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Abstract. In this paper we introduce the concept of statistical summability (N, p) of sequences of fuzzy
numbers. We also present Tauberian conditions under which statistical convergence of a sequence of
fuzzy numbers follows from its statistical summability (N,p). Furthermore, we prove a Korovkin-type
approximation theorem for fuzzy positive linear operators by using the notion of statistical summability

(N,p).

1. Introduction

Following the introduction of sequences of fuzzy numbers by Matloka [15], summability of sequences
of fuzzy numbers is studied by many researcher and bacame a recent research area in fuzzy set theory.
Several summablity methods have been defined for sequence of fuzzy numbers and Tauberian theorems
are given for these methods. Cesaro summability method is defined by Subrahmanyam[23] and various
Tauberian conditions for Cesaro summability method are given by Talo and Cakan [24], Talo and F. Basar
[26], Canak [14]. Norlund and Riesz mean of sequences of fuzzy numbers are studied by Tripathy and
Baruah [27], Canak [13], Onder et al. [20]. Furthermore, various power series methods of summability for
sequences and series of fuzzy numbers are studied by Yavuz and Talo [28], Sezer and Canak [22], Yavuz
and Coskun [29].

The concept of statistical convergence of sequences of real numbers was originally introduced by Fast
[11], and extended to sequences of fuzzy numbers by Nuray and Savas [19]. Altn et. al. [1] have studied
the concept of statistical summability (C;1) for sequences of fuzzy numbers. Talo and Cakan [25] have
recently proved necessary and sufficient Tauberian conditions under which statistical convergence follows
from statistically (C, 1)-convergence of sequences of fuzzy numbers.

In the present paper our primary interest is to generalize the results in [1, 25] to a large class of
summability methods (N, p) by weighted means. We also obtain a Korovkin-type approximation theorem
for fuzzy positive linear operator by means of the concept of statistical summability (N, p).
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2. Definitions and Notation

Let K be a subset of natural numbers IN and K,, = {k < n: k € K}, The natural density of K is given by

1
K)=1i
o(K) nl—r>¥>1011+1

Kl

if this limit exists, where |A| denotes the number of elements in A. The concept of statistical convergence
was introduced by Fast [11]. A sequence (x)ren of real (or complex) numbers is said to be statistically
convergent to some number ! if for every ¢ > 0 we have

lim 1
n—oco 1+ 1

Hek<n:|x—=1=¢}|=0.

In this case, we write st— limy_,., xx = I. Basic results on statistical convergence may be found in [9, 10, 16]
We recall the basic definitions dealing with fuzzy numbers.
A fuzzy number is a fuzzy set on the real axis, i.e. a mapping u : R — [0, 1] which satisfies the following
four conditions:
(i) u is normal, i.e. there exists an xy € R such that u(x) = 1;
(ii) u is fuzzy convex, i.e. u[Ax + (1 — A)y] = min{u(x), u(y)} for all x, y € Rand for all A € [0,1];
(iii) u is upper semi-continuous;
(iv) The set [u]o := {x € R : u(x) > 0} is compact,
where {x € R : u(x) > 0} denotes the closure of the set {x € R : u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E! and called it as the space of fuzzy numbers. a-level set
[u], of u € E! is defined by

_(fxeRiu@2al , if 0<a<l,
[]a_{{tE]R:u(x)>oz} , if a=0.

The set [u], is closed, bounded and non-empty interval for each @ € [0, 1] which is defined by [u], :=
[~ (@), u*(@)]. R can be embedded in E!, since each r € R can be regarded as a fuzzy number 7 defined by

1, ifx=r
) = 0 , if x#r

Let u,v,w € E! and k € R. Then the operations addition and scalar multiplication are defined on El by
u+v=w < [w]s=I[ulsa+[v], forallae]0,1]
— w(a)=u (a)+v (a) and w*(a) = u*(a) + v*(a) forall a € [0,1],
[kul], = k[u], forall @ € [0, 1].
The operations addition and scalar multiplication on fuzzy numbers have the following properties.
Lemma 2.1. ([8])
(i) If0 € E' is neutral element with respect to +,i.eu+0=0+u=u, forallu € E;
(ii) With respect to 0, none of u # 7, r € R has opposite in E';

(iii) For anya,b € Rwitha,b > 0ora,b <0, and any u € E', we have (a + b)u = au + bu. For general a,b € R,
the above property does not hold;

(iv) Foranya € Rand any u,v € E', we have a(u + v) = au + av;

(v) Foranya,b € Rand any u € E', we have a(bu) = (ab)u.
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Properties (ii) and (iii) show us that (E!, +, -) is not a linear space over RR.
Let W be the set of all closed bounded intervals A of real numbers with endpoints Aand A, i.e. A := [A, A].
Define the relation d on W by

d(A, B) := max{|A - B|,|A - Bl}.

