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On Periodic Solutions To Nonlinear Differential Equations In Banach
Spaces
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?Karadeniz Technical University,Trabzon-TURKEY
bScience Academy of Uzbekistan

Abstract. Let A denote the generator of a strongly continuous periodic one-parameter group of bounded
linear operators in a complex Banach space H. In this work, an analog of the resolvent operator which is
called quasi-resolvent operator and denoted by R, is defined for points of the spectrum,some equivalent
conditions for compactness of the quasi-resolvent operators R, are given.Then using these, some theorems
on existence of periodic solutions to the non-linear equations ®(A)x = f(x) are given, where ®(A) is a
polynomial of A with complex cofficients and f is a continuous mapping of H into itself.

1. Introduction

Let a(t) be a sfrongly continuous periodic one-parameter group of bounded linear operators in a Banach
space H, A is the generator of a, D(A) is the domain of the definition of the operator A, ®(A) is the operator
col + clA+ - + 1 A1 + A", where ¢j is a complex number, and [ is the unit operator in H.

In this paper, we study existence of solutions to the nonlinear equation

Ax — Ax = f(x), (1)
where A is a complex number, f : D(A) — H is a continuous mapping, and to the nonlinear equation
O(A)x = F(x), )

where F : D(A") — H is a continuous mapping.

Equations (1) and (2) are abstract forms of periodic nonlinear differential equations in functional spaces.
For example, let H = C[T] be the Banach space of all complex continuous functions on T = {e” - Lt< 7'(}
with the supremum norm and a(t) is the operator a(s)x(t) = x(t + s). Then D(A) = CY(T) and Ax(t) = %x(t)
is the usual derivative of x(t) [2]. The following periodic functional differential equation %x(t) - Ax =

ft, x(t — p1(t)), ..., x(t — @u(t))), has form (1), and the following so-called periodic high-order functional
Duffing equation @(%)x(t) = f(t,x(t — @1(t), ..., x(t — Pu(t))), has form (2), where f : RXx C" — C be a
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continuous function, f(t+2m,uq,uy, ..., uy) = f(t,u1,uz,...,uy,) and @; : R = Risa2mn-periodic C!-function,
i=1,...m.

The theorem on integral for the operator A, theorems on existence of periodic solutions of a linear
differential equation of nth order with constant coefficients and systems of linear differential equations with
constant coefficients in Banach spaces are obtained in [5].In the case of an existence of periodic solutions,
evident forms of all periodic solutions of a linear differential equation of nth order with constant coefficients
and systems of linear differential equations with constant coefficients in Banach spaces are given in terms
of resolvent and quasi-resolvent operators of A. Existence of periodic solutions to equations of forms
(1) and (2) in classical Banach spaces have been studied in many works. In particular, equations of the
forms (1) and (2) for the Banach space of continuous vector-valued functions were considered in papers
[3, 4,7, 8, 14, 15, 19],[21]-[25] and for the Banach space of all summable vector-valued functions on T
were considered in [1, 10, 18]. Our approach is based on techniques and results of the theory of periodic
one-parameter groups of bounded linear operators in Banach spaces [2, 6, 9, 17].

2. Preliminaries

Denote the group of all invertible bounded linear operators F : H — H of a complex Banach space H
by GL(H).Let T be the one-dimensional torus {eit - <t< n}. Further we shall consider T as the additive
group Q/2nZ ~ {t : —n < t < n} with its euclidean topology, where Q is the field of real numbers.The
following definitions are given in [6, 17].

Definition 1.
(i)A homomorphism o : T — GL(H) will be called a linear representation of T in H.

(ii)Linear representations o : T — GL(H) and B : T — GL(V) will be called equivalent if there exists a bounded
invertible linear operator B : H — V such that Ba(t) = p(t)B forallt € T.

(iii)A linear representation o of T in H will be called isometric if ||a(t)x||=||x]| for all t € T and x € H.
(iv)A linear representation o of T in H will be called strongly continuous if lim_o a(t)x = x for all x € H.

It is known that every strongly continuous linear representation of T on a Banach space is equivalent to
a strongly continuous isometric linear representation of T ([17],p.82). In sequel, we consider only strongly

continuous isometric linear representations. Let o be a strongly continuous linear representation of T in H,
Z be the ring of all integers, x € H and n € Z. Then by the theorem in ([16], p.314) the Riemann’s integral

Py(x) = % f_ 7; e~ a(t)xdt exists. Py(x) is called the n-th Fourier coefficient of x with respect to « [3, 6, 17].

