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Random Compact Operators

Reza Saadati®

Department of Mathematics, Iran University of Science and Technology, Tehran, Iran

Abstract. Random compact operators are useful to study random differentiation and random integral
equations. In this paper, we define the random norm of R-bounded operators and study random norms of
differentiation operators and integral operators. The definition of random norm of R-bounded operators
led us to study the random operator theory.

1. Preliminaries

In this section, we adopt the usual terminology, notations and conventions of the theory of random
normed spaces, as in [1-3], and then we consider random normed algebras. Throughout this paper, A* is
the space of distribution functions, that is, the space of all mappings F : R U {~0c0, 00} — [0, 1] such that F
is left-continuous and non-decreasing on R, F(0) = 0 and F(+o0) = 1. D" is a subset of A* consisting of all
functions F € A* for which I"F(+o) = 1, where I f(x) denotes the left limit of the function f at the point x,
thatis, I” f(x) = lim;,x- f(f). The space A* is partially ordered by the usual point-wise ordering of functions,
i.e., F < Gifand only if F(t) < G(f) for all t in R. For example, an element for A* is the distribution function

&, given by
0, ift<a,
~ t =
€all) { 1, ift>a.

The maximal element for A" in this order is the distribution function &.

Definition 1.1. ([3]) A mapping T : [0,1] X [0, 1] — [0, 1] is a continuous triangular norm (briefly, a contin-
uous f-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

() T(a,1) =aforallac0,1];

(d) T(a,b) < T(c,d) whenevera < cand b < d foralla,b,c,d €[0,1].

Typical examples of continuous t-norms are Tp(a, b) = ab, Tip(a, b) = min(a, b) and T1(a,b) = max(a + b —
1,0) (the Lukasiewicz t-norm).

If T is a t-norm, then, for all x € [0,1] and n € N U {0}, x(T") is defined by 1if n = 0 and T(x(T”_l),x) ifn>1.
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We say the f-norm T has L property and write T € © whenever, for any A € (0, 1), there exists y € (0,1)
(which does not depend on 1) such that

T '1-y,,1-y)>1-4 1)
foreachn > 1.

Definition 1.2. ([3]) A random normed space (briefly, RN-space) is a triple (X, u, T), where X is a vector space,
T is a continuous t-norm and u is a mapping from X into D* such that the following conditions hold:
(RN1) p(t) = €o(t) for all t > 0 if and only if x = 0;
(RN2) pax(t) = yx(‘;tl) forallx € X, a # 0;
(RN3) proty(t +8) = T(ux(t), uy(s)) forall x, y € X and all ,s > 0.

Example 1.3. Every normed space (X, ||.||) defines a random normed space (X, u, Ts), where

t
£+ (il

Hx(t) =

forall t > 0, and p,(t) = 0 for t < 0 in which Ty is the minimum t-norm. This space is called the induced
random normed space. Note that, if T = Tp, the product t-norm, then the last example is a RN-space.

Definition 1.4. Let (X, 1, T) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every € > 0 and A > 0, there exists a
positive integer N such that iy, _.(€) > 1 — A whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every € > 0 and A > 0, there exists a positive
integer N such that p,,,—, (€) > 1 — A whenever n > m > N.

(3) An RN-space (X, i, T) is said to be complete if and only if every Cauchy sequence in X is convergent
to a point in X. A complete RN-space is called Banach random space.

Definition 1.5. Let (X, 1, T) be an RN-space. We define the open ball B.(r, ) and the closed ball B.[r, t] with
center x € X and radius 0 < r < 1 for any ¢ > 0 as follows:

By(r,t)y={yeX : px_y(t) >1-r},
Bylrtl={y e X : pry(t) 21 -7}
Theorem 1.6. ([5]) Let (X, 1, T) be an RN-space. Every open ball B,(r, t) is an open set.