Then it can be easily observed that d is a metric on W and (W, d) is a complete metric space, (see Nanda
[18]). Now, we may define the metric D on E! by means of the Hausdorff metric d as follows

D(u,v) := sup d([ula, [0]s) := sup max{lu™(a) — v~ (a)|, |u" (@) — v* (@)I}.
ael0,1] ael0,1]

One can see that

D(u,0) = S?p]max{lu‘(a)l, u* (@)} = max{lu~(0)], [u* ()]} 1)
a€[0,1

Now, we may give:
Proposition 2.2. ([8]) Let u,v,w,z € E* and k € R. Then,
(i) (E, D) is a complete metric space;
(ii) D(ku,kv) = |k|D(u, v);
(iii) D(u +v,w +v) = D(u, w);
(iv) D(u+v,w+z) < D(u,w) + D(v,2);
(v) ID(u,0) — D(v,0)| < D(u,v) < D(1,0) + D(v,0).
One can extend the natural order relation on the real line to intervals as follows:
A=<B ifandonlyif A<B and A<B.
Also, the partial ordering relation on E! is defined as follows:
u=<veluly <[v], foralla €[0,1] &< u (@) < v (@) and u*(a) < v*(a) foralla € [0,1].

Following Matloka [15], we give some definitions concerning the sequences of fuzzy numbers. A
sequence u = (uy) of fuzzy numbers is said to be convergent to u € E!, if for every ¢ > 0 there exists an
nog = np(e) € IN such that

D(uy, u) < € forall n > ny.

A sequence (i,) of fuzzy numbers is said to be bounded if there exists M > 0 such that D(u,,,0) < M for
all n € IN.

Statistical convergence of sequences of fuzzy numbers was introduced by Nuray and Savas [19]. A
sequence (ux : k =0,1,2,...) of fuzzy numbers is said to be statistically convergent to a fuzzy number pg if
for every € > 0 we have

lim ——|{k < 1 : D(ug, 1o) > }| = 0.

n—oeo 1+ 1
In this case we write
st— I}irn Ux = Uo. )

For more results on statistical convergence of sequences of fuzzy numbers we refer to [4-7, 12, 21].
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3. Main Results

Letp = (pr: k=0,1,2,...) be a sequence of nonnegative numbers such that py > 0 and

n

Pn1=ZPk—>°° (n — o0)

k=0

and set

t, ==

pur, n=0,1,2,...
k=0

|-

We say that the sequence (1) of fuzzy numbers is statistically summable to fuzzy number g by the
weighted mean method determined by the sequence p = (py), briefly: statistically summable (N, p) if

st— r}grolo ty = Ho. 3)

If p, = 1 for all n in (3), we have

n

st— lim 1 Z Ur = Ho. 4)

n—oo n
k=0

Then we say that the sequence (u,) of fuzzy numbers is statistically summable (C, 1) to up.

Example 3.1. Let (ux) = (1o, vo, Uo, Vo, ...) where

t—-1 , if1<t<?2,

up(t) = —t+3 , if2<t<3,
0 , otherwise
and
t+1 , if —1<t<0,
v(t) = —-t+1 , f0<t<],

0 , otherwise.

The sequence (u,) is statistically summable (C, 1) to wy = (1o + v9)/2. But (u,) is not statistically summable
(N, 2m).

We claim that if a sequence (1) of fuzzy numbers is bounded, then

st— I}im ug = po. implies st—lim ¢, = uo. (5)
In fact,
1 n
D(t,,u0) = D P—Zpkuk, #0]
" k=0
1 v 1 v
= D P, kZ=o‘ PiUk, P kZ=o‘ pkyo]
1 n
< —
< 5 kZ:O‘ pD(u, to)
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Since the real sequence of (D(ux, o)) is bounded and st— lim D(uy, to) = 0, we have

1y

st— 31_1)’1;[0 P_n é D (1, #O) =0.

Thus, we have st— lim D (t,, o) = 0. This means that st— lim ¢, = yo.
n—0o n—o00

The converse implication in (5) is not true in general, even in real case (see [17]). Our main goal is to
find conditions under which

st—lim t, = yp implies st— ]}im U = Uo. (6)

We give two-sided Tauberian conditions, each of which is necessary and sufficient in order that statistical
convergence follow from statistical summability (N, p).

Throughout this paper, A,, denotes the integral part of the product An;i.e., A, := [An].

