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Ekrem Savag?, Stuti Borgohain®

@ Istanbul Commerce University, 34840 Istanbul, Turkey
b Department of Mathematics, Indian Institute of Technology, Bombay, Powai:400076, Mumbai, Maharashtra, India

Abstract. We study some new strongly almost lacunary statistical A-convergent sequence space of order «
defined by a Musielak-Orlicz function. We also give some inclusion relations between the newly introduced
class of sequences with the spaces of strongly almost lacunary A-convergent sequence of order a. Moreover
we have examined some results on the Musielak-Orlicz function with respect to these spaces.

1. Introduction

The concept of statistical convergence was initially introduced by Fast [2], which is closely related to
the concept of natural density or asymptotic density of subsets of the set of natural numbers N. Later
on, it was studied as a summability method by Fridy [4], Fridy and Orhan [6], Freedman and Sember
[3], Schoenberg [18], Malafosse and Rakocevi¢ [10] and many other mathematicians. Moreover, in recent
years, generalizations of statistical convergence have appeared in the study of strong integral summability
and the structure of ideals of bounded continuous functions on locally compact spaces. Also, statistical
convergence is closely related to the concept of convergence in probabilty.

By the concept of almost convergence, we have a sequence x = (x;) € { if all of its Banach limits
coincide. The set ¢ denotes set of all almost convergent sequences. Lorentz [8] proved that

¢ = {x € { : lim t,,(x) exist uniformly in n},
m

where

() = Xp + Xpal + o + Xy
" m+1
Similarly, the space of strongly almost convergent sequence was defined as, [¢] = {x € {w : lim t,, ,(|x —
m

Le|) exists uniformly in n for some L}, where, e = (1,1, ...) (see Maddox [9]).

A lacunary sequence is defined as an increasing integer sequence 6 = (k,) such that ky = 0 and i, =
ky —ky—1 = o0 asr — oo.
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Note: Throughout this paper, the intervals determined by 6 will be denoted by J, = (k,—1, k;] and the ratio
= will be defined by ¢.

2. Preliminary Concepts

Let 0 < @ < 1 be given. The sequence (xy) is said to be statistically convergent of order « if there is a real
number L such that

1
lim —{k<n:|jx—-Ll>¢}|=0

n—oo N¢

for every € > 0. In this case, we write S* — limx; = L. The set of all statistically convergent sequences of
order a will be denoted by S*.

For any lacunary sequence 6 = (k,), the space Ny is defined as (Freedman et al. [3])

Ng = {(xk) : lim it Z |xx — L| = 0, for some L}.
kej,

The space Ny is a BK space with the norm

Gee)llo = sup i ) bl

keJ

Let 0 = (k;) be a lacunary sequence and 0 < a < 1 be given The sequence x = (x;) € w is said to
be Sg-statistically convergent (or a lacunary statistically convergent sequence of order a) if there is a real
number L such that

lim lI{ke L =Ll > ¢l =0,

r—00 h‘;‘

where I, = (k,—1,k/] and I denotes the a-th power (k) of h,, that is, h* = (k') = (h{, kg, ..h7, ...). We write

Sg — limx, = L. The set of all S -statistically convergent sequences will be denoted by Sg.

By an Orlicz function we mean a function M : [0, o) — [0, o0), which is continuous, non-decreasing and
convex with M(0) = 0, M(x) > 0, for x > 0 and M(x) — oo, as x — oo.

The idea of Orlicz function is used to construct the sequence space (see Lindenstrauss and Tzafriri [7])

5M={(xk)€w:ZM(%)<00, forsomep>0}.

k=1
This space € with the norm,

]l = inf{p >0: ZM(@) < 1}
o P

becomes a Banach space which is called an Orlicz sequence space.

Musielak [12] defined the concept of Musielak-Orlicz function as .# = (My). A sequence .4 = (Ny)
defined by

Ni(v) = sup{lvlu — My(u) :u >0}, k=1,2,..

is called the complementary function of a Musielak-Orlicz function .#. The Musielak-Orlicz sequence
space t 4 and its subspace h_, are defined as follows:

tw={xew:Iy(cx) < oo for some c > 0},
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hy={xew:I (x)<oo,¥Yc>0}

where I 4 is a convex modular defined by

Ly(x) = ZMk(xk)/x =(x) €ty.
k=1

It is considered t 4 equipped with the Luxemberg norm

Il :'mf{k>0:l,//(%) < 1}

or equipped with the Orlicz norm

lxll® = inf{%(l F 10k k> o}.

