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Structure of Weighted Hardy Spaces in the Plane

Nihat Gokhan Gogiis?

*Sabanci University, Tuzla , Istanbul 34956 Turkey

Abstract. We characterize certain weighted Hardy spaces on the unit disk and completely describe their
dual spaces.

1. Introduction and Preliminaries

By a recent paper of Poletsky and Stessin [5] to each subharmonic function on a bounded regular domain
G which is continuous near the boundary corresponds a space H!, of analytic functions in G with a certain
growth condition. These are namely Poletsky-Stessin Hardy spaces. They include and generalize the
well-known classical Hardy spaces. This new theory unifies the standpoints of various analytic function
spaces into one.

The first generalizations in this direction of the theory of Hardy spaces on hyperconvex domains in
C" was suggested and studied in [1]. More recently the theory is extended to hyperconvex domains in
[5]. Boundedness and compactness of the composition operators on these new Poletsky-Stessin Hardy and
Bergman type spaces were investigated there. After this motivating work more investigation [2], [12], [10]
revealed the structure and first examples of these Hardy type spaces in the plane.

In [2] to understand the scale of weighted Hardy spaces u — H!, Alan and the author completely
characterized H!, spaces in the plane domains by their boundary values or by possessing a harmonic
majorant with a certain growth (see also [12], [10]). Basically the version of the Beurling’s theorem proved
in [2] states that when G is the unit disk in the plane, to each subharmonic exhaustion G corresponds an
outer function ¢ which belongs to the class H’, so that HY, isometrically equals to M, for p > 0, where M,,,
is the space p*PHP endowed with the norm

I, = /0%l f € My

This result is especially useful to construct examples of analytic function spaces enjoying certain desired
properties. The space M2, when |||l <1, was studied as a tool to understand certain sub-Hardy Hilbert
spaces in the unit disk in [11]. Two problems were not answered in [2]:

1. Canwe goback? Thatis, given analytic ¢ can one find a subharmonic exhaustion u so that H}, = M,,,?
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2. For the space H?, consider the class of all representatives, i.e., subharmonic exhaustions v so that
HI, = HY. What kind of “good” representatives are there?

In this note we give answers for both questions. We show under certain growth conditions on the
analytic function ¢ on the disk that it is possible to construct a subharmonic exhaustion u on the disk so that
H} equals to M,,,. Moreover, by the construction, u is a decreasing limit of subharmonic exhaustions which
are smooth on the closure of the unit disk. In specific cases u is real analytic and satisfies the bi-Laplacian
in the unit disk. This is a new information related to the second question.

In addition, using the boundary value characterization from [2] we completely characterize the dual
space of H}, and discuss the corresponding extremal and dual extremal problems.

After several months of submission of this paper there appeared a preprint [7]. Theorem 3.3 in this
paper is similar to Theorem 2.1 below. In Theorem 2.1 we do not require any integrability condition on the
subharmonic exhaustion #, however the authors in [7] require u to be intagrable.

Let us start to recall basic definitions. A function u < 0 on a bounded open set G C C is called an
exhaustion on G if the set

By ={zeG:u(z) <c}
is relatively compact in G for any ¢ < 0. When u is an exhaustion and ¢ < 0, we set
ue :=max{u,c}, Sc,:={z€G:u(z)=c}

Let u € sh(G) be an exhaustion function which is continuous with values in R U {—oo}. Following Demailly
[3] we define

Heu = Au, — XG\BL‘,HAu,

where x,, is the characteristic function of a set w € G. We denote the class of negative subharmonic
exhaustion functions on G by &(G). The class of all functions u € E(G) for which f Au < oo is denoted by
&o(G).

