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On A Characterization of Compactness and the Abel-Poisson
Summability of Fourier Coefficients In Banach Spaces

Seda Oztiirk?

“Karadeniz Technical University, Trabzon-Turkey

Abstract. In this paper, for an isometric strongly continuous linear representation denoted by « of the
topological group of the unit circle in complex Banach space, we study an integral representation for Abel-
Poisson mean A{(x) of the Fourier coefficients family of an element x, and it is proved that this family is
Abel-Poisson summable to x. Finally, we give some tests which are related to characterizations of relatively
compactness of a subset by means of Abel-Poisson operator A and a.

1. Introduction

Let T = {z € C : |z| = 1} be the topological group of the unit circle with Euclidean topology and multipli-
cation operation, H be a complex Banach space, @ be an isometric strongly continuous linear representation
of Tin H, x € H and {F4(x)},ez be the family of Fourier coefficients of x with respect to a.

This paper is organized as follows. In Section 2 and 3, we provide some necessary preliminaries which
play an important role for this work. In Section 4, we obtain an integral representation for the " Abel-
Poisson mean Af(x) of the family {F(x)}, and using this integral representation, we prove that the family
{F4(x)}nez is Abel-Poisson summable to x € H. As it is known that there are many characterizations of
compactness in metric spaces, especially normed spaces by sequences in literature. We focus on the family
{Fa(x)}nez and give some relatively compactness tests for a subset S C H in terms of the " Abel-Poisson
operator AY and a.

2. Preliminaries

Let I be a nonempty arbitrary index set and let {x,},er be an indexed family of vectors in H. The
summability, absolutely summability of this family and its sum denoted by x := } x, are of the sense given

nel
in ([1],p.218-233;[10],p.340-348).

Definition 2.1. Let a,b € R, an indexed family of functions {f,}.er defined on [a,b] with values in H and f be a
function from [a, b] to H.

(i) The family {fulner is said to be pointwise summable on [a,b] if the family {f,(t)}ner is summable for each
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t € [a,b].
(ii) The family {f,}ner is said to be uniformly summable with sum f on [a, b] if for every € > O there exists a finite
subset I, C I such that for every finite subset F with I, CF C Iand Vt € [a,b],[If(t) = Y. fu(DIl < e.
neF
It is clear that if the family {f,}ner is uniformly summable, then it is pointwise summable and f(t) = Y, f,(t) for
nel
every t € [a, b].

Proposition 2.1. Let a,b € R and {f,},e1 be an indexed family of functions defined on [a, b] with values in H. If
there exists a non-negative summable family {a,}ner C R such that ||f,()|| < a, for Vn € I and ¥t € [a, b], then the
family { f,}er is uniformly summable.

Proof. 1t is easily seen from Proposition 29.18 in [1]Jand Theorem 5.27 in [10]. O

Proposition 2.2. Let a,b € R, {fu}ner be a uniformly summable indexed family of functions defined on [a, b] with
values in Hand f = Y, fu. If f, is continuous for every n € I, then f is continuous on [a, ).
nel

Proof. Since the family {f,}ser is uniformly summable on [a,b] with sum f, for every ¢ > 0 there exists
a finite subset I, C I such that [|[f(t) — ¥ fu(D)ll < = for all t € [a,b]. Lett, € [a,b] be an arbitrary fixed

nel,

point. Since the finite sum }. f, is continuous at the point ¢, € [a,b], there exists a 6(t,, €) > 0 such
nel,

that for Vt,0 < |t — £, < O(t,, &), we have || Y, f,(t) = Y fulto)ll < E. Hence for Vt,0 < |t — t,| < O(t,, €),

nel, nel,

If () = f)ll < If(H) = X I+ 11 X fut) = X fultl + 11 Z fn(to — f(ty)ll < e. So, f is continuous on

nel, nel, nel, nel;
[a,0]. O
Proposition 2.3. Let a,b € R, {fu}uer be a uniformly summable indexed family of functions defined on [a, b] with

