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Revised Concavity Method and Application to Klein-Gordon Equation

M. Dimova?, N. Kolkovska?, N. Kutev?®

*Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Sofia, Bulgaria

Abstract. A revised version of the concavity method of Levine, based on a new ordinary differential
inequality, is proposed. Necessary and sufficient condition for nonexistence of global solutions of the
inequality is proved. As an application, finite time blow up of the solution to Klein-Gordon equation with
arbitrary positive initial energy is obtained under very general structural conditions.

1. Introduction

The concavity method of Levine [8-10] is one of the most powerful methods for proving finite time
blow up of the solutions to nonlinear dispersive equations. The main idea of Levine is to replace the
investigations of the equation with the study of ordinary differential inequality

(W) - yP() 20, t>0, y>1, (1)

where W(t) is some nonnegative functional of the solution to the original dispersive equation. Later on,
inequality (1) was extended by Kalantarov and Ladyzhenskaya [3] to

W (HW() — yWA () > 20W (W' (1) — uW(t), t>0, y>1, 620, u>0, )
while Straughan [12] and Korpusov [4] generalized (1) to
W (HW() — yWA () > -pY(t), t=>0, y>1, B>0. (3)

Under special choice of the initial data W(0), ¥’(0) and some additional assumption of o, i in (2) and g in
(3) the solutions to (1), (2) and (3) blow up for a finite time.

As an application of inequalities (1)-(3) nonexistence of global solutions with arbitrary positive initial
energy is proved for nonlinear wave equation [2, 12], nonlinear Klein-Gordon equation [4, 13, 16], general-
ized Boussinesq equation [6, 14] and others [1, 5]. When the initial energy is small positive one (subcritical),
then the finite time blow up of the solutions is investigated by means of the potential well method. In this
case the proof is based on the sign invariance of some functionals and the concavity method of Levine, i.e.
inequality (1), see for more details [11, 15] and the references therein.
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The careful analysis of the reduction of the nonlinear dispersive equations to inequality (3) shows that
an additional term aW?(t) always appears in the rhs of (3), i.e. the following inequality holds

W (OW() — yWA(t) > aW(t) - pY(t), t=0, y>1, a>0, §>0. (4)

The aim of this paper is to prove a necessary and sufficient condition for finite time blow up of the
solution to (4). Moreover, we find more general sufficient assumptions on W(0), W’'(0) and  guaranteeing
nonexistence of global solutions to (4). As a consequence we obtain very general conditions for finite time
blow up of the solutions to Cauchy problem for Klein-Gordon equation

uy — Au+u = f(u), (t,x) e R* xR", (o)
u(0,x) = up(x), uy(0,x) =ui(x), x € R"; up(x) € HY(R"), uy(x) € LA(R"). (6)
The nonlinear term f(u) has one of the following forms:
1 s
flu) = Zak|u|”’f‘1u - Z bjluqu_lu, or
k=1 j=1
1 s (7)
fw) = aful* + ZﬂkWI”"_lu - Z bilulu,
k=2 j=1

where the constants ay, px (k= 1,2,...,]) and b;, q; (j = 1,2,...,s) fulfill the conditions
a >0, a, >0, b]'ZO for k=2,...,1, j=1,...,s,
l<gs<gsg<-<quu<p1<p2<---<pyp

+2
pr<oo for n=1,2; p;<% for n > 3.

The paper is organized in the following way. In Section 2 the main results concerning nonexistence of
global solutions to inequality (4) are formulated and proved. Section 3 deals with the application of these
results to proving finite time blow up of the solutions to Klein-Gordon equation (5)-(7).

2. Main Results

In the following theorem we summarize the known results for finite time blow up of the solutions to
inequality (4). Let us note that for « = = 0 inequalities (4) transforms into inequality (1), while for &« = 0
and > 0 — into inequality (3).