If u € E(G), then the Demailly-Lelong-Jensen formula ([3]) takes the form

f vduey, = (vAu — uAv) + cf Av, (1)
S(,u B(,u B

cu

where p., is the Demailly measure which is supported in the level sets S, of u and v € sh(G). Let us recall

that by [3] if fc Au < oo, then the measures ., converge as ¢ — 0 weak-+ in C*(G) to a measure (1, supported
in the boundary JG.
Following [5] we set

sh,(G) :=shy, = {v €sh(G):v >0, sup vdey < oo},
c<0 JS.,
and

H(G) == HY. := {f € hol(G) : | € sh,}

for every p > 0. We write

oIl := supf vde, = f(vAu — uAv) )
Sc/u G

c<0

for a nonnegative function v € sh(G) and set

1/p
I fllup := sup (f 1P duc,u) ©)
c<0 Seu
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for a holomorphic function f on G. We will use ||f|l, = [|fll.,, when p = 1. By Theorem 4.1 of [5], Hisa
Banach space when p > 1. Itis clear that the function f = 1belongs to H, if and only if the Demailly measure
ty has finite mass. If G is a regular bounded domain in C and w € G, then the Green function v(z) = g¢(z, w)
is a subharmonic exhaustion function for G. For example, when G is the unit disk and v(z) = log [z|, then
Uy is the normalized arclength measure on the unit circle. We denote by Pg(z, w) the Poisson kernel for the
domain G.

The following Theorems are recollections from [2].

Theorem 1.1. [2, Theorem 2.3] Let G be a bounded domain, v > 0 be a function on G, p > 0, and u € E(G). The
following statements are equivalent:

i. v € sh,(G).
ii. The least harmonic majorant h = Pg(v) of ¢ in G belongs to the class sh,,.

Furthermore,

ol = thu = [IAll.
G

We will denote by H”(G) the space of analytic functions f in G for which |f|” has a harmonic majorant in
G (see for example [4]). We always have H!, C H? by [5]. We will denote by v the usual arclength measure
on dG normalized so that v(dG) = 1.

Theorem 1.2. [2, Theorem 2.10] Let G be a Jordan domain with rectifiable boundary or a bounded domain with C*
boundary, p > 1, and u € &(G). The following statements are equivalent:

i. feH(G).
ii. feHP(G)and|f*| € LP(V,v), where

W@:Lm@wwn6em. (4)

iii. f € HP(G) and there exists a positive measure (t, on dG such that |f*| € LP(u,). Moreover, if E is any Borel
subset of dG with measure v(E) = 0, then 1, (E) = 0 and we have the equality

‘&w@=ﬁ%wm ©)

for every y € L1(v).
In addition, if f € H'(G), then Wfllwp = If Mooy and dpy, = Vydv.

Remark 1.3. i. Theorem 1.2 is valid when p > 0 and G is the unit disk or more generally a Jordan domain with
rectifiable boundary. In this case the Poisson integral of an LP(dv) function u has non-tangential limits equal to u on
v-almost every boundary point. This is indeed what is needed in the proof of Theorem 1.2.

ii. By replacing the function u by a suitable positive multiple tu, t > 0, we may assume that V,, > 1 on dG. To do
this it is enough to take a compact set K C G so that Au(K) > r > 0. Let m := mingeyc minzex Pg(z, C). Then take
t :=1/(rm). We will use the assumption that V,, > 1 when convenient.

iii. The weight function V,, is lower semicontinuous. To see this, suppose C; € dG, (; — C. By Fatou’s lemma

lim inf V,,(C;) = limlinff Pg(z, Cj)Au(z) = fPG(z, Q)Au(z) = V,(0).
j j G G

Note that V,, is the balayage of the measure Au on dG.
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iv. Suppose G is a bounded domain with C? boundary or a Jordan domain with rectifiable boundary and u € Ey(G).
Then

u(z) = fcgc(z,w)Au(w), ze€G.

Since

8 7
gG(;fl w) = PG(w/ C)

when C € dG and w € G, g—ﬁ((_,) exists for every C € dG, where % denotes the normal derivative in the outward
direction on dG and

MO _y 0= f Po(w, OAuw), C€aG.,
on G

By property (5) in Theorem 1.1

Ju
V.(O)d = = —(O)d .
LG (C) V(C) LAu G on (C) V(C)

To obtain Fatou’s type results we would like to compute the Radon-Nikodym derivative of the Demailly
measures with respect to the usual arclength measure on the level sets. In the next result we provide this.
Let v, denote the arclength measure on S, ,,. Define

VC,M(C) = f PBW (Z/ C)AM(Z), Ce SC,M/

B,

where Pg_ (z, C) denotes the Poisson kernel for B, .

c,u

Proposition 1.4. Let u € E(G), where G is a bounded reqular domain. Suppose that u is Lipschitz in every compact
subset of G. Then the measures v and i, are mutually absolutely continuous and pc, = Ve, ve with Ve, € LY(v,).
Moreover, for each ¢ < 0 there is a constant k. > 0 so that V,, > k. on S ,.