A Musielak-Orlicz function (M) is said to satisfy Aj-condition if there exist constants 2, K > 0 and a
sequence ¢ = (cx);>, € £} (the positive cone of £') such that the inequality

M (2u) < KM (u) + cx

holds for all k € N and u € R, whenever M(u) < a.

If A = (au);,_, is an infinite matrix, then Ax is the sequence whose nth term is given by A, (x) = Z A X
k=1
We consider a sequence x = (x;) which is said to be strongly almost lacunary statistical A-convergent of
order a (or S3(A, .4, (s))-statistically convergent) if

1 i (Ax () = L)1\\™
e plou=2)) =

kel,

=0, uniformly in m,

where I, = (k;-1, k] and h} denotes the a-th power (i) of h,, thatis, h* = (k) = (h{, K3, ..h7, ...)and A = (M)
is a Musielak-Orlicz function.

Some particular cases :
If we take a = 1, then the strongly almost lacunary statistical A-convergence of order a reduces to the
the strongly almost lacunary statistical A-convergence as follows:

(1)
(O YRR

kel,

lim l

r—00 (1,

=0, uniformly in m,

where I, = (k,—1,k;] and .# = (M) is a Musielak-Orlicz function.
If 0 = (2"),a = 1and (sx) = 1, Yk € IN, then sequence (xy) is said to be S(A, .#)-statistically convergent to

L if,
0 [{k el : Z (Mk (W)) > ¢, uniformly in m, }] =0,

kel,

where I, = (k,_1,k,] and .# = (M) is a Musielak-Orlicz function.
Similarly, if My(x) = x,0 = (2"),a = 1 and (s) = 1, Yk € IN, then the sequence (x¢) is said to be strongly
almost statistical A-convergent to L such that

o [{k el : Z [trm (Ax(x) — L)| 2 €, uniformly in m, }] =0,

kel,
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where I, = (k;_1, k;].

Also, for A a unit matrix, My(x) = x,0 = (2"),a = 1 and (s¢) = 1, Vk € IN, then the sequence (xy) is simply
strongly almost statistical convergent to L.

We have introduced the space of strongly almost lacunary A-convergent sequences with respect to a
Musielak-Orlicz function .# = (M) as follows:

(1)
m(Ar(x) — L
N§(A, () = { () : lim - ! Z M; M) = DIV for some L and p® >0l
h? kel, p(k)
If we take 6 = (2"),@ = 1 and (sx) = 1,Vk € N, then Ng(A, M, (s)) will be reduced to N(A,.#) and if
0 = (2"),a =1and (s;) = 1,Vk € N and Mi(x) = x, then we can define N(A) instead of Ng(A, M, (s)) as
follows:

N(A) = {(xk) : Z |tem(Ak(x) — L)| = 0, for some L}.

kel,

where I, = (k,_1, k,].
We give some inclusion relations between the sets of Sj(A, .#, (s))-statistically convergent sequences

and strongly almost lacunary A-convergent sequence space Ng (A, A ,(s)). Also, some results defined by a
Musielak-Orlicz function are studied with respect to these sequence spaces.

3. Main Results
Theorem 3.1. Let o, € (0,1] be real numbers such that a < B, .# be a Musielak-Orlicz function and 6 = (k,) be a
lacunary sequence. Then Ng(A, M, (5)) C §[;,

Proof. Letx € Ng(A, M, (5)).
For ¢ > 0 given, let us denote ), as the sum over k € I, |tx,,(Ax(x) — L) > €. and }., denote the sum over
k € I, [tim(Ar(x) — L)| < € respectively.

As h? < i for each r, we may write

Item (Ax(x) = L)\ ]
D IE

kel,

= hl I:Zl [M (|tk¢n(Ak<(7)C) L)I)] [ (ltkm(Ak((x) L)|)] ]
y 0 15
hlf [21 [M (ltkm Apl\(kx) -L)| ) [ (\tkm(A;((x) L )] ]

5 e

% Ly min([Mi(e)]", [Mi(en)]), 1 = o5

h]—gl{k € I : |t (A(x)) = L| > e}lmin([Mi(e1)]", [Mx(e1)]".