Proposition 1. Let a be a strongly continuous isometric linear representation of T in H and x,y € H. Then:
1. a(t)Py(x) = Py(a(t)x) = e™P,(x) foralln € Z,x e Hand t € T;
2. P,P,, =0forallm,n € Z,m # n, and P2 = P, foralln € Z;
3. Pyl < ||x|| for all n € Z and x € H.
4. If Py(x) = Py (y) for each m € Z, then x = y.

Proof. Proof is given in ([6], p.250; [13], Corollary 1). O
Letn € Z and put H, := {x € H : a(t)x = ¢"x, ¥t € T}. It is easily proven that H, is a closed sublinear space

of H, P,(x) € H, for all x € H and P,(H) C H,. Also, for each x € H,, we have P, (x) = % fe‘i”ta(t)(x)dt =

|

5 f e~ Meyxdt = x. Therefore, H, = P,(H). For the n € Z* let us put s,(x) := Y__, Px(x), 04(x) =
-7

; in 04)2 .

WOl () = L (S:inzg t) ,Spec(x) == {in : n € Z, Py(x) # 0}, Spec(H) := U,0,rers Spec(x), Hy := {x €

H : Spec(x) is finite}. Hy is a subspace of H. In the present paper, we assume that Spec(H) is infinite. The
case of the finite Spec(H) is investigated easy and it is omitted. Let a be a strongly continuous isometric
linear representation of T in H.
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Definition 2. ([6]p.45) A point x € H will be called a differentiable point of a if there exists Ax := lim;0 =%
in H. Denote the set of all differentiable points of a by D(A).The operator A will be called the generator of the linear
representation a([6],p.45 ). The set Spec(H) is called the spectrum of A. The set C \ Spec(H) is called the resolvent
set of A.1t is easily seen that H = D(A) if and only if Spec(H) is finite.
Proposition 2. ([13],Proposition 4]) Let o be a strongly continuous isometric linear representation of T in H. Then
(i) D(A) is a linear subspace of H, Hy C D(A) and D(A) = H;
(1) D(A) is a(T)-invariant and a(t)Ax = Aa(t)x forall t € T, x € D(A);
(ii)) APy(x) = Py(Ax) = inPy(x) for all n € Z and x € D(A).

3. Some Inequalities for Norms of the Resolvent and Quasi-Resolvent Operators

Let a be a strongly continuous isometric linear representation of T in H. The linear operator R, on H,
defined by

27T
Ru(x) = (1 —e 2! f e Ma(s)xds (3)
0

for A € Csuch that A ¢ Spec(H), is the resolvent of the generator A at the point A ([6],1V,2.25). Other form of
the resolvent operator is given in([11];[5], Theorem 4).
For A = im € iZ, we define the linear operator R, as follows

27T

271 t
Rim(x) = @n)™" fo ( fo e-fma(s)xds)dt—(nn) @n)™! e ™ a(F)xdt (4)

0

The operator R;,(x) will be called the quasi-resolvent operator of A for the point im of the spectrum of A.
The operator R, for A = 0 was introduced in [13] and for every A = im € iZ in [5, 11, 12].

Proposition 3. Let A € C, A ¢ Spec(H). Then ||R,|| < d,, whered) =| 6(1—e 2™ |71 2@ —1 |for A = 6+iB,6 # 0
anddy =2m|1—e 2 [T for A =6 +1i,6 = 0.

Proof. Let A = 6 +1B,0 # 0. Using formula (3) and isometricity of a, we have || Ry(x) ||<| 1 - e~2mh |1 Ozn 1
eMa(s)x || ds <| 61 —e M) [ e 2@ —1 || x|l . Let A = 6 +i,6 = 0. Similarly || Ry(x) ||<| 1 — ™2™ |1 Ozn I
eMas)x||ds <2m|1—e 2 Y x||. O

Proposition 4. Let A = im € iZ. Then || Riy |I< diy = (1+27). In particular, if Py, (x) = 0 then || Ry (x) IS 7 || x ||

Proof. Using formula (4) and isometricity of a, we obtain || Ry, (x) |I< (27)~! fozn fot dsdt || x ||+ +7) || x ||I=

(1+2n) || x || . Assume that P,,(x) = 0. Similarly, we have || R;,,(x) [|l< 271)™ foz”( f(f | emmsa(s)x || ds)dt <
210t

@m [ [dsdt | xll=m |l x]l. O

Corollary 1. Let A = {Aq,..., Ay} be a set of complex numbers and d, is the real number defined in Proposition 3
and 4. Then the inequality || Ry, Ry, - - - Ry, (x) ||< da ||x]|| holds, where dy = d),d,,...d,,.

