in the class R, (¢) if the following
differential subordination is satisfied:

F@+ @ <90 e ©
Consider the following two functions:
$o(z) = % (z € U) 7)
and
1+z 1
(pb(Z) = m (ZEU, b> 5) (8)

Then it is easy to observe that the corresponding classes Ru(¢o) and R, (¢p) reduce to the classes L, and
L.(b), respectively. We note also that the class R.(Q), where the function Q is defined by (5), reduces to
function class LP,.

We now recall that the function class R given by

R = Ro(¢ho) = {f feA and R(f(2)+2f"(2)>0 (z€U) 9)

was investigated by Chichra [7] and also by Singh and Singh [26]. Another function class Ry given by

Re={f:feA and R(f@+zf'@)>p (zeU)}, (10)
which was considered by Silverman [24], can also be obtained from R,(¢) upon setting
a=0 and ¢ =,

where

1+(1-2
oy = - E

(zelU, 0£p<1). (11)
In its special case when 8 = 0, the function class Rg reduces to the function class R considered by Silverman
[24].

In this paper, we investigate various convolution and integral characterizations, coefficient estimates
and subordination results for the general function class R,(¢) which we have introduced here by Definition
1 above. In particular, in Section 6, we derive the Fekete-Szegt coefficient functional associated with the
kth root transform [ £(z¥)]'/* of functions in the class Ra(). A similar problem for a corresponding class
Rs.a(¢) of bi-univalent functions is also considered in the last section (Section 7) of this paper.

2. Convolution Characterization

In this section we obtain a membership characterization of the class R,(¢) in terms of convolution.
Theorem 1. Let o € (—mt, 7t] and let ¢ € M. A necessary and sufficient condition for a function f € A to be in the
class R,(¢) is given by

1 z + z2e 0
Z (f(z) * m) # P(e”) (z elU; 6¢ [0,2n)).

Proof. We have f € R.(¢) if and only if

1+

F@+ @ <0 @el)
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It follows that f € R,(¢) if and only if

F(2) + #z '@ #oE)  (zeU; 0€[0,2m).

Since
, 1+ 1—e 1+e, v
f@)+——2f"@) = ——f'@) + ——(f () (12)
and . .
H@O= O o ad fO=f@r o GeD)
we have . , . ,
1 ia 1 — el 1 io .
f'@)+ +26 zf"(2) = (f(z) * ( 26 1 iz + +2€ (1 fz)z)) # ¢(e)

or, equivalently,

z b4 (1-2)3

The convolution characterization asserted by Theorem 1 is thus proved. O

_ 1=, 2Y 2 ia )
(ﬂw*iajigq :1(ﬂm*iiii)¢¢@ﬁy

3. Integral Representation

In this section an integral representation for functions in the class R.(¢) is provided.
Theorem 2. Let a € (—m, ) and let ¢ € M. Suppose also that

2
T

V.

Then f € R,(¢) if and only if there exists w € B such that the following equality:

mwﬁ%{ﬁwﬂmw%n (13)

holds true for all z € U.

Proof. It follows from Definition 1 of the function class R.(¢) that f € R,(¢) if and only if there exists w € B8
such that

1+

zem 2f'(2) = p(w(z)  (ze ). (14)

f@)+
Making use of (12) in the above equality (14), we obtain

1—e¢le 1+ el

@+ (@) =¢(w@) (eD).

It follows that

C‘Wﬁvneﬂmﬂ 2_o(ez) (e,

1+ el T 1+eia

which is equivalent to

-0 @+ (@) =r29(0E) el
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where )
Y= T oa’ a F T
We thus find that
(27(zf @) =127"¢(w),
which readily yields
Df) =y fo O 1p(w(©)dC (15)

Integrating once more the equality (15), we get (13). The proof of Theorem 2 is thus completed. [

Remark 1. If @ — 7, then the equality (14) reduces to
f@=¢(0@) (el)
It follows that f € R:(¢) if and only if
fe = | ofw)ic

For 0 € [0,2n) and 7 € [0, 1], we now define the function f(z, 6, t) by

[, (U D)
f(z,0,7)= fo 7 [fo C (jo(—l T dcldz (ze ). (16)
By virtue of Theorem 2, the function f(z, 0, ) belongs to the class R, (¢).