Proof. Let ¢ be a continuous function on S, and let /i(z) be the harmonic function in B, with boundary
values equal to ¢. By equality (1) we have

fs PO dien(0) fB h@)Au)

f ( f PBC,,,cz,cmu(z))(p(odvc@)
Seu \WBcy

j; PO Veu(Q) dve(0).

cu

Hence p¢, = V. uve. Another observation using Fubini’s theorem gives

fs Vo Odve(0) = f Au() = [ltenl] < oo.

c,u BL‘,H

Thus V., € L'(v.). Note that v, < k. e for some positive constant k, by [3]. Hence V., > k. on S, for some
k. > 0. This completes the proof. [

Remark 1.5. The requirement that u is Lipschitz is only needed to write the harmonic measure on Bc,, of the form
Py, dv.. There are much weaker conditions on domains for which the harmonic measure is absolutely continuous.
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The next auxiliary result allows one to compare the Demailly measures on S., with a measure on an
arbitrary level set.

Proposition 1.6. Let u be a subharmonic exhaustion function on a bounded regular domain G in C. Let G; be

relatively compact regqular open sets in G so that 5] C Gjy1 and UG; = G. Then for each j there is a u; € &(G;) and
for each ¢ < 0 there is a number s with ¢ < s < 0 so that for any nonnegative function v € sh(G), the integrals 1,,(0)
are increasing and

peu(D) < ,uu/»(v) = ”v”u,- < psu(0).
This means |[v||, = lim; p,,(0) for every nonnegative subharmonic function v on G.

Proof. Set uj := u — Pg,u. Clearly u; € &(G;). Take an integer jo > 1 and a number s < 0 with ¢ < s so that
B.u € Gj, C By . The comparison follows from (1) and (2) if we note that ¢ < Pg,u on B,y and Pgu < s on
Bs,. O

If ¢ is a nonzero analytic function on ID, let M,,, denote the space ¢*”H? endowed with the norm

Ifllm,, = If/9* Pl f € Mpyp.

We will call a function ¢ € H2 a u-inner function if |¢*(0)*V,(C) equals 1 for almost every C € JD. If,
moreover, ¢(z) is zero-free, we will say that ¢ is a singular u-inner function. The next result is Theorem 3.2
and Corollary 3.3 from [2].

Theorem 1.7. Let Y # {0} be a closed M,-invariant subspace of H2(ID). Then there exists a function ¢ € H? so that
lp*(OPVu(C) = 1 for almost every C € dD and Y = M. In particular, there exists a u-inner and an outer function
® € H2 so that H> = M, and these spaces are isometric.

This function ¢ is determined uniquely up to a unit constant. Note that

; 1 1 1
0y — -

Vu(e®) = lp(ei®)[? - @2(e0) sgn ©2(ei0)’
where we set sgna := |a|/a for any complex number « # 0 and sgn0 := 0. If V > 1 on JID, then |p(C)| < 1 for
almost every C. Suppose that f Au < co. Then the function 1 belongs to Hf,. Hence ¢! belongs to H2. Then
it is an easy exercise to show that ¢ is an outer function.

(6)

Theorem 1.8. The set LP(V,d0) coincides with ¢*/PLP(d0) and the map f +— @~/7 f is an isometric isomorphism
from the space L¥(V,d0) onto LF(d6).

Theorem 1.9. [2, Theorem 3.4] Suppose 0 < p < oo, f € H(ID), f # 0, and B is the Blaschke product formed with
the zeros of f. Then there are zero-free @ € H> N H®, S € H* and F € HP so that ¢ is outer and singular u-inner, S
is singular inner, F is outer, and

f=BS¢**F. (7)
Moreover, ||fll. = IIFll, and Hy(D) = M.
Corollary 1.10. The map f +— @~/ f is an isometric isomorphism from the space H', onto HP.

The following Lemma will be useful in the next section. Its proof is a simple calculation and we outline
it here.