Asxe N g (A, A ,(s)), the left hand side of the above inequality tends to zero as v — oo.

—

IV

vV IV

Y%

Therefore, the right hand side of the above inequality tends to zero as ¥ — oo, hence x € §ﬁ9. O
Corollary 3.2. Let 0 < @ < 1, .# be a Musielak-Orlicz function and 0 = (k,) be a lacunary sequence. Then
N&(A, 4, (5)) c S5.

Theorem 3.3. Let .4 be a Musielak-Orlicz function, x = (xi) be a bounded sequence and 6 = (k,) be a lacunary
sequence. If lim h—; =1,thenx € Sg =>x€ Ng(A, M, (5)).
r—o00 r
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Proof. Suppose that x = (xx) is a bounded sequence that is x € {,, and §g —limx; = L. As x € {, then there
is a constant T > 0 such that |x;| < T. Given ¢ > 0, we have

tem(Ar(x) = DI\
r p
kel,
— Sk
h«Zl[ (%)] +%22[Mk(“““;#)]

semen g o) o

< max{[Mx(K)1", IMi(K) 17}k |k € I, : |ton(Ax(x) - L)| > € |+h[,max [Mi(e)]", [Mi(e1)1}, p(k) =K 5 =en
Hence, x € Ng(A, M, (s)). E]

Theorem 3.4. Iflims > 0and x = (xx) is strongly Ng (A, A, (s))-summable to L with respect to the Musielak-Orlicz
function ., then Ng(A, M, (5)) — limxy is unique.

Proof. Letlims; = s > 0. Suppose that Ng(A, M, (s)) — limxy = L, and Ng(A, M, (s)) — limxg = L;. Then

m%ZW

kel,

|tkm(Ak(x) - L)|
(k)
Py

ﬂ =0, forsomep()>0

and

|t (Ar(x) — L)

]l =0, for some p(k) > 0.
(k)
Pa

Define p® = max(2p\,2p%). As .# is nondecreasing and convex, we have

iyl

kel,
Sk Sk
1 [t (Ar(x) — L) |tk (Ax(x) = L)|
D
< Z > ﬂM" ® M ®
kel, P1 pz
Sk Sk
|t (Ak(x) — L)| D |t (Ak(x) — L)|
S%Z[M"T * g LMo = || 0= o)
kel, P " kel, P>

where sup sy = H and D = max(1,271). Hence,
k

As lim s; = s, we have

k—o0

Sk S
i o (5] < (55
k—o0 P P
and so L = L;. Thus the limit is unique. O

Theorem 3.5. Let A = (a,x) be an infinite matrix of complex numbers and let .4 = (M) be a Musielak-Orlicz
function satisfying Ao-condition . If x is a strongly almost lacunary A-convergent sequence with respect to M, then
N2(A) c N3(A, ).
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~ 1
Proof. Letx € Nj(A). Then lim i Z [tem(A(x) — L)| = 0, uniformly in m.
r—00 r
kel,
Let us define two sequences y and z such that

(o) — L)) = { (A = D) (hnlAu() - L) > 1

if (It (Ax(x) = L)) < 1.

[0 iF (o (A() — L)) > 1
(tin(A4(z) = D) = { (b (A = L)) i (e (A () — D)) < 1.

Hence, (|t (Ax(x) — L)I) = (tim(Ax(y) = D) + (b (Ax(z) — L))).
Also, (|ten(Ax(y) = L)) < (bon(Ax(x) = L)) and (|t (Ax(z) = D)) < (It (Ax(x) = L))-
Since, Ng(A) is normal, so we have y,z € Nj(A).
LetsupM(2) =T
k

Then
Fom(Ar(x) = L
kel, p
a1 It (Ax(y) = D)| + ltxm(Ax(z) = L)|
T My p®
kel,
) 1 2tim(Ax(y) = DIy 1 2/t (Ax(z) — L)
< mZ[aMk(T M\ T e
kel,
[tk (Ar(y) — L) 11 It (Ax(z) — L)
1
<1t Y K (T)Mk(Z) 3 Y K (T Mi(2)
kel, kel,
[tk (Ax(y) — L) 11 [t (A(z) — L)
11 my R Z Drem\e2eAm) =N
<ik ; K ( o )supMk(Z) +3mm ; Kz( o supMi(2)