4. Coefficient Estimates

In this section we obtain coefficient estimates for functions belonging to the class R,(¢).
Theorem 3. Let o € (—mt, 7t] and let the function ¢(z) given by

G@E) =1+ A1z +AZ> + -+
be in the class N. If a function f of the form (1) belongs to the class R,(¢), then
V2|4,

lan| < (n=2).
nn2+1+n2-1)cosa

Proof. Since f € Ru(¢), we have

1+

zem 2f'(2) =p)  (zeU), (17)

f@)+

where .
PR =1+ pz" < ().
n=2
Equating the coefficients of z" on both sides of (17), we find the following relation between the coefficients:
SR2+A+eNm =Dl =ps (122 (18)
Since the function ¢ is univalent in U and ¢(U) is a convex domain, we can apply Rogosinski’s lemma (see

[21]). We thus find that
Ipul 1A, n2 1.
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Making use of (18), we get

|A] _ V2|A4|

|2l = " = ,
2+ A +e)n=1 2 +1+ @2 -1)cosa

which completes the proof of Theorem 3. [J

Remark 2.
(i) Let ¢(z) = ¢o(z) defined by (7). If f of the form (1) is in the class Ry(¢po) = Ly, then by Theorem 3, we
obtain the coefficient estimates found in [25], namely

242

lax| < (nz2).
nn2+1+n2-1)cosa

If, in the above inequality, we set @« — 7, then we get
2
bl < = (n22),

which is the well-known coefficient estimates for the class R (see [10] and [9]).
(ii) Let ¢(z) = Q(z) defined by (5) and let f of the form (1) be in the class R (Q) = LP,. Since
8
Qz)=1+—=z+---,
T
it follows from Theorem 3, that

82 8

|an| é = 2 n—1 . 7 n z 2
n2An2 + 1+ n%—1)cosa nm?l+ 55 (1 +e9)|

which is the same with the inequality found in [31].

5. Results Involving Differential Subordination

In order to prove our main results of this section, we need the following lemma due to Hallenbeck and
Ruscheweyh [11].
Lemma 1. (see [11]) Let h be a convex function with h(0) = a and let y € C* with Ry 2 0. If the function p(z)
given by

p2) = a+pp2" + punz + -

is analytic in U and

p(z) + %zp’(z) < h(z) (ze ), (19)
then

p(z) < q(z) < h(z) (ze ), (20)
where

10 = 2 [ oo @

The result is sharp.
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Theorem 4. Let o € (—mt, ) and let ¢ € N. If f € Ry(¢p), then

1
f'(z) < fo PEt)dt < p(z)  (z e U) (22)

and

f ) f f ot )drdt (ze ), (23)

where
2

1+ el

’)/ =
The results are sharp.

Proof. Assume that f € R,(¢). Then, from Definition 1, it follows that the differential subordination (6)
holds true. Let p(z) = f'(z). Also let
2

1+ el

‘)/ =
Then

PE)+ @) = f @)+ 2@ < 9@ e

Since ¢ € N and R(y) 2 0 for a € (-7, 1), in view of Lemma 1, we have

o <L f 0GOIC < Px)  (ze ). (24)

With the substitution C = zt'/7 in the integral in (24) and, by taking into account the fact that p(z) = f'(z),
the differential chain (24) yields

1
f'(2) < fo GE)dt < ¢(2).

The first condition (22) of Theorem 4 is thus proved.
In order to obtain the differential subordination (23), we show that the function k(z) given by

1
h(z) = fo o)t (zeU) (25)

belongs to the class N. To prove this, we employ the same technique as in [1]. We first define

D, (z) = f — ztl/V L5

For R(y) > 0, the function @, (z) is convex in U (see [23]). From (26) we obtain

(26)

1
P(z) * Dy(z) = f = —— At 9 = f Gt)dt = h(z).

It was proved in [22] that the convolution of two convex functions is also convex. Therefore, the function
h(z) defined by (25) is convex in U. Moreover, since #(0) = 1, it follows that h € N.
We now let
f@
ot

p(z) =
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Then, by making use of (22) and (25), we have

1
pE) +2p'(@) = f(@) < fo PEMit=h)  (zeU).

By applying Lemma 1 once more with y = 1, we obtain

1 Z
pe <1 [(Hod<he  @ew) 27)
0
With the substitution C = rz in the integral in (27), if we take into account (25) and also that

p(z) = @

the first differential subordination in (27) implies that

j@ <f1 flqb(zrtl/y)drdt.
0 Jo

The differential subordination (23) is thus proved.
Since the result in Lemma 1 is sharp, it follows that the differential subordinations in (22) and (23) are
also sharp. Consequently, the proof of Theorem 4 is completed. [

The next result is an immediate consequence of Theorem 4.
Corollary 1. Let f be in the class Rg (0 < < 1) defined by (10). Then

2(1-p)

z

@) <2p-1- log1-z) (zeU)

and

2010-p) (*
@<2ﬁ_1_¥f0 %log(l—rz)dr (ze ).