values in H and f := Y, fu. If f, is continuous on [a, b] for every n € I, then the family f fu(t)dtner is summable

neI

and Y f fu(tydt = f f(b)dt

nel
Proof. Since {fuluer is uniformly summable on [a, b] with sum f, for every ¢ > 0 there exists a finite subset
I, c I such that [|f(t) — Z fu@®Il <
the Proposition 2.2, f is contmuous on [a b],so f — Y. fuis continuous. Then, f — Z fa and f are integrable

neF

functlons on [a b] for every f1n1te subset F with I, C F c I, hence by Theorem 3. 3 5 in ([4],p.96-97), we get
[ f fdt - £ f fuHdtl] = || f (f5) = X fult)atl < f If®) = L fultlldt <e. D

for every finite subset F with I, C F C I and for all ¢ € [a,b]. From

Remark 2.1. Propositions 2.2 and 2.3 are generalizations of two theorems given in ([3],p.240).

Now let us consider an indexed family {x,},cz of vectors in H, where Z is the set of all integer numbers.

. . L So+---+S
For an integer n > 0 and every r with0 <r <1, letusset S, := Y, x,0,:= % and A, := Y rHx;
k=—n keZ

if {M*x}iez is summable for 0 < » < 1. We call g, and A, to be the n'" Cesiro mean, and the " Abel-
Poisson mean of the indexed family {x,}.cz, respectively. Following ([12],p.53,54;[13],p.20,153), let us give
a definition:

Definition 2.2. Let {x,},cz be an indexed family in H.
(1) {xn}nez is said to be summable in the sense of Cesaro with the sum s if the limit lim ¢, exists and say s.

n—oo

(ii) {xy}nez is said to be summable in the sense of Abel-Poisson if {(MMx ) ez is summable for every 0 < r < 1 with
sum A, and lir{l A, exists. The limit lir{l A, is called Abel-Poisson sum of {x,}nez.
r—1- r—1-
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We shall use the following notations. Let GL(H) be the group of all invertible bounded linear operators
from H to itself, T := {¢" : -1 < t < 71} be the topological group of the unit circle. Let us define the function
@ : R - T, p(t) := e. This function is a surjective group homomorphism and with kernel 2rZ. By the
first isomorphism theorem we have that T = R/2rZ. Further, functions on T naturally identified with
2n-periodic functions on R.

The following definitions are given in [11].

Definition 2.3. A group homomorphism «a : T — GL(H) is called a linear representation of T in H.

Definition 2.4. Let a be a linear representation of T in H. Then,

(i) v is said to be an isometric linear representation of T in H if |la(t)(x)|| = ||x|| forall x e Hand t € T.

(ii) o is said to be a bounded linear representation of T in H if there exists an M such that ||la(t)|| < M for every
teT.

(iii) « is called a strongly continuous linear representation of T in H if {Lin& a(t)(x) = x forall x € H.

It is easily proved that if « is a strongly continuous linear representation of T in H, then the orbit maps
ay: T — H,ax(t) :== a(t)(x) for all x € H are continuous on T. Hence, because of the compactness of T, there
exists an M, > 0 for Yx € H such that ||a(t)(x)]| £ M. This shows that the family {a(t)};er of operators is
pointwise bounded. By Banach-Steinhaus Theorem it is uniformly bounded. Furthermore, by corollary
given in ([11],p.82) there exists an equivalent norm || ||, to the norm || || in H relative to @ which is an
isometric strongly continuous linear representation. Then, in sequel we consider only an isometric strongly
continuous linear representation of T in H. We write an isometric strongly continuous representation
instead of isometric strongly continuous linear representation.

Let a be an isometric strongly continuous representation of T in H and x € H. Then, since the function

. 1 T
e~ ™ a(t)(x) is continuous on T for every n € Z, the vector valued integral o f e~ a(t)(x)dt exists ([4],p.93).
—Tt

Definition 2.5. Let o be an isometric strongly continuous representation of T in H,n € Z and x € H. Then, F§(x)

defined by F%(x) := i [ e M a(t)(x)dt is called the n'" Fourier coefficient of x with respect to a. ([11],p.12)

Note that, since « is an isometric strongly continuous representation, F; : H — H is a bounded linear
operator and ||F; (x)|| < ||x]| for every n € Z, and x € H ([8], Proposition 2).