Proof. It follows easily from Proposition 3 and 4 by induction. [

Proposition 5. Let a be a strongly continuous isometric linear representation of T in H. Then :

(i) Ry — Rim = (A —im)Ry o Ry, — (A — im) 1P, for all m € Z and A € C \ Spec(H);

(i) RyoRiyy =RjmoR) forall A e Cand m € Z.
Proof. (i). Letx € H, A € C\ Spec(H) and m € Z. For n # m, by Theorems 3,4 in [5] and P,P,, = 0 in
Proposition 1,we obtain P,(Ry — Riy) = (in — A)™'P, — (in — im)™'P, = P,((A — im)Ry\R; — (A — im)~1Py,).
Similarly, P,,(Ry — Ri) = (im — A) Py, — PRy = (im — A) Py, — Py, = Ppy((A — im)RyRimy — (A — im) ™1 P,,).
Hence P, (R (x) = Rin(x)) = Pu(im — A)R) o Ripy(x) — (im — A)"'P,,(x) ) for every n € Z. By Proposition 1, we
obtain equality (i). A proof of (ii) is similar. [J

Remark 1. Equation (i) in Proposition 5 is a generalization for operators Ry, of the resolvent equation ([6],p.239,1V,1.2).
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4. Conditions for Compactness of Operators R,
First we give a test for compactness of a set in the Banach space of a linear representation.

Theorem 1. Let o be a strongly continuous isometric linear representation of T in H, satisfying the condition
dim(H,) < +oo for all n € Z.Then a subset S C H is relatively compact if and only if:

(i) there exists an M > 0 such that || x ||< M forall x € S;
(ii) for any & > O there exists an n(e) € IN such that || x — 0,(x) ||< € foralln € N, n > n(e),and x € S.

Proof. Let S be a relatively compact subset of H. Then S is bounded that is there exists an M > 0 such that
I x ||I< M for all x € S. Suppose that (ii) of the our theorem is false. Then there exists an &y > 0 such that for
any integer m > 0 there existan n,, > mand an element x,,, € S, satisfying the condition || x,, —0,,,(Xs,) = €o.
By x,, € S and relatively compactness of S, there exist a subsequence {x,’(} of the sequence {x,,} and an
element x, € H such that limy_., || X, — x, ||= 0. We have &y <|| x; — ax(x}) lI<Il 2 = % | + || %0 — 0x(xo) ||
+ |l ox(x0) = 0 (x}) |l - According to Proposition 3 in [13], || ox(x,) — ok(x}) [I=Il ok(xo — x7) [I<]| X — x ||. Using
Theorem 1 in [13], we obtain &g < 2 || xo — x| || + || X, — 0k(x,) |l— 0. This is a contradiction shows that the
set S satisfies condition (ii).

Conversely, let S be a subset of H satisfying conditions (/) and (if). For fixed n, we consider the set
Sp = {on(x) : x € S}. We note thato,(x) € Y.iL_, H; for any f. Therefore S, is a subset of the finite dimensional
closed subspace Y. H; of H, by Proposition 3 in [13] S, is bounded, hence S, ¢ Y., H; is bounded.
Therefore S, is compact and so S, is totally bounded. Let ¢ > 0 and {xl, ., xq} a finite e-net for S,,. We show
that it is a finite 2e-net for S. Let x be an arbitrary element of S. There exists an x; such that || 0,(x) — x; [|< .
Then || x — x; [|<|| x — 0,(%) || + || 6,(x) — x; ||< 2¢. Thus the set {xl,...,xq} is a 2e-net for S. Therefore S is
relatively compact. [

Remark 2. Theorem 1 was given without of proof in the paper ([12], Theorem 11).

Theorem 2. Let a be a strongly continuous isometric linear representation of T in H. Then following three conditions
are equivalent:

(1) dim(Hy,) < +oo foralln € Z;
(ii) the operator Ry is compact for any A € C;
(iii) the operator Ry is compact for some A € C.

Proof. (i) — (ii). First we prove that the operator Ry is compact. Consider the set B = {x € H :|| x [|< 1}. We
prove that the set Ryo(B) satisfies conditions of Theorem 1. By Proposition 4, the operator Ry is bounded.
Hence the set Ry(B) is bounded. Prove that set Ry(B) satisfies condition (if) of Theorem 1. We need the
following lemma.