Consider the function
om(z) =1+ Mz (M>0)

and the corresponding function class R,(¢a) given by

1+26 2f'(2) -1 SM (zeU; M>0)}.

Ra(pm) = {f:fe A and |f'(z)+

Variations of the class Ro(¢ar) have been investigated in several works (see, for example, [36] and [12]).
The following result is another consequence of Theorem 4.
Corollary 2. Let the function f be in the class Ruo(pum). Then

MA2
"2) -1 £ ———— U
re-ls Fma0 <D
and
f@ . MvV2 o
- 1'§2m (zeU; —n<a<n).
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6. The Fekete-Szego Problem for the Function Class R, (¢)

The problem of finding sharp upper bounds for the coefficient functional |23 — ua3| for different subclasses
of the normalized analytic function class A is known as the Fekete-Szegd problem. Over the years, this
problem has been investigated by many works including (for example) [8], [13], [16], [18], [19], [28] and
[29],.

In this section and in the next one, it will be assumed that the function ¢(z) is a member of the class M
and has positive real part in U. Since ¢ € M, its Taylor-Maclaurin series expansion is of the form:

O@) =1+ A1z +AyZ? +--- (z e V). (28)

Remark 3. In view of (22), if f € Ry(¢) and a € (-7, 7), then f'(z) < ¢(z), which when combined with
%(qb(z)) > 0 implies that ?i( f’(z)) > 0. When a — 7, the class Ry(¢) consists of all functions f satisfying
the same subordination f'(z) < ¢(z).

The well-known Noshiro-Warschawski theorem (see [9] and [10]) states that a function f € A with

‘R( f (z)) > 0 is univalent in U. Therefore, for all a € (-7, 7], Ro(¢) is a class of univalent functions, that is,
R.(¢) is a subclass of the normalized univalent function class S.

Recently, Ali et al. [2] considered the Fekete-Szegt functional associated with the kth root transform for
several subclasses of univalent functions. We recall here that, for a univalent function f(z) of the form (1),
the kth root transform is defined by

F@) = [f@O] " =24 Y bun™  el). (29)
n=1

In view of Remark 3, the functions in the class R,(¢) are univalent. Therefore, following the same
method as in [2], we consider the problem of finding sharp upper bounds for the Fekete-Szegt coefficient
functional associated with the kth root transform for functions in the class R, (¢).

Lemma 2 below is needed to prove our main result.

Lemma 2 (see [14]). Let the function p(z) given by
pE) = 1+piz+pz>+---
be in the class P. Then, for any complex number s,
Ip> — sp?| < 2max{1,|2s — 1]} (30)
The result is sharp for the function p(z) given by

1+z 1+ 22

p(z) 1-2 or pz) = -2

Theorem 5. Let a € (-7, ] and let ¢ € M be given by (28). Suppose also that the function f of the form (1) is a
member of the class Ro () and the function F is the kth root transform of f defined by (29). Then, for any complex

number U,
|Aa| } (31)

max 3(2 + €Ay
3k V5 +4cosa

—ub?® 1<
bogs1 — uby 4| £ 2% + eiv)?

A
{1,'ﬁ—(2y+k—1)

The result is sharp.
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Proof. Let f € Ry(¢). Then, clearly, there exists w € B such that

1+ ¢l

f@)+—5—2f"(2) = §((@).

We now define

1+ w(z)
T 1-w()

=1+plz+pzz2+~--.

p(z)

Since w € B, it follows that p € . We thus find from (33) that

1 1 1
w(z) = FP1z + 3 (pz - Ep%)zz +ee

Combining (28) and (34), we have
1 1 1 1
¢(CU(Z)) =1+ §A1P12 + (ZAZP% + §A1(Pz - Epf))zz +ee

Equating the coefficients of z and z* on both sides of (32), we get

A1
i) = ———
2(3 + e'v)
and
1 1 1 1
=——(ZAp?* + A - —p? )
" 3(2+em)(4 it A= 5p

For f given by (1), a computation shows that

ky\11/k k+1 2| 2k+1
F(z)—[f(z)]/ —z+%azz+ +(Ea3_§ 2 “z)z 1.