Lemma 1.11. Let ¢ be a number with =1 < ¢ < 0. Then there exists a function x = «. defined on (—oo, 0] with the
following properties:
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i. k:(=00,0] = (—o0,0] is non-decreasing, convex and C*,
ii. « is real-analytic in (c, 0],

iii. k(t) = cwhent <c,x(0)=0,and x’(0) = 1.

Proof. Leta := —1“(;6), b= lnzzc)’ and

c+ eﬁ, t>c,
x(t) ==
c, t<c.

Then

—a

1
K'(t) = ————e@P
( ) e(t — C)b+1

and

7 _ 1 b+1 r_i
K (t) = m(l/e— (b + 1)(t - C) + )e( ob
fort > c. Fort < ¢, ¥'(t) = ¥”(t) = 0. It can be checked that x”(t) > 0 for ¢ < t < 0, and « satisfies all
properties ini., ii. and iii. O

2. Finding Subharmonic Exhaustion

Theorem 1.2 describes the weight function V,, corresponding to the Hardy space H, when the Laplacian
of u is known. In Theorem 1.9 we obtain a canonical factorization for functions in H?, and we see that this
space is a certain multiple p*?H? of H?. The singular u-inner function ¢ appearing in this factorization is
related to the weight V,, by

1
kp(f}T)lz, ae. 9

In this section we seek a converse to these results.

Let G be a Jordan domain with rectifiable boundary and ¢ be a given analytic function in H'(G). The
problem is to find a subharmonic exhaustion 1 on G so that V() = [¢(0)| when C € dG. Taking a conformal
map of G onto ID we can always suppose that G = ID. This is a type of inverse balayage problem. We solve
this next.

Vu(e?) = (8)

Theorem 2.1. Let 1 be a lower semicontinuous function on dID so that 1 > c for some constant ¢ > 0. Then there
exists a function u € & so that Y = V,,. Moreover we have the following properties:

a. u is the decreasing limit of functions in & N C*(ID) converging uniformly to u on D.
b. u € E(D) if and only if P € L} (dv).

c. Ifyis C5, 0 <k < oo, on dD, then uis C* on D. If { is real-analytic, then there exists a compact K so that u is
real-analytic on D\K.

Proof. Suppose first that i is C> on dID and let p(re’?) := 1(r* 1)y (%) for re?” € ID. Computing the Laplacian
of p we get
2 —1d*P(e)

212 dor

Ap(reie) = 21,b(ei9) +
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By assumption Ap(e'?) = 2¢(¢”) > 2c > 0. Hence there exists a compact B C ID so that Ap(z) > 0 on the open
set Q := ID\B. Hence p is a non-positive subharmonAc function on Q and p|;p = 0. Since p is continuous

on D, there exists a constant ¢ < 0 so that the set B, is relatively compact in ID and S, C Q. Let x = «. be
the function proivided in Lemma 1.11. Define u(z) := x(p(z)) for z € ID. Now u = x(p) is subharmonic in (),

u=conB.,andu >conD\B., C Q. Henceu € Eand V, = % = K’(O)g—f =y ondD.

Now let ¢ be lower semicontinuous. There exists ¢, all C* on dD so that ¢ < ¢,,(C) < Py41(C), and
P(C) = lim, ¢,(C) for every C € dD. We let 9 = 0. Replacing ¢, by ¢, — 27" we may assume that
dy = Py — Py > 27771 Asin the first part of the proof we let p,(z) := (> = 1)d,,(¢"%). There exists a compact
B, c D so that Ap,(z) > 0 on the open set (), := ID\B,,. This time we choose constants —27" < ¢, < 0 so that
B, p, is relatively compactin D, S, ,, € Q,,and B, ,, C B Let u,(z) := x.,(pxn(2)) so that as proved in
the first part, V,,, =d, and u, € CM(E).

Let

Cn+1,Pn+1"

(o]

u(z) := Z u,(z).

n=0

Since [u,| < |c,| < 27" for all 1, the sum converges uniformly on ID. This shows that u € & and properties in
a. and c. are satisfied. Using (4) in Theorem 1.2,

V@ = [ Pe0Me) =Y, [ Pe 0 = Y di©) = 90,
n=0 n=0

Due to an equality in Remark 1.3,

f Au(z) = f Vaudv = Ydv.
D oD oD

Hence u € & if and only if i € L'(dv). The proof is completed. [
We have now the following converse to Theorem 1.9 to answer the first question in the introduction.