Different kinds of topologies can be introduced in a random normed space [3]. The (r, t)-topology is
introduced by a family of neighborhoods

{Bx(7, ) xex, 0, re(0,1)-

In fact, every random norm p on X generates a topology ((r, t)-topology) on X which has as a base the family
of open sets of the form

{Bx(r, Dlxex, >0, re0,1)-
Remark 1.7. Since {Bx (%, %) :n=1,2,3,--- } is a local base at x, the (r, t)-topology is first countable.

Theorem 1.8. ([5]) Every RN-space (X, u, T) is a Hausdorf{f space.

Definition 1.9. Let (X, 1, T) be an RN-space. A subset A of X is said to be R-bounded if there exist t > 0 and
r € (0,1) such that y,_,(t) > 1 —rforallx,y € A.

Ones can find others definitions of boundedness at [1].
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Definition 1.10. The RN-space (X, u, T) is said to be randomly compact (simply R-compact) if every se-
quence {p}n in X has a convergent subsequence {p,,}. A subset A of a RN-space (X, u, T) is said to be
R-compact if every sequence {p,,} in A has a subsequence {p,,,} convergent to a vector p € A.

Theorem 1.11. ([5]) Every R-compact subset A of an RN-space (X, u, T) is closed and R-bounded.

Theorem 1.12. ([3]) If (X, u, T) is an RN-space and {x,} is a sequence such that x, — x, then lim,,_,co [y, (f) = px(t)
almost everywhere.

Theorem 1.13. ([5]) Let (X, y, T) be an RN-space such that every Cauchy sequence in X has a convergent subsequence.
Then (X, u, T) is complete.

Lemma 1.14. ([5]) If (X, u, T) is an RN-space, then
(1) The function (x, y) — x + y is continuous.
(2) The function (a, x) — ax is continuous.

Note that, in [6] the authors proved that every RN-space is topological vector space (see also Theorem
2 of [7], and [8, 11]).

Lemma 1.15. Let (X, u, T) be RN-space, in which T € L. If we define E, , : X* — R* U {0} by
Epu(x) =inf{t > 0 : uy(t) > 1 - A}

foreach A €]0,1[ and x € X, then we have the following:
(1) For any x €]0, 1[, there exists A €]0, 1[ such that

Epu(xr —x¢) < Epp(x1 —x2) + Ep u(x2 — x3) + -+ + Ep (k-1 — X¢)
forany x1, ..., xx € X;

(2) For any sequence {x,} in X, we have, i, x(t) — 1if and only if E, ,,(x, — x) — 0. Also the sequence {x,} is
Cauchy w.r.t. f if and only if it is Cauchy with E, ;..

Proof. The proof is the same as in Lemma 1.6 of [9]. [
Note that, A in Lemma 1.15 (1) does not depend on k (see [9]).

Definition 1.16. A linear operator A : (X, u, T) — (Y, v, T") is said to be R-bounded if there exists a constant
h € R - {0} such that

vax(t) 2 .Uhx(t) )

forallxe Xand t > 0.

Theorem 1.17. (Continuity and boundedness) Let (X, pi, T) and (Y, v, T") be RN-spaces, in which T, T’ € L. Let
A : X — Y be a linear operator. Then:

(a) A is continuous if and only if A is R-bounded;

(b) If A is continuous at a single point, it is continuous.

Proof. See Theorem 3.2 of [10]. [
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2. Random Norm of Operators
Let (X, u, T) and (Y, i, T) be RN-spaces and A : X — Y be a R-bounded linear operator. Define
nA) = inf{h>0: padt) = u(B)}, (©)
for each x € X and t > 0. n(A) is called the operator random norm.
Lemma 2.1. Let (X, u, T) and (Y, u, T) be RN-spaces and A : X — Y be a R-bounded linear operator. Then
pax(t) = (b)), (4)
foreach x € X and t > 0.