— 0asr — oo,
Hence x € Ng(A, A ). This completes the proof. [

Theorem 3.6. Let A = (a,x) be an infinite matrix of complex numbers and let A4 = (M) be a Musielak-Orlicz
function satisfying Ap-condition. If
i 3%)
v

o0

lim inf > 0, for some p® >0,

v—0 L
then Ng(A) = Ng(A, M).
Proof. 1f N&(A) = N2(A, .#) for some p® > 0, then there exists a number y > 0 such that

v

M (
p(k)

Letx € Ng(A, M). Then
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[ (tkm(Ak(x) ))]
p®

il
|t (Ax(x) — L)I)
w2

p®

1 |t m(A (JC) B L)| 1
Ehelen) - ¢

" kel,

Hence, x € Ng (A). This completes the proof. O

Theorem 3.7. Let # = (My) bea Musielak-Orlicz function, where (M) is pointwise convergent. Then Ng (A, A, (s)) C

SY(A, A ,(s)) if and only 1fhka( ) > 0 for some v > 0, p® > 0.

p®

Proof. Lete > 0and x € Ng(A, M, (8)).

Also, if 11m My ( ) > 0, then there exists a number ¢ > 0 such that

p®

Mk( )>Cf01‘1/>é
p®)

Let us consider, I} = {i el,: [Mk (W)] > e}.

Then ’
1 It (Ax) = DI\ [ 1 It (Ax) = DI\ [*
LE (B Ly ()

v

et Ao

Hence, it follows that x € S4(A, ., (s)).

Conversely, let us assume that the condition does not hold good. For anumberv > 0, let hm My ( 1(/k) ) 0
for some p > 0. Now, we select a lacunary sequence 6 = (1,) such that Mk( (k)) < 27" for any k > n,.

Let A = I and define a sequence x by putting

v oifn <k <
Ak(x)‘{ O if I <k <,

ne+nq .
2/

Therefore,
1 A\ 1 v
EZ[M"( p® T Z My o®
kEIV Ty 1<k< (’W‘*“y 1)
1 1 [n+n_
< Ezr—l[ 2 _"“]

= §—>0asr—>oo.

Thus we have x € N3°(A, ., (s)).
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But,
Sk Sk
s fres Epe () = - e 232 Eole) =
kel, kel,
= lim — L =i
r—00 h;}‘ 2
1
= 5

So, x ¢ SY(A, #,(s)). O
Theorem 3.8. Let .# = (M) be a Musielak-Orlicz function. Then §‘Z)(A, M, (5) C Ng(A, A, (s)) if and only if

sup supMk (p(k)) < 00,

Proof. Letx € Sa 5(A, A ,(s)). Suppose h(v) = sup Mk( (k)) and h = sup h(v). Let
P v

:{kelr:Mk(W)<e}.
P

Now, My(v) < hfor all k,v > 0. So,

1 |tk (A(x) = L) \[™ 1 ltim (A(x) = L) \[™
h_aZ[M"( : p® )] = EZ[M"( : p® )]

T kel,
1 |t (A(x) = L)I\[™
T [Mk( p®
kel?

;
1
< hlbin(Ao() + o)

Hence, as ¢ — 0, it follows that x € Ng(A, M, (5))-
Conversely, suppose that

sup sup My ( o )

Then we have
O<vi<m<.<V_ 1<V <..

so that M, ( (k)) > h¢ forr > 1. Let A = I. We set a sequence x = (xi) by,

Au(r) = v, ifk=mn,forsomer=1,2,.;
KY=1 0 otherwise.

Then
|tm (Ar())] 1 . .1
}Lr?o_{kel ;M( RC e = }LIE‘OE
€ly

Il
o

Hence, x € S4(A, 4, (5)).
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But,

1 [tem (Ak(x) — L) 1 v, — L|
lim = [Mk (—k = lim = Mny 0
r—o0 hr k;lr p( ) r—o0 hr p( )

1
> lim —h¢
- rLIg h;" r

=1
So,x € N%(A, .#,(s)). O
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