Theorem 2.2. Let ¢ be a zero free analytic function on 1D so that |@*| equals v-almost everywhere to an upper
semicontinuous function on dD. Then there exists a u € (D) so that H, = M, , and we have isometric isomorphism
of two spaces.

Proof. It is enough to prove the theorem when p = 2. Since |¢”| is upper semicontinuous on JID, there exists
a constant m so that |p*| < m. Hence the function ¢ := 1/|¢*|* is lower semicontinuous and ¢ > 1/m. Let
u € &(ID) be the exhaustion provided by Theorem 2.3 for the function ¥ so that V,, = 1/|p*|>. If f € H2, we
write f = @ fy, where fo = f/@. Then

27
|m@:j'wwwww%mzmmwﬂmﬁ<m
: ,

Thus fy € H? and we have shown that H2 ¢ M,,. Conversely, if f € Mo, then clearly f € H2 from
the same equality above. The mapping f > ¢f; is clearly an isomorphism of H2 onto M, which is an
isometry. [

When the weight function V,, is smooth enough, there is a connection with the corresponding subhar-
monic exhaustions and the bi-Laplacian equation A?u = 0. This is explained in the next result.

Theorem 2.3. Let i € C!(JID) be a nonnegative function. Then there exists a function u and a constant M with the
following properties:

a. u € E(ID) and u is real analytic on D.
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b. Vu(©) = 2(0) = ¢Y(0) + M for every C € ID.
c. u satisfies the bi-Laplacian equation A*u = 0 on D.

Proof. Letu(z) := %(Izl2 — 1)[PY(z) + M], where Py(z) is the harmonic extension of i) on ID. Then using polar

coordinates Au(z) = 2[Py(z) + M] + 2|z|apgr(z). Note that Py € C(D). Now take M large enough so that
Au(z) > 0 on D. Again taking the Laplacian it can be checked that A%u(z) = 0. Hence Au is harmonic on D
and since

f Au = c(PY(0) + M) < cllt|loo + cM < oo,
D

u € &. Clearly u is real analytic on ID. On JD we have

du
Vu(©) = a—(C) =y +M
r
for every C e dD. O
Remark 2.4. Equality in (5) shows also that

271 ) ) &P i0
2 f log |z — €] [lp(ele) + “gie ) 4 M] 40 = f log 1 — @zl Au(w)
0 D

for every z € D. Therefore, in fact, u can be written as the difference of two potentials

21 ) ' 8P~ 0
u(Z):%fﬂ)loglz—wmmw)dw—%jo‘ 10g|2—616|[¢(e19)+ Igie )+M 10

for every z € ID. Here Au is harmonic.

When v € (D), let R(v) denote the class of all functions u € &(ID) which generates the same space
H., = HY. We know a “good” representative in R(v) for certain cases as a consequence of Theorem 2.3.

Theorem 2.5. Let v € Ey(ID) so that V, is bounded and PV, + IZI‘”;Y” > 0 on ID. Then R(v) contains a function

u € &y which is real analytic and satisfies the bi-Laplacian equation A>u = 0 on ID. Moreover, V,, = V,, and the
weight function V,, can be found by using the equation

1
V(@) = % f Au(se®)ds.
0

Proof. Let u(z) := 3(|zI> — 1)PVy(2). Then Au(z) = 2PV, (z) + 2|Z|% > 0 by assumption. Hence u € &, u
is real analytic and satisfies the bi-Laplacian equation A%z = 0 on D. Let h(z) := Au(z) and hs(z) := h(sz) for
0 <s < 1. By (4) of Theorem 1.2

V() = f P(z,¢h(z)dz = lim,_; f P(z,¢)hy(2)dz
D D

1 271 o 1 21 ] o

= limy_; f r f P(re", ¢'%) [— f hs(e”l)P(re’t,em)dn}dtdr
0 0 21 Jo
1 271 ) 1 21 o ) )

= lims_qf rf hs(e™) [—f P(relt,e’”)P(rele,e’t)dt]dr]dr
0 0 21t Jo
1 27 ) ) )