Proof. Since A : X — Y is a R-bounded linear operator, then by (3) there exists a non-increasing sequence
{h,} converges to n(A) and satisfies at

pax(t) = i, (t) 5)
for each x € X and t > 0. Take the limit on # from the last inequality, we get (4). O
Example 2.2. Let (X, u, T) be RN-space. The identity operator I : X — X is R-bounded and
N = inflh> 0 ) = g} =1
for eachx € X and ¢ > 0.
Example 2.3. Let (X, u, T) and (Y, u, T) be RN-spaces. The zero operator 0 : X — Y is R-bounded and
n0) = inflh>0: pow(t) = po(t) =1} =0
foreach x € X and t > 0.

Example 2.4. (Differentiation operator) Consider the Example 1.3. Let X be the RN-space of all polynomi-
als on | = [0, 1] with random norm given

0 - 0, ift <0,
B EN minge ko, i 4> 0.

A differentiation operator D is defined on X by
Dx(p) = ¥'(p),

where the prime denotes differentiation with respect to p. This operator is linear but not R-bounded.
Indeed, let x,,(p) = p" where n € IN. Then,

() = min ——— =
pe] t+|x(p)l t+1

fort > 0and
Dx,(p) = np".

Then
t t

t) = min = ,
Hx() pel t+npl T t+n

fort > 0and n € IN. Now

: t Eoy L
nD) = mf{h>0. mZtT}_n'

Note that, n depended to choice of x € X.
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Example 2.5. (Integral operator) Consider the Example 1.3. Let X be the RN-space of all continuous
function on | = [0, 1] i.e., C[0, 1] with random norm given

0 - 0, ift <0,
BTN minge oy, i 1> 0.

We can define an integral operator
S:C[0,1] - C[0,1]

by y = Sx where
1
yp) = f x(p, a)x(a)da.
0

Here x is a given function, which is called the kernel of S and is assumed to be continuous on the closed
square G = | X | in the pa-plane, where | = [0, 1]. This operator is linear and R-bounded. The continuity of
x on the closed square implies that « is bounded, say, x(p, @) < k for all (p, ) € G, where k is a positive real
number. Then,

. t
i) = o e T e T
fort > 0and
Usx(t) min !
Sx =

Pl b fol k(p, @)x(a)da|

> min+
Pt [ Ikle(a)lda

> min —————
pel t+ Ikllx(p)l

= [ka(t)

for t > O i.e., the integral operator S is R-bounded.

Theorem 2.6. Let (X, u, T) be an RN-space, in which T € ¥ and X is finite dimensional on the field (F, u’, T), then
every linear operator on X is R-bounded.

Proof. Let dim X = n and ey, .., e,} a basis for X. We take any

n
X = Z o ]'Ej,
=
and consider any linear operator A on X. Since A is linear,

lqu(t) = MZ;’Zl Oéj/\t,’j(t)

for t > 0. By Theorem 6.1 of [5] and since T € L, for every A € (0, 1), there exists y € (0,1) and K € FF such
that

E/\,y’ (KO) >1
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and
n
E/\,y(Ax) = EA,y(ZOé]'Ae‘]')
j=1
n
=1
n
< ;Iajlgﬁﬁli},,y(/\ej)
n
< ZlaﬂMoE/\,y/(Ko)
j=1
n
< E/\,y’(MOKOZ|a]'|)
=1
<

Eju(MoKocx)

in which My = maxi<j<, E,,(Aej). Put MoKoc = h, by Theorem 1.17, A is R-bounded. [J

Corollary 2.7. (Continuity, null space) Let (X, u, T) and (Y, u, T) be RN-spaces. Let A : X — Y be a R-bounded
linear operator. Then:

(a) x, — x implies Ax, — Ax;

(b) The null space N(A) = {x € X : Ax = 0} is closed.

Proof. (a) Since A : X — Y is a R-bounded linear operator, we have

HAx, axlt) = [uA(xn—x)(t)
> ) e-(t)
- 1,

for every t > 0.

