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Abstract. In this work, following their counterparts for single sequences in classical real analysis we will
introduce and examine convergence types and relationship between them for double sequences of functions
defined on a subset E with finite measure in real numbers.

1. Introduction

In this work we examine the concepts of convergence almost everywere, convergence in measure and
uniformly convergence, also relationships between these concepts, for double function sequences. Let us
clearly note that we utilize from methods, given for single function sequences, in [6].

Let E be a measurable subset with finite Lebesgue measure E in real numbers. We receive a single
sequence (f,) of real-valued measurable functions and a measurable function f defined on E. If for an
element x in E and any ¢ > 0 there is a natural number N such that | fa(X) = f (x)( < ¢ for all n> N, then
this sequence (f,) converges to f in the point x. If for any ¢ > 0 there is a natural number N such that
( fa(X) = f (x)| < ¢ for all n> N and all x€E, then this sequence (f,) is said to be uniformly convergence on E
to f.

Let a single sequence of measurable functions (f,;) be defined and finite almost everywhere on E. Let f
be a measurable function which is finite almost everywhere on E. If

lim [u{x € E: |f,(®) - @] 20| =0

for all o > 0, then this sequence (f,) is said to be convergence in measure to f [6].

Throughout this work, IN and R denote the sets of natural numbers and real numbers respectively. A
real double sequence is a function x from IN X IN into R and briefly denoted by (xx;). If for all € > 0 there is
ne € N such that |xk,1 - a| < & where k > n, and | > n,, then a double sequence (xy,) is said to be converges
in Pringsheim’s sense to 2 € R and to indicate it is briefly written

P-limx =a
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A double function sequence ( fi) of real-valued functions defined on E corresponds to bring a real double
sequence (fi; (x)) to each x € E. If, for each x € X, the sequence (fi;(x)) converges in Pringsheim’s sense
to f (x), then this sequence (fi;) is said to be pointwise convergence in Pringsheim’s sense to f. If, for any
e > 0, there is a natural number N such that | S (x) = f (x)| < e for all k,/> N and all x€E, then this sequence
(fx1) is said to be uniformly convergence in Pringsheim’s sense on E to f. These said things can be seen from

(111, 121, [3], [4], [5D).
Let a double sequence of measurable functions ( f;;) be defined and finite almost everywhere on E. Let f
be a measurable function which is finite almost everywhere on E. If

,}i_rgo[y{er: |fir () = F @] 2 0f] =0

in Pringsheim’s sense for all ¢ > 0, then this sequence (fi,) is said to be converges in measure in Pringsheim’s
sense to f.

2. Main Results

Theorem 2.1. Let (fy,») be a double sequence of measurable functions which is finite almost everywere and a function
f be finite in almost everywere on E. If (fi,) converges almost everywhere in Pringsheim’s sense on E to f , then

P—limy{er : |fm,n(x)—f(x)| > o} =0

forall o > 0.

Proof. Firstly we define the sets A, A, for m,n € IN, B and Q as follows:
A = {x eE: |f(x)| = +oo}, Apn = {xe E: |fun (x)| = +oo} (m,n € N),
B = {xe€E:P-limfy,()#f()}, Q=AU Uy, ;Au)UB.

By the hypothesis, we have u(A) = u(B) = u (U"m",n:lAmﬂ) = 0. Since p (Q) < u(A)+u(B) + f_l U (Apn), we

get 1 (Q) = 0. Further, let

Enpn(0) = {x € E:|fon(¥) = f(¥)| 2 0} forallm, neN,
and

Ry (0) = U2 Eismisn (0) forallm,n € IN.

Using these sets, we define the sets

Smn(0) =2 UZ Ry (o) forallm,n € IN.
Then clearly

51,1(0) 2 522 (0) D2 S33(0) D ...
Now we take

M =0%,8,, (0),

and show the inclusion M C Q. If we accept xg ¢ Q, then P — lim fi; (xo) = f (xo), each fi; (xo) is finite and
f (x0) is finite. Thus there is ny € IN such that

|fii (x0) = f (x0)| < @
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for all k,I > ny. In other words, xy ¢ Ex; (o) for all k,I > ny. Hence x¢ ¢ S, (0) for each n > ny . From here,
we have xp ¢ M and so M C Q. Hence, since 1 (Q) = 0 we find u (M) = 0 and so

lim (S, (0) = p (M) = 0.
Considering the inclusions
Enn (0) C Ry (0) C Sin € Sy Y S
for m > ng and n > ny, we have
4 (B (9)) < S U Sun) < 1 (Syn) + 11 (Su)
and hence
P —lim p (Eyn (0)) = 0.
This completes the proof. O

Corollary 2.2. If a double sequence of functions converges almost everywhere, then it converges in measure to same
function.