Lemma 1. Let x € H such that Py(x) = 0. Then a(t)Ro(x) = fot a(s)xds + Ro(x).

Proof. Itis given in ([13],Lemma 2;[5],Lemma 2). O

According to Lemma 1, we get a(f)Ro(x) — Ro(x) = fot a(s)xds. From this equality, using the inequality

lx|| < 1, we obtain
¢
f a(s)xds
0
&

for all x € B. From this inequality, we obtain that for any ¢ > 0 there exists a 0 < 6 < § such that
lla()Ro(x) — Ro(¥)ll < 5 for all |{{ < 6 < m and all x € B. Since K,(t) = K,(-t) for all t € [-m, 7],
ﬁ f_ 7; K,(t)dt = 1 and sing < sin% for all t € [§,m), using Proposition 3 in [13] and Proposition 4,

lla(t)Ro(x) — Ro()ll <

t
SfIIXIIdS=IfIIIXIISItI- (5)
0
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(n+1)
sin 2

smi

)2
inequalities (5) and K,(t) = n+1( t) < (n+1) m; for all t € [, ], we obtain ||g,(Rox) — Rox|| =

1|§ [ Ku@®a(®Roxdt — 3= [* K,(HRoxdt|| < & f_ 1K (t)(a(t)Rox — Rox)|| dt+5= f 1K (D) (a(H)Rox — Rox)|| dt+
o fb 1K (£)(@(HRox — Rox)|| dt < % fé 1K ()] ler(£)Rox — Rox|| dt + 5~ f 1K (Ol lee(t)Rox — Rox|| dt <

— ZHRD(X)H 2(2n+1 2(2m+1) e
i b la®Rox - Roxlldt + & [ K0 lfdt < 200 46 < 2800 45 = 28 4 ¢ forallx € B,

On the other hand, there exists an n € IN, n > 1, such that (:flz);s;lz)é
4

llo,(Rox) — Rox|| < € for all n > ng and all x € B.This shows that the set Ry(B) satisfies the condition (ii) of
Theorem 1,so it is relatively compact and the operator Ry is compact.

Let A ¢ iZ. Using Proposition 5, we obtain Ry = Ry — ARy o Rg + %Po. Since Ry is compact, the operator
(Ry o Ry) is also compact. The operator Py is compact as a projection operator onto the finite-dimensional
subspace Hy. Therefore the operator R, is compact. Similarly, using Proposition 5, we obtain that the
operator R;;, is also compact. The implication (if) — (iii) is obvious. (iii) — (i). Let Ry be a compact operator
for some A € C. Assume that A ¢ iZ. According to Theorem 3 in [5], since Ry(x) = (im — A)"!x for all
x € Hy, and all m € Z, we have R,(H,,) = H,,. Using compactness of R, and Theorem 8.1.13 in ([20], p.288)
we obtain that dim(H,,) < +co for all m € Z. In the case A € iZ, using Theorem 3 in [5], we obtain that
dim(H,,) < +oo for all m € Z. The proof is completed. [

5 for all n > nyg.Hence, we obtain that

5. Theorems on Existence of a Solution to a Periodic Nonlinear Differential Equation in a Banach Space

Theorem 3. Let a be a strongly continuous isometric linear representation of T in H,a € Hand A € C.

(i) Assume that A ¢ Spec(H). Then the equation Ax — Ax = a has the unique solution x = —R,(a) for everya € H,
where Ry has the form (4);

(if) Assume that A € Spec(H), A = im for some m € Z. Then the equation Ax —imx = a has a solution if and only if
P, (a) = 0. In the case P,,(a) = 0, a general solution of the equation Ax —imx = a has the form x = =Ry, (a) + ¢,
where Riy, has the form (5) and c is an arbitrary element of H,,.

Proof. Itis given in ([5],Theorem 7). [

Now we consider a solution to the nonlinear equation Ax — Ax = f(x) in H, where A is a complex number
and f : H — H is a continuous mapping.

Theorem 4. Let a(t) be a strongly continuous isometric linear representation of T in H, A € C,A ¢ Spec(H) and
dim(H,) < +oo foralln € Z. Assume that fi : H — Hand f, : H — H are continuous functions satisfying the
following conditions:

(i) there exists a real number My > 0 such that My, < d;l and ||f1(x)H < My ||x|| for all x € H, where d, is as in
Proposition 3;

(ii) there exists a real number My > 0 such that ||f2(x)|| <M, forall x € H.
Then the equation Ax — Ax = f1(x) + f2(x) has a solution.