Theorem 2.1. Suppose \V(t), t > b, is a nonnegative, twice-differentiable function satisfying inequality (4) and
wb)>0, V(@) >0 b=const=>0.
(i) ([3,8) Ifa==0,y>1, then ¥(t) — oo fort — ' < oo, where
W(b)

t*St;=b+m} (®)
(i) ([4,12]) Ifa =0,y > 1 and
0<p< @y —1) W) ©)

2 w(b) ’
then W(t) — oo for t — t* < oo, where

W (b)

t'<ty=b+
(= D2 - 2P 0)




M. Dimova et al. / Filomat 30:3 (2016), 831-839 833

(i) ([7D) Ifa >0,y >1and

2y = 1) w(b)
0<p< 5 D)

then W(t) — co fort — t* < oo, where

+aW(b), (10)

‘I](b) . .

* N b+m . lf a\y(b)_ﬁ>0’

Fef=4 ) if aW(b)-p<0.
(= DY W20) = 55 VO) + 55 920)

Assumptions (9) and (10) for nonexistence of global solutions to (3) and (4) are sufficient but not
necessary ones. The specific structure of the inequality (4) allows us to formulate a necessary and sufficient
condition for finite time blow up of the solution to (4). Let us mention that a similar to Theorem 2.2 result
is announced in [1].

Theorem 2.2 (Necessary and sufficient condition). Suppose \W(t), t > 0, is a nonnegative, twice-differentiable
function satisfying inequality (4). Then W(t) — oo for t — t* < oo if and only if there exists a constant b > 0 such
that

W) >0, (11)
a¥(t)—p>0 forevery t>b. (12)

Proof. Assume that (11) and (12) hold. Then W(¢) satisfies inequality (1) for ¢ > b and from Theorem 2.1 (i)
it follows that W(t) — oo for t — t* < t] < oo, where #] is defined in (8).

Conversely, suppose that W(t) — oo for t — * < co. Then there exists a constant b € [0,#") such that
conditions (11) and (12) for t = b are satisfied , i.e.

W'(b)>0, aW(b)—p>0. (13)

In order to prove condition (12) for every t € [b,t*) we will show that function W(¢) is strictly increasing.
Indeed, for z(t) = W77 (t) we have the identities

Z() = A=W HWD), 2() =1 - )P (‘I’"(f)‘lf(f) - V‘P'z(f)) : (14)
From (4), (13) and (14) it follows that z(t) satisfies the inequalities:

2(t) < ~(y = 1) (az(t) - pz71 (1), telbt),

(15)
z(b) >0, Z'(b)<O.

Suppose by contradiction that there exists fo € (b, ") such that z’(t) < 0 for ¢ € [b, tp) and z’(tp) = 0. Since z(t)
is a strictly decreasing function for ¢ € [b, t] from (13) we get

a—pzri() > a—pzri(b) >0 for te[b,tl.

Hence from (15) we have z”(t) < 0 for t € [b, to], i.e. Z(t) is strictly decreasing in t € [b, {] and we obtain the
following impossible chain of inequalities

0>2'(b) > z'(t) = 0.

Thus z'(t) < 0 for every t € [b,t*), i.e. W'(t) > O for every t € [b,t"). From (13) and the monotonicity of W(t)
we get

a¥(t)-p=>a¥(b)-p>0, forevery tel[bt), (16)
which proves (12) and Theorem 2.2. [0
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The formulation of Theorem 2.2 is quite abstract and it is not clear when assumptions (11) and (12)
are satisfied. In the following theorem we give conditions which guarantee the validity of (11) and (12).
As a consequence, we prove finite time blow up of the solution W(t) by means of Theorem 2.2. It is very
important to note that these conditions are more general than (9) and (10).

Theorem 2.3 (Main result). Suppose \V(t), t > 0, is a nonnegative, twice-differentiable function satisfying inequal-
ity (4). If

w(0)>0, W(0)>0,

@y -) W) QVO) ooy, V- 1WR0)
0<p<— O +aW(0) + _2( - AT, A_TW2(0)+1, (17)
then W(t) — oo for t — ' < co.
Proof. 1f
2y - 1) w(0)
0<p< 5 v0) + aW(0),

then the statement in Theorem 2.3 follows from the proof of [7][Theorem 3.1].
Thus further on we consider the case

@2y - 1) 2(0) 2y = 1) W'%(0) N

a\I’(O)
> 0) +aW¥(0) <p < 5 W0)

2y -2

W(0) + 5—— (1- A7), (18)

Suppose by contradiction that \V(t) is defined for every t > 0.
The first step in the proof is to show that W'(tf) > 0 for every ¢+ > 0. Analogously to the proof of
Theorem 2.2, the function z(t) = W77 (#) satisfies the following inequalities:

() < ~(y = 1) (az(t) - pz77 (1), 20,

(19)
z(0) >0, Z'(0)<O.