In [6-8] it is proved that the family {F%(x)},cz is summable with sum x in sense of Cesaro. In this work,
we shall prove directly that the family {F(x)},cz is summable with sum x in sense of Abel-Poisson.

3. Poisson Kernel

In this section we remind that Poisson Kernel being a vital tool for our main results and give its

fundamental properties. By Corollary 29.19in[1] and Proposition 2.1, itis proved that ) r"le/ is uniformly
nez
1-12

bl T f <r < 1with th Pt)y= ——
summable on or eVery O <r W1 e sum I’( ) 1 — 2rcost + 7’2/

where P,(t) is called Poisson Kernel
and it has the following nice properties.
Theorem 3.1. ([2],p.256,257) The Poisson Kernel satisfies the following:
.17
(i) 5 { P.(t)dt =1 for all r € [0,1);

(i1) P,(_t) > 0 for all t, P,(t) = P,(—t) and P,(t) is periodic in t with period 2m;
(iii) P,(t) < P,(0) if 0 < 6 < |t| <m,0<r < 1;
(iv) for each 6 > 0, linlq P.(t) = O uniformly in t for 0 < 6 < |t| < 7.
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4. Main Results

Theorem 4.1. Let o be an isometric strongly continuous representation of T in H and x € H. Then, the indexed
family {"F%(x)}yez is summable for every 0 < r < 1, and its sum denoted by A%(x), it has the following integral
Us

representation A% (x) = % f P,(H)a(t)(x)dt.

o0 -1
Proof. Since the series ), " and Y, r™" are convergent for every 0 < r < 1 and [[r"F&(x)|| < |||

n=0 n=—oo
for each n € Z,0 < r < 1; Corollaries 29.8,29.13,29.18 and 29.19 given in ([1],ch.29) imply that the in-
dexed family {r""F¥(x)},cz is uniformly and absolutely summable. Let A%(x) := Y " F%(x) for every

nez
0 < r < 1. Since a is an isometric strongly continuous representation, we have [le="#"la(t)(x)|| < r||x]|
forallm € Z, 0 <r <1and x € H Hence the same Corollaries above and Proposition 2.1 show that
indexed function family {e=™r"la(t)(x)},cz is uniformly summable on T, and by Proposition 2.3, we get
Ve

f Y, Mlema(t)(x)dt = ¥, [ rMle i a(t)(x)dt. Therefore, A%(x) = z rMFe(x) = z r'”' f e~ Mo (t)(x)dt) =

—n neZ neZ_n

— f (Y et (t)(x))dt = — f P,(-t)a(t)(x)dt. From the last equality and (ii) of Theorem 3.1, we get

T nez

A%(x) = ﬂ f P.(H)a(t)(x)dt forevery 0 < r < 1. O

The operator A? is called the 7" Abel-Poisson mean operator of the family {F2}.

Theorem 4.2. Let a be an isometric strongly continuous representation of T in H and x € H. Then, the indexed
Sfamily {F5(x)}nez of Fourier coefficients of x is Abel-Poisson summable to x.

Proof. Since «a is an isometric strongly continuous representation of T in H, we have ltin(} a(t)(x) = x. Then,

for every ¢ > 0 there exists a 0 < p < 1t such that

€
la(tx) -l < 5 1)
for all 0 < |f| < p. Hence (ii) and (iv) of Theorem 3.1, for m > 0 there exists a 0 > 0 such that every
r,0<l-0<r<land0<p <[t <m, wehave
€
0<P(t) < ——— 2
O <@+ ?