Proof. According to Theorems 3,4 in [5], a solution of the equation Ax — Ax = fi(x) + f2(x) is reduced to
that for equation x = —R,(f1(x) + f2(x)). We prove that the operator —R,(f1 + f2) satisfies the condition

of the Schauder’s fixed point theorem. For r > 0 put B, = {x € H: [|x|]| <r}. We choose 1?’%&1 < r.

Then, using inequalities M; < d;l, < My ||x|| and || f2(x)” < M, in our theorem, we obtain that
“—RA (ilx) + fz(x))“ < dy(Myr+ M,) < rfor all x € B, that is the operator —R,(f1 + f>) is a mapping of B, into
B,. Since the operator R, is compact, the operator —R,(f1 + f2) is continuous and the set —Rx(f1 + f2)(B;) is

conditionally compact, according to Shauder’s theorem, the equation —R,(f1 + f2)(x) = x has a solution and
the theorem is proved. [
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Corollary 2. Let a(t) be a strongly continuous isometric linear representation of T in H, A € C,A ¢ Spec(H) and
dim(H,) < 4oo foralln € Z. Assume that B : H — H is a bounded linear operator such that ||B|| < d;l. Then the
equation Ax — Ax — Bx = a has a solution for every a € H.

Proof. It is a particular case of Theorem 4. [

Theorem 5. Let a(t) be a strongly continuous isometric linear representation of T in H, A = im € Spec(H),m € Z
and dim(H,) < +oo for alln € Z. Assume that fy : H — H and f, : H — H are continuous functions satisfying the
following conditions:

(i) there exists a real number My > 0 satisfying My < d;l and Hfl(x)H < M, ||x]| for all x € H, where d, is as in
Proposition 3;
(ii) there exists a real number M, > 0 satisfying ” fz(x)H <M, forall x € H.
(#i1) Pp(fi(x) + f2(x)) = 0 forall x € H.

Then the equation Ax — Ax = f1(x) + f2(x) has a solution.
Proof. It is similar to proofs of Theorems 3(ii) and 4. [

Let a(t) be a strongly continuous isometric linear representation of T in H, A is the generator of a and ®(A)
is the operator

D(A) = col + LA+ -+ ¢, 1 AT+ A", (6)

where n > 0, ¢; is a complex number (i = 0,...,7n — 1) and I is the unit operator in H. Denote the set of all
x € D(A) such that Ax € D(A) by D(A?). Similarly, denote the set of all x € D(A"!) such that Ax € D(A) by
D(A™).

Proposition 6. Let a be a strongly continuous isometric linear representation of T in H and n € Z,n > 1. Then
D(A™) =R\ Ry, ---Ry,(H) forall A; € Ci=1,2,...n.

Proof. It follows from Theorem 4 in [5] by induction. [J
Now we consider a solution to equation (2). This equation may be written in the form
(MI=A)...(A = A)x = (-1)" f(x). (7)

Proposition 7. Let ®(A) be the linear operator (6), A1, ..., A, are complex roots of the polynomial O(A).

(i) Assume that A1,..., A, & iZ. Then an element xo € D(A") is a solution to equation (7) if and only if it is a
solution to the equation

x = (=1)"Ry, ... Ry, (f(x)); 8)

(i) Assume that Ay = imy,..., A, =im, € iZ, wherer > 0, Ayyq, ..., Ay € iZ and Py, f(x) = - -+ = Py, f(x) = 0 for
all x € H. Then an element xo € D(A") is a solution to equation (7) if and only if it is a solution to equation (8).

Proof. (i) Assume that xg € D(A") is a solution to equation (7). By Theorem 4-(iii) in [5], applying operators
Ry, ..., Ry, to equality (7), we obtain xg = (=1)"Ry, ... Ry, (f(x0)). Conversely, assume that xy € D(A") such
that xo = (-1)"Ry, ... Ry, (f(x0)). According to Proposition 6, Ry, ... Ry, (f(xp)) is an element of D(A"). By
Theorem 4-(iii) in [5], applying operators (A1l — A), ..., (A, — A) to xo = (=1)"Ry, ... Ry, (f(x0)), we obtain
(MI=A)...(Aul = A)xo = (=1)" f(x0).