The opposite of the above theorem is not usually true. We explain this with an example:
Example 2.3. We define k — funtions on [0.1) for all k € IN as follows:
£ () = { (1) ;Z:i ; @ ’;g L i=1,2,3,.k
Using these functions, we define a double sequence as @, = 0 on [0.1) for m # n and
P10 = £ @), 92200 = 7 1), 93300 = 7 (1), paa () = 7 (), ..

We can easily see that this double sequence (@,,,) converges in measure to zero. In fact, for each o with 0 < o < 1 if
m # n, then {x eE: |(pm,n (x)| > o} = ¢ where ¢ denotes to empty set and if m = n, then taking @, , (x) = fi(k) (x)
we have

{x eE: )(pn,n (x)| > o} = i_Tl, i),

and the measure of this set is 1 and converges to zero as n — co. Thus
P- lim{x €E: |(pn,n (x)| > o} =0.

Also the relation
P—lim@,,(x) =0

does not occur for any point of the interval [0, 1). In fact, given any xq € [0, 1) we can find i € IN such that

we[5L1)
0 k/k/

and so fl.(k) (x0) = 1. In other words, @, (xo) = fi(k) (x0) = 1 for large enough n and hence

P — im @y, (o) # 0.
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Theorem 2.4. If double sequence of functions (fu,n) converges in measure to two different f and g, then this limit
functions are equivalent.

Proof. 1t is easy to verify that
xeE: [f@)-g@|20} c {x €E: |fun ()~ f ()] = %}

U{r e Jfun @ -9 @)= 3.

for all o > 0. The measure of set in right side of this inclusion converges to zero in Pringsheim’s sense and
hence we have

p(freE: [fw)-g@|20))=0.
This gives the desired. [

Theorem 2.5. Let (fi,,) be a double sequence of measurable functions which converges in measure to a function f
on E. Then there exists a subsequence

fml,nll fmz,nzl fm3,n3/-~ (m1 <mp<mz<.., N <np<nz<... )
of (fin,n) which converges almost everywhere to f.
Proof. We consider a sequence of positive numbers such that

limoy =0, o01>0,>03> ...

k—o0

Further, let

171+172+173+...

be a convergence series with positive terms. According to hypotesis, there exist two natural numbers m;
and n; such that

p({x € E|fom 0= F@| 2 01 }) <.
Again there two natural numbers m; and #n, such that
p({x € B funm @ - F@| 2 02}) <2 (my > my, np > ny).
In general we can choose two natural numbers m; and n; such that
/J({x €eE: |fmk,,,k (%) —f(x)| > o }) < 1k (my > my_q, n > ng_q).
We thus have defined a subsequence (fy, n,) Of (fin,n). Next we denote that
P —lim fy, n, (x) = f ()
almost everywhere. Firstly, we define the sets
Ri=UR {x € E: |fum () = f ()] 2 0% }
for each i € N and a set

Q= m,ZiRi.
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Since
RiDRy,DR3D ..,
we have
p(Ry) = w(Q)

as i — co. On the other hand, the inequality

HR) <)
k=i
holds and hence it is clear that p (R;) — 0 as i — co. Therefore we obtain

H(Q =0.

Finally we denote that P —lim f,, », (x) = f (x) on E— Q. Letxy € E— Q. Then xj ¢ R;, for at least one iy € IN.
Namely

X0 ¢ {xe E: |fmk,,,k (x)—f(x)| > 0y }
for all k > iy and hence we have

|ﬁnk/"k (x) - f (x)| < Ok
for all k > ip. Since I}imak =0, it is clear that P — lim f,,, », (x) = f (x). This completes the proof. [
Theorem 2.6. Let (fy,.) be a double sequence of measurable functions which is defined on E and finite almost

everywere. We accept that (fu,n) converges almost everywhere in Pringsheim’s sense to a measurable function f,
which is finite almost everywere. Then, for all 6 > O there is a measurable set Es C E such that

(1) u(Es) > p(E) =6,
(2) (fm,n) is uniformly convergence to f on Es.

Proof. We consider the sets (S,,, (0)) in Theorem 1. We consider a sequence of positive numbers such that

limoy =0, o01>07>03> ...

k— o0

and a convergence series
m+mn+n+..
with positive terms. Since p (S, (0)) = 0 as n — oo, there exists n; € IN such that
1 (S (1)) < i
for all i € IN. We now select iy € IN such that
Z i <0
pr
also receive

e=Uz, Sn,-,n,- (Gi) .

1=1p
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Then clearly

1% (e) < i Spin; (o)) < i n;i <06.

i=ip i=i

We now say Es = E —e. We obviously have u(Es) > u(E) — 0. So the condition (1) is proved. Finally we
prove the condition (2). For this we select arbitrary ¢ > 0.
If y € Es, then x ¢ e and therefore y ¢ S,,, ,, (0) for all i > iy. This implies that

yéz{er: |fk,l(x)_f(x)'20i}

k > n;, 1 > n; and so

fis @) = f ()| < 0

Hence

lfor () = f(y)| < &

k > n;, I > n;. This completes the proof. [
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