The concepts of statistical limit inferior and superior of a sequence of real numbers were introduced by
Fridy and Orhan [10] and the following lemma was proved by Méricz and Orhan [17]. We use it for the
proof of our results.

Lemma 3.2. ([17, Lemmall]) If (P,) is a nondecreasing sequence of positive numbers, then conditions

p
st—liminf =2~ > 1 forevery A>1 (7)
n—oo P,
and
..o Pu
st—lim mfp— >1 forevery 0<A<L 8)
n—oo An

are equivalent.
We need the following lemmas.

Lemma 3.3. Let p = (px) be a sequence of nonnegative numbers such that py > 0 and condition (7) is satisfied, and

let (uy) be a sequence of fuzzy numbers which is statistically summable (N, p) to a fuzzy number wo. Then for every
A >0,

st— lim t,, = po. &)

n—oo

The proof can be carried out in the same way as in the proof of Lemma 2 in [17].

Lemma 3.4. Let p = (px) be a sequence of nonnegative numbers such that py > 0 and condition (7) is satisfied, and

let (uy) be a sequence of fuzzy numbers which is statistically summable (N, p) to a fuzzy number . Then, for every
A>1,

A

1 7
t— lim ————— = 10
ST P, — P, k—§n+1 Ptk = Ho (10)

and for every 0 < A <1,

n

st— lim ; Z Pxlk = Ho. (11)

n—co - P
" A k=A,+1
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Proof. Case A > 1. If Py, > P,, then

A A
1 n 1 n
D|>——- Juo| = D|—— b o+ 1
P, - D, Z Prig Ho] P, —D, PrU + 1y, Ho n]
n k=n+1 n k=n+1
1
< Dlo—— PrUk, t‘rl + D(t‘rl/ HO)
P, -P,
n k=n+1
and
A A n
1 - 1 - 1
D| ——— PrlUk, fn] = D|ls—— PrUk, Pkuk)
[P"" ~ Py k;1 Ph, = Pn k§1 L
An n

" " k=0 k=0
= %D (1) -
So, we have the following inequality
1 & P,
D P, — P, k;1 Pklks #0] S mD (tr,tn) + D(tn, o)-
By (7) we have

-1
. Py, P,
st—limsup ———— =1+ (-1 + st—liminf < oo.

n—00 P/\,, - Pn n—oo n

Therefore (10) follows from (12), (13), Lemma 3.3 and the statistical convergence of (t,).

Case 0 < A < 1. This time, we make use of the following inequality:

n

1 P,
< ————D(ty,,t,) + D(t
P,— P, szZH Pk, .UO] <P.—b, (ta,,tn) + D(ty, o)

D

provided P, > P,,. By Lemma 3.2 we obtain

P, P,
st—limsup —— =< -1 + st— liminf —”} < 0.
nmpm—mn{ =

Therefore (11) follows from (14), (15), Lemma 3.3 and the statistical convergence of (t,).

Now we are ready to give our main results.

P/\ 1 An 1 n
= —" D|— ,—
P, -D, [PA ZPkuk P, Zpkuk]

878

(12)

(13)

(14)

(15)
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Theorem 3.5. Let p = (px) be a sequence of nonnegative numbers such that py > 0 and condition (7) is satisfied,

and let (uy) be a sequence of fuzzy numbers which is statistically summable (N, p) to a fuzzy number po.Then (uy) is
statistically convergent to o if and only if one of the following two conditions holds: for every ¢ > 0,

1 1
T {n<N D[P,\—P Z Pkukzun]>é}

k=n+1
{nSN:D

Lo
_— PrUi, Up | 2 €
Pn=Pa, S,
Proof. The necessity follows from Lemma 3.4.
Sufficiency. Assume that conditions (3) and one of (16) and (17) are satisfied. In order to prove (2), it is
enough to prove that

j\nf lim sup =0 (16)

>1

N—oco

or

inf limsup =0. (17)

0<A<l N0 +1

st— lim D(up, t,) = 0
n—oo

First, we consider the case A > 1. Since
A
1 - P,
_— + ———D(t, ,t
P/\ _ P Z‘ pkuk/ un] PA _ Pn ( /\,,/ n)/

n T k=l "

D(tl’l/ un) S D

for any € > 0 we have

P,
{nSN:D(t,,,un)Ze}Q{nsN ﬁD(f)\n,n)> }U{VISNID
2 —

Y ] . }

" k=n+1

Given any 0 > 0, by (16) there exists some A > 1 such that

A
1 1 - I3
li <N:D|—— > =4 <0 1
St (L o) P] 3 a8
k=n+1
On the other hand, by Lemma 3.3, we have
li 1 <N: Pa, D(tp,, tn) > =0 (19)
P R[S P 2 5] =0

Combining (18) with (19) we get that

1
lim sup 1 {in <N :D(ut,) = ¢} <6.