Hence considering (1),(2), Theorem 4.1 and Theorem 3.5.5 in [4], we get that

lye [ PDat@de -3 =15 [ Pt - o

A5 -2l =
< o [ IP0Eow -l
<5 | Py(t)lloc(t)(x)—XIIdH% | Ponae - s

271
0<p<ltil<m 0<\t|<p

1
S 2n f 4(1+|| e - xlldt+— f P (hdt

0<p<lti<m 0<|t|<p
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1 1 ¢
< f sy (2O + Iy dt + -5 f P (tyt

0<p<lti<m 0<|ti<p
1 e

1 ¢
— % olpr+—22
27 2+ ) 22T T

2n 2
O

Remark 4.1. Theorem 4.2 is stated without proof in ([71, Theorem 9).

Remark 4.2. Special cases of this Theorem are given for the Fourier series of functions in a homogeneous Banach
spaces on T, C(T) and L1(T) respectively in ([5],p.16) and ([12],p.56), where L(T) is the space of all complex-valued

Lebesque integrable functions on T with the norm ||f||L, = % f |f(t)ldt.

Proposition 4.3. Let o be an isometric strongly continuous representation of T in H. Then, the operator AY is a
linear and ||Aﬁ‘(x)|| < ||x|l for all x € H and all r € [0, 1).

Proof. The operator A}’s linearity is clear. On the other hand, since « is an isometric strongly continuous
linear representation, we have ||a(t)(x)|| = ||x|| for all x € H. Therefore, by Theorem 4.1 and Theorem 3.5.5 in

4], we get that |40 = Iz [ POt < o [ POl dt = Il o= [ Pi(6t = el O

Now,we give some tests for compactness of a set in H in terms of the " Abel-Poisson mean operator A%.

Before the proof and statement of these tests, we give some informations which we will use in the following

n
proof. Let H, := {x : x € H and a(t)(x) = e"tx, ¥t € [-m, )} for any n € Z, and Z Hi be linear subspace of
k=m

n
H spanned by the subset U Hj c H for m,n € Z such that m < n. It is easily seen that H,, is a closed linear

k=m

n n
subspace of H, and so Z Hj is closed. Also Z H; is finite dimensional if each Hj is finite dimensional.

k=m k=m

Theorem 4.4. Let a be a strongly continuous isometric linear representation of T in H and dim(H,) < +oo for all
n € Z. Then, a subset S C H is relatively compact if and only if:

(i) there exists an M > 0 such that || x ||< M for Vx € S;
(ii) for any & > O there exists r(€),0 < r(e) < 1 such that || x — A2(x) [[< e for Vr : r(e) <r < land ¥x € S.

Proof. Assume thatSisarelatively compactsubsetof H. Then, §is a compact subset of H and by Lemma 2.5.2
in [9], Sis a closed and bounded subset of H. Hence being S C S shows that S is abounded subset of H, that is
there exists an M > O such that||x|| < M forall x € S (i). Suppose that condition (i) of the our theorem is false.
Then, there exists ¢, > 0 such that for any 0 < 6 < 1, there exists an 75,0 < 0 < rs < 1 and an element x5 € S,
for which the inequality ¢, < [|lx; — Ag, (x5)|| holds. So, there exist two sequences {r,} C (0, 1) and {x,} C S such

that

n
compactness of S, there exists a subsequence {xi,} of the sequence {x,} and an element x, € H such that

hrP Xk, = X,. Since, hm Al (x,) = x, and hm r, =1, we have hm A? (xo) = x,. According to Proposition
n—

43,1 A7, (x,)— A7, (xk ) ||<|| Al (xo Xk,) ||§|| Xo—2X, || foralln € IN Therefore hrP I A7, (x0)—A7, (xx,) 1= 0

n N—>+00 n n
Consequently, the inequality &, < [lx,, — Af, (¥l < Ik, = %o | + 11 X = A7, (xo)ll + A7, (x0) — A, (x,)ll for all
n € IN gives contradiction 0 < &, < 0. Thus the set S satisfies condition (ii).