The equations (29) and (37) lead us to

1 1 1k-1
b1 = Eﬂz and by = E113 - 5711%-

Substituting from (35) and (36) into (38), we obtain

b = Aips
17 0k(E + eiv)
and = 1)A22
1 1 1 1 —1)A%p
b =—(—A 2414 __2)_—1,1,
R Ve SRS TE L LY Rarvereonprny
so that ,
A1 1 A2 3(2 + Ela)Al
by — b2, = — |y (122 Qua k-2t )
21 ™ M1 = gr2 1 ey | P 2( A, Tk e
Let ]
1(. A 32 + ¢M)A;
=122 4 Qurk-2ere )
i 2( A, tew )Zk(3+e’“)2)

The inequality (31) now follows as an application of Lemma 2.

1k

3752

(32)

(33)

(34)

(35)

(36)

(37)

(38)

It is easy to check that the result is sharp for the kth root transforms of the functions f(z, 6,1) and f(z, 6, 0)
defined by (16) with 7 = 1 and t = 0, respectively. This evidently completes our proof of Theorem 5.
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For k = 1, the kth root transform of f reduces to the function f itself. Corollary 3 below is an immediate
consequence of Theorem 5.

Corollary 3. Let @ € (=, 7] and let the function ¢ € M be given by (28). Suppose also that the function f of the
form (1) is in the class R,(§). Then, for any complex number u,

Ay 32+ eMA

2 Ail
las — payl S ————=max {L A H (3 + eiv)2

3V5+4cosa

The result is sharp.

7. The Fekete-Szego Problem for the Bi-Univalent Function Class Ry, (¢)

The famous Koebe one-quarter theorem (see [9]) ensures that the image of the open unit disk U under
1
every univalent function f € A contains a disk of radius T Consequently, every univalent function f has

an inverse ! satisfying the following relationships:

@)=z (e

and

f(f‘l(W))=w (|w|<r0(f); ro(f) = i)

In some cases, the inverse function f~! can be extended to the whole disk U, in which case f~! is also
univalent in U.

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.

It is easy to check that a bi-univalent function f given by (1) has the inverse f~! with the series expansion
of the form:

f_l(w) =w - 612‘602 + (2&% - Ll3)w3 4o 39)

Lewin [15] considered the class L of bi-univalent functions and obtained the bound for the second
coefficient. Netanyahu [17] and Brannan ef al. (see [6] and [5]) subsequently studied similar problems in
this direction.

The paper of Srivastava et al. [30] has revived the study of bi-univalent functions in recent years. It was
followed by a great number of papers on this topic (see, for example, [3], [4], [20], [27], [33], [32] and [34]).

In view of Remark 3, the functions in the class R,(¢) are univalent. This motivates the next definition
of the class Ry, ().

Definition 2. A function f € L is said to be in the class Ry;,(¢) if the following subordination relationships
hold true:

io

FO+ S5 <06 and )+ e @) < g, 40)
where
g(w) = f~(w).

We find from Definition 2 that, if f € Ry, (¢)), then both f and g = f~! are univalent in U. For this reason
we can consider their corresponding kth root transforms

F(z) = [f'*
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given by (29) and
G@) = 9@ =w+ Y dpawt™ (gw) = £ (@) (41)
n=1

In this section we derive upper bounds for the Fekete-Szego functional associated with the kth root
transform of functions in the class Ry;q(¢p).

Theorem 6. Let a € (-7, ] and let ¢ € M be given by (28). Suppose also that the function f of the form (1) is in
the class Ry, (¢) and F is the kth root transform of f defined by (29). Then, for any real number 1,

|bokar — pb, |

|A1] ( kel < A=Ay (34 )
_ B u| k|1 + AR
3kV5 + dcosa RS T
= 3|kl (42)
+
Al ‘T - /~‘| (‘]il _ #| > k'l + Aizhy Be)? )
K232 + ei?) A2 + (3 + €i*)2(A; — Ay 2 - 34T Zwet
Proof. Let f € Rx.o(¢). Then, in view of (40), we obtain
’ 1 + eza 7’
f@+ ——2f"@) = ¢(u() (43)
and
/ 1 + ela 7
9@ + ——wg" @) = ¢(o@)), (44)
where u,v € 8. Suppose that
gw) =w + Z c,w". (45)
n=2
Define 1
+ u(z
p(z)z1_uEZ;:1+plz+pzzz+--- (ze )
and L+ o)
+0(z
q(z)zl—v(z):1+I11Z+0h22+'“ (ze ).
As in the proof of Theorem 5, we have p, g € £ and
1 1 1 1
qb(u(z)) =1+ EAlplz + (ZAzp% + §A1(p2 - Ep%))zz + .-
and 1 1 1 1
¢)(U(z)) =1+ §A16]12 + (L—Lquf + EAl(qg - Eq%))zz +e
It follows from (43) that
Aipr 1 1. 5, 1 1, )
2B reny MY BT 30 e (4 b1+ 342 = 5p1) (46)



H. M. Srivastava et al. / Filomat 30:14 (2016), 3743-3757
Moreover, the equality (44) in conjunction with (45) yields

_ Aup 1 L, 1 2)
2= 5Greny M O 3(2+e"")( o+ 30002~ 5.