(b) Let x € N(A), then there exists a sequence {x,} in N(A) such that x,, — x. By part (a) of this corollary,

we have Ax, — Ax. Since Ax, = 0, then Ax = 0 which implies that x € N(A). Since x € N(A) was arbitrary,
N(A)isclosed. O

3. Random Operator Space

Let (X, 4, T) and (Y, u, T) be RN-spaces. In this section, first, we consider the set B(X, Y) consisting of all
R-bounded linear operators from X into Y. We want to show that B(X, Y) can itself be made into a normed
space. The whole matter is quite simple. First of all, B(X, Y) becomes a vector space if we define the sum
A1 + A of two operators Ay, A; € B(X, Y) in a natural way by

(A1 + A2)x = Aqx + Aox
and the product @A of A € B(X,Y) and a scalar a by
(aA)x = aAx.
Note that, if (3) hold, then for every A € (0,1) we have
n(A) =inflh > 0: E, ,(Ax) < E) u(hx)} (6)
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Epu(Ax) < (A)E) u(x)
for x € X. Then
E, (Ax) < n(A)E,(x)
for x € X in which

Eu(Ax) = sup E, u(Ax) < oo.
A€(0,1)

521

©)

Theorem 3.1. Let (X, u,T) and (Y, u, T) be RN-spaces, in which T € ¥ and X. The vector space B(X,Y) of all
R-bounded linear operators from X into Y is itself a normed space with norm defined by (3) whenever E,(x) < oco.

Proof. In Example 2.3 we showed that (0) = 0. Now, if n(A) = 0 we have pa«(f) = 1 for each x € X and

t > 0, which implies that Ax = 0 and A = 0. On the other hand,

n(aA)

lnf{h >0: [—lan(t) = .uhx(t)}
= inflh>0: pp(t) 2 ygx(t)}
lalinf{h > 0 puax(t) > pne(t)}
laln(A).

Now, we prove triangle inequality for 1. Let A, T € B(X,Y). Then
pa+D() = ppasrx(t),
for each x € X and t > 0. For every A € (0, 1) there exists y € (0, 1) such that both
Epu((A+T)x) < (A +T)E) u(x)
which implies that,
E (A +T)x) < n(A+T)E,(x)
and

Epu((A+T)x) E, u(Ax) + E, ,(I'x)

[n(A) + n(DIE,, (%)

IANIA

which implies that,
E.(A+T)x) < [n(A) +n(D)]Eu(x)
for each x € X. From (10) and (11) we have

A +T) < n(A) + ().

(10)

(11)

O

Theorem 3.2. Let (X, u, T) and (Y, u, T) be RN-spaces, in which T € ¥ and X. If Y is complete RN-space then

(B(X,Y),n) is complete whenever E(x) < oo.
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Proof. We consider an arbitrary Cauchy sequence {A,} in (B(X, Y), ) and show that {A,} converges to an
operator A € B(X,Y). Since {A,} is Cauchy, for every h > 0, there exists N € IN such that if 1,7 > N then

T](An - Am) < h/

or
n(An - Ay)—0
whenever m, n tend to co. For all x € X and t > 0 we have
Par-anx(E) = pa,—ax(f)
t
> | —=———— (12)
H (W(An - Am))
- 1

whenever m, n tend to co. Then the sequence {A,x} is Cauchy in complete RN-space (Y, i, T) and so converges
to y € Y depends on the choice of x € X. This defines an operator A : X — Y, where y = Ax. The operator
A is linear since

lim Ay, (ax + Bz) = im aA,x + lim BA,z = alim A,x + flim Az,

for x,z € X and scalers a, f.
Now, we show that A is R-bounded and A, — A. For every m,n > N we have

HAan—Anx(t)
t
yx (n(An - Am)) 13

- ufl)

On the other hand, A,,x — Ax when m tend to co. Using the continuity of the random norm, we obtain
from (12), foreveryn > N, x € Xand t > 0

luAnx_Amx(t)

Pax-ax(t) = HEEI(}OH(A,,fAm)x(t)

. t
tim o) .