= limg_,; f r f hs(eMP(r?e'®, eMydndr
0 Jo

1 1
= limg_,; f rhs(rzeie)dr: 1 f Au(reie)dr.
0 2y



N. G. Gogiig / Filomat 30:2 (2016), 473482 481

3. Representation of Linear Functionals

First we describe the the space of annihilators of H’, in L1(Vd0), where 1/p + 1/q = 1. Let G € L1(d6) and
f = @*"F € H,. Define

27
Lol = La(¢?"P) = [ FEGE )0,
0

Then L belongs to (H})" since |Lg(f)| < IFll,lIGll; = lIflluylIGll;- We denote by HZ’O the class of functions g in
H! with 9(0) = 0. Then HZ,O is isometrically isomorphic to Hg which is the space of functions g € H7 with
9(0) = 0.

Theorem 3.1. For 1 < p < oo, (Hy)* is isometrically isomorphic to H) which is isometrically isomorphic to HZ/O or
H.

Proof. Suppose g € L1(Vd0) is an annihilator of H},. Then

271
f PP () g(e®)V(e?)e"0do = 0
0

for every n =0,1,2,.... Therefore ¢p?/?gV is the boundary function of some G € H! with G(0) = 0. In fact G
is determined uniquely by g. From the equality

91"V = lpPIGITV = |GI?
we see that G € H7 and ||g]|..4 = [IGll;. Take any f = (pz/”F € H'. Then
Fe9)g(e®)V(e%)do = f F(e?)G(?)do = 0.
0 0
Conversely, take any G € H7. Now from [4, Sec. 7.2]if G € H, then L € (H)*. Hence the map G Lg
from Hg onto (H})* is an isometric isomorphism. [J
Theorem 3.1 gives a canonical representation of (H},)" as in the next statement which can be compared to

the classical case (see [4, Theorem 7.3] for example).

Theorem 3.2. For 1 < p < oo, (H})" is isometrically isomorphic to L1(VdO)/H,. Furthermore, if 1 < p < oo, for
each L € (H})* there exists a unique G € H, so that L(f) = Lg(f) for every f € Hi. For each L € (HL)* there exists a
function G € Hy so that L(f) = Lg(f) for every f € H..

The next theorem describes the preduals of HY,.

Theorem 3.3. Let u be a subharmonic exhaustion function on D. If 1 <p < coand 1/p+1/q = 1, then:
i. Hy = (L]/HT ).
ii. H = (L]/H]) .

Proof. LetT be a bounded linear functional on L} /HZ o- Then, by composing I' with the canonical projection
of L onto L}/ HZ o» I gives a linear functional on L! with the same norm as on L/ HZ o So, forany f € L,

using equation (6), Theorem 1.8 and Corollary 1.10 we have

27
I(f)=T(f+H,,) = fo @) 21 G )p P (e9)1d0, ©)

where G € L with [|Gl|,,, = [T]l. We have I'(¢"?¢*) = 0 for every integer n > 1. Hence G € Hj,. Conversely,

any function G € H, gives rise to a linear functional I on L} /H! / by formula (9). This proves the first
assertion. The second part is proved by a similar argument. [J
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4. Extremal Problems

We are now ready to discuss the related extremal problems. For fixed g € L7(Vd0) the extremal problem
is to find

A(g) = sup {IA(F : f € HE, lIfllpu <1}, (10)
where
271
A(f) = Zim f| . F(z)G(2)dz = % : £(e)g(e?)V(e)e?do (11)

and we use the correspondence f = ¢*PF, g = ¢?/7sgn(¢*)G provided by Theorem 1.8 and Corollary 1.10.
The related dual extremal problem is to find the function gy € Hj so that

T(g) := inf{llg = hllgu : 7 € H}} = llg = gollgu- (12)

The proof of the following existence and uniqueness theorem for the extremal problems follows in view
of Theorem 1.8, Corollary 1.10 and [4, Theorem 8.1].

Theorem 4.1. Let 1 <p < oo,1/p+1/q=1and g € L1(VdO).
i. The duality relation A(g) = I'(g) holds.

ii. If p > 1, there is a unique extremal function f € H, for which A(f) > 0. The dual extremal problem has a
unique solution.

iii. Ifp = 1and G(e'°) is continuous, at least one solution to the extremal problem exists. Ifp = 1, the dual extremal
problem has at least one solution; it is unique if the extremal problem has a solution.
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