Since

1 1 1k-1
G(w) = [g(wk)]l/k =w+ Ec2wk+1 + (%C3 -5 C%) w4

it follows from (41) and (45) that

1 1k-1,

TR

On the other hand, from (39) and (45) we get

g1 = e and  dy =

Cr = —ay and c3 = 243 — as.
The equalities (49) and (50) give

1 1k-1
dypq = —® and dogr1 = (2‘12 —a3) — 272 .

Furthermore, from (38) and (51), we have

g1 = b and  doyy1 = (k+ )b}, — by

Combining the equalities (38), (46), (47), (49) and (52), and after some simple calculations, we obtain

; 1
(3 +ekbry1 = §A1P1,

1,

: 1 1 k 1 32 + e
32+ EMkbykss = A2 + SA1(p2 = 1) k=132+e") 5 5

k (3+emp 1PV
. 1
—(B + e )kbyy1 = EAlql
and

i 1 1 1 k-13@2+e€") ,
B2+ @K+ Dy = bawa] = 320 + 54102 = 500 ~ g 3 g A

3755

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

Now, in order to prove the inequality (42), we apply the same technique as in [35]. Indeed, from (53)

and (55), we get

p1=—q-
Substracting (56) from (54) and using (57), we have

k+1
b2k+1 b]%+1

A1(p2 — q2)
12k(2 + i)’

Moreover, the sum between (54) and (56) gives

k-13Q+¢?) ,,

i 1 1
3+ I+ D = A2+ 2) + 5 = At =~ A,

(57)

(58)
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which, in conjunction with (53), yields

) Al(p2 + q2)
by = ; ; :
4K2[3(2 + e"")A% + (3 + €i*)2(A; — Ay)]
On the other hand, from (58) and (59), we obtain

(59)

bos1 — pbg,, = [p2(h(t) + 1) + q2((t) - 1)],

Ay
12k(2 + ei)
where
3A%(2+ ) (L — )

k[3(2 + €)A% + (3 + ei)2(Ay — Ay)]
Since the functions p and g are in the class %, it follows that (see [9])

2l €2 and gl £2.

h(t) =

Therefore, we have
|Aq]

_ h)| 1
32 + o] (Ih(I < 1)
|bosr — pb?,, | < .
1||h(t
_— h(H) =1
32 + e (Ih(Hl 2 1),

which completes the proof of Theorem 6. [J

Since, for k = 1, the kth root transform reduces to the function itself, the next result is an immediate
consequence of Theorem 6.

Corollary 4. Let o € (—7t, ] and let ¢ € M be given by (28). Suppose also that the function f of the form (1) belongs
to the class R, (¢). Then, for any real number (i,

las — paj|
|A1| (ll _ Hl < ‘1 + A1—1242 (3+ei{r)2 )
3V5 +4cosa h AT e
<

(60)
JA1PI1 =yl

13(2 + ei“)A% + (3 +e@)2(A] — Ayl

_ A1—Ay (3+€m)2
(ll Mz ‘1 t A g

)

Finally, when o — m, the inequality (60) reduces to a result obtained by Zaprawa [35].

8. Concluding Remarks and Observations

In our present investigation, we have successfully applied the principle of differential subordination
between analytic functions. Indeed, for a € (7, ], we have considered a certain function class R.(¢) of all
normalized analytic functions in the open unit disk U, which satisfy the following differential subordination:

f(2) + %(1 +é)zf'(2) < Pplz)  (z€U),

where the function ¢(z) is analytic in U such that ¢(0) = 1. In particular, we have investigated various
integral and convolution characterizations, coefficient estimates and differential subordination results for
functions belonging to the class R,(¢). We have also derived the Fekete-Szegt coefficient functional
associated with the kth root transform [f(z)]"/¥ of functions in R,(¢p). Furthermore, we have considered a
similar problem for a corresponding class Ry..(¢p) of bi-univalent functions. We have pointed out relevant
connections of the results presented here with previous known results.
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