()

This shows that (A, —A) withn > N is a R-bounded linear operator. Since A, is R-bounded, A = A, —(A,—A)
is R-bounded, that is, A € B(X, Y). From (14) we have

()l

(A, —A)<h

\%

\%

Then

for every n > N. Hence
A, — A.
|

A functional is an operator whose range lies on the real line R or in the complex plane C. A R-bounded
linear functional is a R-bounded linear operator with range in the scalar field of the RN-space (X, u, T). It
is of basic importance that the set of all linear functionals defined on a vector space X can itself be made
into a vector space. Let (FF, ', T) be RN-space (F = R or C). The set X’ = B(X, F) is said to be random dual
space. The random dual space X’ is Banach space with the norm 7.
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4. Compact Operators

Definition 4.1. (R-Compact linear operator). Let (X, u,T) and (Y, u, T”) be RN-spaces. An operator A :
X — Y is called a R-compact linear operator if A is linear and if for every R-bounded subset M of X, the

closure A(M) is R-compact.

Lemma 4.2. Let (X, p, T) and (Y, u, T) be RN-spaces. Then, every R-compact linear operator A : X — Y is
R-bounded, hence continuous.

Proof. Let U be a R-bounded set, then there exists g € (0,1) and ¢y > 0 such that
Hx(to) 21— To,

for every x € U. On the other hand, A(U) is R-compact and by Theorem 1.11 is R-bounded, then there exists
r € (0,1) and #; > 0 such that
pax(t) 21—,

for every x € U. By the intermediate value theorem there exists a positive real number kg such that

pax(hoto) = px(to),

for every x € U (note that by the last inequality /iy can not tend to zero), and so 7(A) < co. Hence A is
R-bounded and by Theorem 1.17 is continuous. [

Acknowledgement

The author is grateful to the reviewers for their valuable comments and suggestions.

References

[1] B.Lafuerza Guillén, P. Harikrishnan, Probabilistic normed spaces, Imperial Col- lege Press, London, 2014
[2] A.N. Serstnev, On the motion of a random normed space, Dokl. Akad. Nauk SSSR 149 (1963) 280-283 (English translation in
Soviet Math. Dokl. 4 (1963) 388-390).
[3] B.Schweizer, A. Sklar, Probabilistic Metric Spaces, Elsevier North Holand, New York, 1983.
[4] O.Hadzi¢, E. Pap, Fixed Point Theory in PM Spaces, Kluwer Academic Publishers, Dordrecht, 2001.
[5] R.P. Agarwal, Y.J. Cho, R. Saadati, On random topological structures. Abstr. Appl. Anal. 2011, Art. ID 762361, 41 pages.
[6] C. Alsina, B. Schweizer, A. Sklar, Continuity properties of probabilistic norms, J. Math. Anal. Appl. 208 (1997) 446-452.
[7] B.Lafuerza-Guillén, A. Rodriguez-Lallena, C. Sempi, Normability of probabilistic normed spaces, Note Mat. 29 (2009) 99-111.
[8] G.Zhang, M. Zhang, On the normability of generalized Serstnev PN spaces, ]. Math. Anal. Appl. 340 (2008) 1000-1011.
[9] D.O’Regan, R. Saadati, Nonlinear contraction theorems in probabilistic spaces, Appl. Math. Comput. 195 (2008) 86-93.
[10] R.Saadati, S.M. Vaezpour, Linear operators in probabilistic normed spaces, ]. Math Anal. Appl. 346 (2008) 446—450.
[11] W.Shatanawi, M. Postolache, Mazur-Ulam theorem for probabilistic 2-normed spaces, J. Nonlinear Sci. Appl. 8 (2015) 1228-1233.