N—-oco

Since 6 > 0 is arbitrary, we conclude that for every ¢ > 0,

i < : > el =
]\IIEI(}ON+1|{H_N D (uy,ty) =2 €}l =0
Secondly, we consider the case 0 < A < 1. Since

n

1 P,
_ , + ——"—D(t, ,t
Pn—P/\,,k:/\Z”ﬁrlpkuk ”"] P, —p;, 0 hrt)

D(tnr u,) <D

for any € > 0, we have

Py
{nSN:D(tn,un)Zs}g{ <N: 55Dty ) 2 } {nsN:D
An
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Given any 0 > 0, by (17) there exist some 0 < A < 1 such that

1 - €
- - > —
Pn - P/\n k=/\ZF1 Pittes un] - 2}

Using a similar argument as in the case A > 1, by Lemma 3.3 and condition (11), we conclude that

lim sup 1 T <.

N—-ooo

{nSN:D

1 7 [{n < N:D(u,t,) > ¢} =0.

N—oo

This completes the proof. [J

Following Talo and Cakan [25], a sequence (ux) of fuzzy numbers is said to be statistically slowly oscillating
if for every € > 0,

s 1
< : > =
}\gfhr]\l,lj:jp T {n <N nrg{egn D(ug, uy) > s} 0 (20)
or equivalently,
0512 lirl\r[fol:p N+l {n <N: Arﬂrﬁ;(ﬂ D(uy, uy) = E} =0. (21)

The conditions (20) and (21) are clearly imply the conditions (16) and (17), respectively. This gives rise
to the following corollary of Theorem 3.5.

Corollary 3.6. Let p = (px) be a sequence of nonnegative numbers such that po > 0 and condition (7) is satisfied,
and let (ux) be a statistically slowly oscillating sequence of fuzzy numbers. Then the implication (6) hold.

4. Application to Fuzzy Korovkin Theory

In this section we prove a fuzzy Korovkin-type theorem via the concept of statistical summability (N, p).
We denote by C[a, b] the space of all continuous real functions on [a, b]. This space is equipped with the
supremum norm

17l = sup [A(x)].

x€la,b]
A fuzzy-number-valued function f : [4,b] — E! has the parametric representation

[f)]a = [fa (), fa ()]
for each x € [a,b] and & € [0,1]. Let f, g : [a,b] — E! be fuzzy number valued functions. Then, the distance
between f and g is given by
D*(f,9) sup D(f(x), g(x))

x€la,b]

sup sup max{|f, (x) = go (| If5 () = f& )I}.

x€[a,b] a€[0,1]

A fuzzy-number-valued function f : [a,b] — E! is said to be continuous at xy € [a,b] if for each ¢ > 0
there is a 6 > 0 such that D(f(x), f(x¢)) < € whenever x € [a, b] with |x — xo| < 6. If f(x) is continuous at each
x € [a,b], then we say f(x) is continuous on [g, b]. The set of all fuzzy continuous functions on the interval
[a,b] is denoted by C|[a, b].

Now let L : C#[a, b] — Cgla, b] be an operator. Then L is said to be fuzzy linear if, for every A1, A, € R,
fi, f» € Cgla,bland x € [a, D],

L(/\lfl + Azfz,‘ x) = /\1L(f1;x) + /\QL(fz,' x)
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holds. Also L is called fuzzy positive linear operator if it is fuzzy linear and the condition L(f; x) < L(g; x)
is satisfied for any f, g € C#[a, b] and all x € [a, b] with f(x) < g(x).

The fuzzy Korovkin approximation theorem has been obtained by Anastassiou[2]. Its statistical version
was given by Anastassiou and Duman [3]. The fuzzy Korovkin approximation theorem states as follows:

Theorem 4.1. Let {L,},en be a sequence of fuzzy positive linear operators from Cgla,b] into itself. Assume that
there exists a corresponding sequence {L,}nen of positive linear operators from Cla, b] into itself with the property

{Lu(F; 08 = La(fi50) (22)
forall x € [a,b],a € [0,1],n € N and f € Cgla, b]. Assume further that

lim || Ly(e;) — e [|= 0,
with e;(x) =x',i=0,1,2. Then, for all f € C¢[a,b], we have

lim D*(L,(f), f) =0

Now we prove the following result by using the notion of statistical summability (N, p).