<r, <land ¢ < |lx, — A7 (x,)|l for all n € IN. It is clear that lim r, = 1. By x, € S and relatively

- n—+oo
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Let € > 0 and S be a subset of H satisfying conditions (i) and (if). Then there exists an M > 0 such that
[|x|| < M for Yx € S and there exists 7(¢), 0 < r(¢) < 1 such that

I = ALl < 5 ©)

for Vr : r(¢) < r < 1and Vx € S. For fixed r,7(¢) < r < 1 there exists an n € N such that 2Mr**1(1 — r)™! < g

n
Let nn be a such natural number and S, := { Y, 7" F%(x): x € S}. From Proposition 2 in [8], it is known that
m=—n

a(t)(Fy,(x)) = e™Fy(x). Hence, Fy,(x) € Hy forallx € Hand m € Z, and so Y, r"F;(x) € ¥ H;. On the
m=—n i=—n

other hand,

Z il = Z g Z A= A-rYA -+ - rTHA =)

m=—n m= m=0

1+r-2rHa-rL (4)

Using the boundedness of S and the inequality “Pﬁ, (x)” < ||x||, we obtain
1P| < m (5)

for all x € S and m € Z. Hence, using inequalities (4) and (5), we get that

n

Y, E ()

m=-n

n

< Z i HP‘fn(x)H < x| Zn‘ < M(l +7r— Zr””)(l -t

m=-n

n
Therefore, S,, is a bounded subset of the finite dimensional linear subspace Z H;, so0 S, is bounded. Hence,
i=—n

Sy is compact by Theorem 2.5.3 in [9], and so S, is totally bounded. Let {xl, ... ,xq} be a finite g-net for S,

for any ¢ > 0. We show that the set {xl, e, xq} is a finite e-net for S. Let x be an arbitrary element of S. Since

n
Y, r"F%(x) € S,, there exists an x;,i € {1,--- , g} such that

m=-n

I Y, P -l 5 ®)

Using the equality A%(x) = Y. "F%(x), the equality
nez

Y =2ria - 7)

[m|>n
and (4), we get that the following inequality

n

1AZ ) = Y Ao |

n

Y ME@ = ) )

m=—n meZ m=-n
= ) el < Y A sl
[m|>n [m|>n
< Il Y A< oMt - < g ®)

|m|>n
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From the inequalities (3), (6) and (8), we get || x — x; [I<|| x — A%(x) || + || A%(x) — x; [I<]| x = A%(x) || + ||
n n
A%(x)— Y MEE) ||+ Y #™F%(x) — x; |I< €. Thus the set {xl, .. .,xq} is a ¢-net for S. Consequently, S

m=-n m=-n

is relatively compact by Lemma 8.8.2in [9]. [

Theorem 4.5. Let o be a strongly continuous isometric linear representation such that dim(H,) < +oco foralln € Z
and S C H. Then S is relatively compact if and only if the following conditions are satisfied

(i) S is bounded subset of H,

(ii) For every € > O there exists a positive number 0 < 6 < 7t such that ||la(t)(x) — x|| < € for all 0 < |t| < 6(¢) and
x€S.

Proof. Let ¢ > 0 and S is relatively compact in H. Since S is totally bounded, S is bounded.(i) Let
{x1,%2,...,xn} C Hbe an g-net for S. Since ltlrrol a(t)(xx) = xi for k € {1,2,...,m} there exists a Oy = 6k(§) >0

such that [la(f)(x) — x| < g for all | < 6. Let d := minidy,..., 6,). Since S < | By g), ifx €8,
k=1

there exists an I = I(x),] € {1,2,...,m} such that x € B(x;; %) ie. |lx —x < % Then, |la(t)(x) — x|]| <
llox(£)(x) — () el + e (£) Cxr) = 22l + e = x| < Hlee(E) (e =)l + Nee(E) Cer) = 2l |+ |l — x| < Hlew(#) () =l + 2] o — x| < &
forall [{| < 6 and x € S. (ii)