Assume that z'(t) < 0 for f € [0, 1), 1 > 0 and z’(t1) = 0. Multiplying (19) by z’(f) < 0 and integrating from 0
tot < t1, we get

22(8) > —a(y - )20 + 2 (7; - 1)2 (1) + C = PE(H), (20)
where P() is defined as
PE) = —aly - e+ 2 (; mbE S (1)
C=220)+aty - 020 - BT 0) - = Lo 2D L 08 = D).
From (18) it follows that
C> %\Iﬂ 2(0)A>% > 0.

Now we will prove that P(£) takes positive values for every £ € (0, ), see Fig 1 (a) Indeed, the function

2(
P(&) is a convex function for £ > 0 and attains its minimum at the point &; = ( ﬁ) " because

P = (-1 (-arpesT), PE)=0, PO=EeF >0 for £>0
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Figure 1: (a): Graph of the function P() defined in (21); (b): Graph of the function Q(y) defined in (23)

Let us check that P(&1) > 0 and hence P(£) > P(&1) > 0 for £ > 0. Using (21) and the definition of A in (17),
tedious calculations give us

20-0) 5 —1)2 2y-1
rer=-saff]

_(y-Dp (g)”‘1+2<y 1 - 2;,(0)[(2%1)&1!'2(0) a2y -1)
B

w(0) - ﬁ]

2y -1 2y -1 2 YO  200-1)
_ar- )\1/2 ~2r(0)| - a)”™ W2-2(0) + 2y - 1)A - 2 — P w1 (0)
2y - ﬁ 7 r=y
_aly-1(a o 29— 2 B -1 -1 o B - -1 o
=21 (3) A% 1[—A1 V+(2)/—1)(E‘I’ (0)A ) -2y -1) E\y LA ) .
Thus
-1 2y-2
e = 1) (%) AIQ(), 22)
where
Q) =A™ + @y -1y =2 -, = Lo @)

We have to prove that Q(y1) > 0. The function Q(y) is a concave one for iy > 1, because

Q'(y) =2(y - 12y - Dy 2y -3 -2y - 2)y) < -2(y - )2y - Dy <0.

2)/1

Moreover, at the points y = 1 and y = =1+ 555 > 1the function Q(y) takes values with different signs:

21

2y -1
— _Al=2y AN P 1-2y
QH)=-A +1>0, Q(ZV—Z) A <0.

Let L be a line that passes through the points (1, Q(1)) and (;Z—:;, Q (2:; ))

L={,m:n-1+A" +Q2y-2)(y-1)=0}.

We denote by g the intersection point of the line L with { = 0}, i.e.

yo=1+ (1-a).

2y =2
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Hence Q(y) > 0 for every y € [1, yo), see Fig. 1 (b).
Now we will show that y; belongs to the interval (1, yo]. From (17) and (18) we get

p

_ 72
]/1 — E\y—l(o)A—l > ((27/ 1) W (0)

2 W2(0)

+ 1)A—1 >AAT =1,

2y = 1) W2(0) 1 20\ 4-1 _ [2r 1 L o)) 4
- - A- AZ2) A

yls(“ 2a W2(0)+2y—2(1 474 2y-2" " 2y-2
_2y-1 1 1-2y _ 1
=52 2t Ty

(1-A"2) =y,
Since Q(y) > 0 for y € [1, yo] and y1 € (1, yo] it follows that Q(y1) > 0. From (22) we get

a(y - 1) (g

P(&) = 271 \B

2y-2
) AZTQ(y) > 0.
Hence
P(Z(t)) 2 P(&1) > 0
for every t € [0,t1]. From (20) for t = t; we get
2%(t) = P(z*()) = P(&1) > 0,

which contradicts our assumption that z’(t;) = 0. Thus for every t > 0 we obtain z’(¢) < 0 and