Theorem 4.2. Let {L,},en be a sequence of fuzzy positive linear operators from Cgla, b] into itself. Assume that
there exists a corresponding sequence {L,},en of positive linear operators from Cla, b] into itself with the property
(22). Assume further that

1 v .
P Z prLi(er) — e
" k=0

with ej(x) = x',i =0,1,2. Then Jorall f € Crla,b], we have

st — lim

n—oo

=0 (23)

st — lim D~
n—o0o

Pi Z pkLk(f)/f] =0. (24)
" k=0

Proof. Let f € Cgla,b],x € [a,b] and a € [0, 1]. By the hypothesis, since f; € Cs[a,b], we may write, for
every ¢ > 0, that there exists a number 6 > 0 such that| f;(y) — f;(x) I< € holds for every y € [a, b] satisfying
ly — x| < 6. Then we immediately get, for all y € [a, b], that

(y—x)?
5z’

Ifa(y) - fit)l <e+2M (25)

where M := sup, ., ,; D(f(x), 0). Now using the linearity and the positivity of the operators L, ,we have, for
each n € IN, that

1w ~ 1 v ~ 1 v ~
i Z el (fai0) = fa @) < i ZPkLk ()ff(y) —fa x) +M lp— ZPkLk(E’o;x) — eo(x)

™ k=0 " k=0 " k=0

1 v ~ M1 v ~
< e+ (e+M) P, ; prLi(eo; x) — eo(x)| + B, kZ:;‘PkLk((]/ - x)%;%)
which yields

1 & ~ . . 202M
iR ZPkLk(fJ;x) -fa)| < (6 FM+ = ) ZPkLk(eo, x) — eo(x)

™ k=0

4cM

Z prLi(er; x) — e (x)| + Z piLi(ez; x) — ea(v)|,
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where ¢ := max{lal, |bl]}. Also letting K(¢) := max {g + M+ XM dM m} and taking supremum over x € [a,b],

62 7 3)2 7 bz
the above inequallity implies that

(26)

< e+ K(s){

1 - T ot + 1 = T
| Y- puszin - s LY pen) o
" k=0 " k=0

1 v ~ 1
+|[= L —el||l+||=
HPn kz—o prLi(er) —ex ‘ P, L

)

Y pililer) - e2

It follows from (22) that

Pi Z peLi(f), f)
" k=0

sup D

x€la,b]

o ) il x),f(x)]
" k=0

n

o Y Lo - £ ),

sup sup max
x€[a,b] a€[0,1] P k=0

pi Z PLe(f) = fi
" k=0

n

Zszk(fJ;x) - fa @)

" k=0
1 v ~
ITZPkLk(fJ)—fJ }
" k=0
1 v ~
+'ITZPkLk(€2)—€2
" k=0

|

7

a€[0,1]

sup max {

Combining the above equality with (26), we have

D* [Pi Z peLi(f), f] <e+ K(E){ ‘Pi Z piLi(eo) — eo|| + Pi Z piLi(er) —er
" k=0 " k=0 " k=0

Now, for a given ¢’ > 0, choose ¢ > 0 such that 0 < € < ¢’ ,and also define the following sets:

}. 27)

u:. = {I’ZEN D*[ Zpkka)f 28/}
" k=0
1 —_
Uy: = {I’ZEN: P_ prLx(eo) — eo Z }
k=0
1 v~ & —¢
Uli = {VIENZ 17 pkLk(el)—el }
" k=0
1 v~ e —¢
UQI = {I’ZEN: 17 PkLk(Ez)—(?z }
k=0

Then inequality (27) gives U C Uy U U; U U, and so 6(U) < 6(Up) + 6(U1) + 6(Uy). Then using the hypothesis
(23), we get (24). The proof is completed. [

Example 4.3. Consider the sequence of fuzzy Bernstein-type polynomials [2]

Bu(fix) = Zf(%)(’;)xka -0, (28)
k=0

where f € C#[0,1],x € [0,1]. Let px = 1 for all k. Then (N, p)-mean is reduced to (C, 1)-mean. Define the
sequence x = (xi) by

_ 1 , if kisodd,
%=\ 1 , if kis even.
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Observe now that, st — lim,. £ Yi_, X = 0. We define the following fuzzy positive linear operators
La(f; %) = (1 + x2)Bu(f; %). (29)

Then, the sequence {L,} satisfies conditions of Theorem 4.2. Hence, we have
1 n
st lim D ZkZ:O‘Lk(f),f = 0.

However, (x,) is neither convergent nor statistical convergent to 0. So the classical fuzzy Korovkin theorem
4.1 and the statistical fuzzy Korovkin theorem ([3, Theorem 2.1.]) do not work for our operators defined by
(29).
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