S satifies the conditions (i) and (ii). Let ¢ > 0 and 6 = 6(¢) > 0 such that 0 < 6 < w and [Ja(t)(x) — x]| < &
forall 0 < || < 6(¢) and x € S. Since S is a bounded subset of H, there exists an M > 0 such that [|lx|| < M for
all x € 5. By Theorem 3.1-iv. there exists an 7(¢) > 0 such that f P,(H)dt < % for all 7(¢) < r < 1. Hence

n>|t>6

by Theorem 3.1 and Theorem 4.4

e

1 fP,(t)a(t)(x)dt —-x

A7 (x) — ]|

- Hi f Pt (a(t)(x) — ) dt

2m
< o f Pr(Olla()(x) ~ xl + - f P, ()lla(t)(x) — xlat
e It<d
< o f Po(0) (o) + [l + f Pr®lla(®)() — ¥t
s <6
1 1 ¢
< o= | P2Ixlidt+ =5 | Pbdt<e
> 212
nlt,zfé " |t|!;

forall 0 < r(¢) < ¥ <1and x € S. Then, S satisfies the condition (ii) of Theorem 4.4. So, S is relatively
compact. [

Theorem 4.6. Let « be a strongly continuous isometric linear representation such that dim(H,) < +co foralln € Z
and O # S C H. Then S is relatively compact if and only if for any € > 0 there exists a positive number r,(e) such that
[PAZ(x) — x|l < € forall 0 < ro(e) <r<land x € S.

Proof. Let S be relatively compact. Suppose that the above condition is not true. Then there exists an
€, > 0 such that for every 6 > 0 there exists an 75,0 < 6 < 75 and a x5 € S such that [[rs A7 (xs5) — x5/l > €.

. n
Therefore, there exists a sequence {r,} C R and a sequence {x,} C S such that 0 < p— <r, <1and
lra A3 (xn) — Xull > €. Since S is relatively compact, the sequence {x,} has a convergent subsequence {x,}

. . . . n .
such that lim x;, = x, for x, € H. Considering lim r, =1, ] <r, <1, 111‘{1 A?(x,) = x, and the operator
n—+oo n—+0oo r—1-
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A}t H — H is a bounded linear operator it follows that lim 7, A7 (x,) = x,. Hence,
n—+o0o n

& < I, A7 () — x|l
<l Az, () = i, A7 (o) + T, AR () = Xo + Xo — Xl
<l (A, () = A% G+l A, (%) = oll + [l — i,
< I lIAT, (e, = xo)ll + 1k, — Xoll + (17, A, (Xo) = Xoll
< 2k, = xoll + Ik, A7, (x6) = Xoll

for all n € N and this gives a contradiction 0 < ¢, < 0. Therefore if S is relatively compact, for every ¢ > 0
there exists an 0 < r(¢) < 1 such that [[rA%(x) — x|| < e forall 0 < rp(e) <r <land x € S.

1 1
Let ¢ > 0. From the condition shows that ;(lell + &) > ||A%(x)|l > ;(lell —¢)forallr,(¢) <r<landx€S.
1
Let us put - = 1 + 0. Firstly, we show that S is bounded subset of H. If not, there exists a x, € S such that

Or(llx,|| — €) > 2¢. For x, € S, from the inequality ||A%(x,)|| > %(lerll —¢), we get [[AZ(x)ll > llx, ]l + € > [lxl.

This contradicts to Proposition 4.3. So S is a bounded subset. Finally, we show that S also satisfies the
condition (ii) of Theorem 4.4. Since S is a bounded subset of H, there exists an M > 0 such that ||x|| < M
for all x € S. Hence, lim (1 — )M = 0. Therefore, there exists an 0 < r;(¢) < 1 such that (1 - )M < ¢

r—1-1
for all 0 < r;(e) < v < 1. Let us take r(e) := max{ry(e), r;(e)}. Then by considering Proposition 4.3 for all
0 <r(e) <r<landx €S, we get that

A7 (x) = x|l = [|(1 = A7 (x) + A7 (x) = xl| < (1 = NIIAT )] + [IrA7 (x) — x]]
<A -rM+|rA7(x) — x|| < 2e.

Since S satisfies all conditions of Theorem 4.4, S is relatively compact. [J
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