Z'(t) < —VP(&),

or equivalently from (14), \W(t) is a strictly increasing function and

VP(&1) VP(&1)

Yz o1

wr(t) > w7 (0) > 0. (24)

Integrating (24) from 0 to t we have

VP(&1)

Hence the following inequality holds:
-1
wiys L for t2p, pe L1 (E - \1/(0)) w(0). (25)
a P(&r) \@

From (24) and (25) we obtain that conditions (11) and (12) are satisfied. By means of Theorem 2.2 it follows
that W(t) blows up for a finite time t*, which contradicts our assumption that W(t) is globally defined.
Theorem 2.3 is proved. [

3. Application to Nonlinear Klein-Gordon Equation

We use the following short notations:

lloall = Mt Mlzwey, Mol = Nt lmgey,  (@,0) = f u(t, x)o(t, x) dx.
]RVZ

Let us recall the well-known local existence result for problem (5)-(7):
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Theorem 3.1 (Local existence). If (6) and (7) hold, then there exists a unique local weak solution
u(t,x) € C([0, T,,); H'(IR")) N C'([0, T,n); LA(R") N C*([0, T); H(IR™))
to (5)-(7) on a maximal existence time interval [0, T,,), T,, < o0. Moreover:

(i) If
limsup |lull; < co  then T, = co;
AT

(ii) The weak solution u(t, x) blows up for a finite time if

limsup |lull; = c0  for T, < oo;
tTT

(iii) For every t € [0, Ty,) the solution u(t, x) satisfies the conservation law
1 U
E(0) = E() = E(u(t,) = 5 (Il + Nl + Vel ?) = f f f(y)dydx. (26)
R" Jo

Let us mention that for small (subcritical) positive initial energy a complete result for global existence
or finite time blow up of the solutions to (5)-(7) is given in [15] by the potential well method.

Below we summarize the results for nonexistence of global solutions to (5)-(7) with arbitrary positive
energy.

Theorem 3.2. Suppose u(t, x) is a weak solution of (5)-(7) in the maximal existence time interval [0, Ty,), T)y < 00
and

lluoll # 0, (uo, u1) >0 (27)
(@) (4D If
1 (uo, u1)
0<EQ0) <= ,
O < 2 ual?
then u(t, x) blows up for a finite time T, < T} < oo, where
T = V2 lluoll
t =
(P1—1) |1 @)
2w~ EO)
@ (71 If
1(p1=1), o 1(ug,ur)?
0<EQ0) <= upll” + = ,
O <2l 2 gl
then u(t, x) blows up for a finite time T,, < T, < oo, where
2 luol? . 1=
if E@0) < = uol*;
(m\}l) (10, 11) F RO < el
T; = 2 u , 1(p1—-1)
2 r1-1 1D : 0”1( 3 7 EO=3 (Zi + 1)”M0”2'
- 1— 1o, U
\/E G Mol + 355 — E©O)

Theorem 3.3 (Main application). Suppose u(t,x) is a weak solution of (5)-(7) in the maximal existence time
interval [0, Ty,), Try < 00. If (27) holds and

1-p;
1p1=1), o 1(u,ur)* ol (uo, m)*\ %
0<EQO) <= |[eoll” + = + 1-(1+
O < 2™+ 2 e o1 l[uoll®

(28)

then the weak solution u(t, x) blows up for a finite time T,, < .
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Proof. By contradiction we suppose that the weak solution u(t, x) is defined for every ¢t > 0, i.e. T,,, = oo. For
function W(t) = ||lul[*> we have W’(t) = 2(u, u;) and

W) = 2wl + 20, 1) = 2l ~ 2 (10l + IVl ~ e, F@)).

By means of conservation law (26), the following equality holds

(P + 1Vl =, £ = 1+ DEO) = LD -

-1
P2 P + IV - 1+ B, (29)

where B(t) is given by the expression

a(px — p1) " bi(p1 — q)) +
B() = Blu(®) = Z(p Y +1)f e 1‘””2 @+ D+ D) fm ™ dx.

Since py > p1 >qjfork=2,...,land j =1,...,s, it follows that for every t € [0, T,
B(t) >0 (30)
and B(t) =0fora, =0,k=2,...,land b;=0,j=1,...,s

From (29), (30) and Holder inequality we have for function u with [|u|| # 0 the following estimates:
W () = 2llull* - 2(p1 + DEQ) + (p1 + Dlluel* + (p1 = D(luall® + [Vul?) + 2(p1 + 1)B(E)
> (p1 + 3)lluel* = 2(p1 + DE©) + (p1 — Dljul?

(M, ut)z
[Jul|2

Hence W(t) satisfies for t > 0 the differential inequality

(p1 +3)
4

> (p1+3) = 2(p1 + DE(O) + (p1 = Dljul?

W(OW() — ——W2(t) > (p1 - DP(H) - 2(p1 + DEOW(?).

141 +3

If wesety = >1,a=(p1—-1) >0, =2p: +1)EQ0) > 0, then Theorem 2.3 can be applied since
W(0) = [luol> > 0, W’ (0) = 2(up, u1) > 0 and condition (17) coincides with condition (28). From Theorem 2.3
it follows that W(t) — oo for t — T,, < co. This contradicts the assumption that W(t) is globally defined.
Since W(t) = ||ul/* then |[ull; — oo for t — T,, < oo and according to Theorem 3.1 (ii) the weak solution u(t, x)
blows up for a finite time. Theorem 3.3 is proved. [

In the following theorem we construct explicitly initial data with arbitrary high energy such that all
conditions of Theorem 3.3 are satisfied.

Theorem 3.4. For every positive constant K there exist infinitely many initial data ufy, uk such that E(uf, uf) = K
and the existing time for the corresponding to (5)-(7) solution uX is finite, i.e. T,, < co.
Proof. Let w(x) € HY(R") N C(R") and v(x) € L*(R") be fixed functions satisfying

llwlly #0, w(x)>0, [l #0, (w,v)=0. 31)

For example, when w is an even function and v is an odd one, then (31) are satisfied. Let K be a fixed
arbitrary positive constant. We construct initial data 1y, uf in the following way:

Uy (0) = qu(x), 1y (x) = qu(x) + sv(x), (32)

where g > 0 and s > 0 are constants. Our aim is to choose the constants g and s in (32) such that initial data
uf, uf satisfy all conditions of Theorem 3.3 as well as E(uj, u) = E(0) =
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Straightforward computations give us the following formulas for energy E(0) and different norms of u}
and uf in terms of norms of w and v:

2 2 _ 2100012 4 <2112 K K 21012 K2 _ 2 2
I~ = - = q llwll” + s%loll, (ug, uy) = g7llwll”, [IVugll™ = g7 [IVall”,

2 2
luS1? = gllwl?, [k

E(uo,ul) EQ0) = S(q)+ ||v||2 where

2 !
— 2 2 q_ 2 +1 +1 i+1
S(0) = kP + ZIVal =37 = Pl f o dx+2 —Lq fR W dx,

From (31) and (32) it follows that initial data ug, uf tulfill conditions in (27) for every g > 0 and s > 0. Now
we have to choose the constants g and s in order to satisfy (28) and E (ug, uf) = K. These two assumptions
are equivalent to

2

K =5(q)+ = ||v||2 —(p+1-27 il (33)

Note that for all sufficiently large g the inequality S(q) < 0 holds, because the leading term of S with respect
to g has a negative sign. Thus we can choose g = 4. sufficiently large so that

1/2
DK
5(4.) <0 and 4. > e DR

p11

p1+1 2-

which guarantees that the lhs of (33) is less than the rhs of (33). We fix s = s, so that S(g.) + %IIUII2 =K, ie,

= (2(K—S(g.)))"*|[v||"!. Thus initial data (32) with already chosen constants g. and s, satisfy all conditions
in Theorem 3.3. Moreover, these initial data have arbitrary high positive energy E(0) = K. Theorem 3.4 is
proved. [J
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