(ii) Let Ay = imy,..., A, = im, € iZ, where r > 0, Apy1, ..., Ay € iZ and Py, f(x) = -+ = Py, f(x) = 0 for all
x € H. Assume that xo € D(A") is a solution to equation (7). By Theorem 4-(ii) in [5], applying R,,,,, ..., Ry,
to equality (7), we obtain (Al — A)...(A L — A)xg = (=1)"Ry,,, ... R, f(x0). From Theorem 4 in [5] and
P, f(x0) = 0, we get Py, (R;":: .. Ry, f(x0)) = Ra,,, .. Ry, Py f(x0) = 0. According to Theorem 1, we have
(/\21 - A) ce (Arl - A)XO = (—1)”RA1RA . RA”f(XQ). Similarly, by induction, Xo = (—1)"RA1 . R/\” (f(XQ)) O

r+l *
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Proposition 8. Assume that ®(A) is the linear operator (6), a € H, Aq,..., Ay are different complex roots of the
polynomial ®(A) and s; is the multiplicity of Aj, 51 + -+ + s = n.

() If M, ..., Ak € iZ, then for any a € H there exists the unique solution to equation
DA)x=a )
in Hand it is x = (—1)"R;1] .. .R;kk(a).
(i) If M =imy, ..., A, = im, € iZ, wherer > 0, and Avi1, ..., Ax € iZ, then a solution to equation (9) exists if and
only if
Py (a)=---=Py(a) =0. (10)
For a € H, satisfying condition (10), a general solution to equation (9) is
x=(-1)"R} ...R R} ...R;kk(a) +bi+---+b,
where by is an arbitrary element of Hy,, = {x €EH:at)x=¢"™x, V te T}.
Proof. It follows from Proposition 7, Theorem 3 and Theorems 3,4in [5]. [

We consider a solution to the nonlinear equation ®(A)x = f(x) in H, where ®(A) is the linear operator (6)
and f : H — H is a continuous mapping.

Theorem 6. Let a(t) be a strongly continuous isometric linear representation of T in H such that dim(Hy) < +oo for
all k € Z and O(A) is the linear operator (6) such that A; ¢ iZ foralli =1,2,...,n. Assume that f; : H — H and
fo : H— H are continuous functions satisfying the following conditions:

(i) there exists a real number My > 0 such that My < (dy,d,, ---dy,)™" and Hfl(x)“ < M ||x|| for all x € H, where
d, is as in Proposition 3;
(i) there exists a real number My > 0 such that ||f2(x)|| <M, forall x € H.

Then the equation ®(A)x = f1(x) + f2(x) has a solution.

Proof. It follows from Theorem 4 by induction. [J

Theorem 7. Let a(t) be a strongly continuous isometric linear representation of T in H such that dim(Hy) < +oo for
allk € Z and ©(A) is the linear operator (6) such that Ay = imy, ..., A, = im, € iZ, wherer > 0,and Ay1q, ..., A, € iZ.
Assume that fi : H — Hand f, : H — H are continuous functions satisfying the following conditions:
(i) there exists a real number My > 0 such that My < (dx,dy, ---dy,) " and ||f1(x)|| < My |Ix|| for all x € H;
(i) there exists a real number My > 0 such that | fz(x)” <M, forall x € H.
(iii) Pp,(fi(x) + fo(x)) =0forallxe Handi=1,...,r.

Then the equation ®(A)x = f1(x) + fo(x) has a solution.

Proof. It follows from Theorems 4 and 5 by induction. [
Now we consider the existence and uniqueness of a solution of equation (7).

Theorem 8. . Let a(t) be a strongly continuous isometric linear representation of T in H and A € C,A ¢ iZ.
Assume that f : D(A) — H is a function such that there exists a real number M > 0 satisfying M < d;* and

“f(x) - f(y)” < M”x - y”for all x,y € D(A), where d, is as in Proposition 3. Then the equation Ax — Ax = f(x)
has the unique solution.
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Proof. According to Proposition 7, equation Ax—Ax = f(x) has a unique solution if and only if so for equation
x = =R, f(x). We prove that the operator —R, f is a contracting mapping. We have || - R f(x) — (=Rx f(y)ll =
IRA(f(x) = fu)Il < daM]lx — yl|. Since dyM < 1, the operator —R, f is a contracting mapping. Hence the
equation x = —R; f(x) has a unique solution. [

Remark 3. Results, which are similar to Theorem 8, are true for the case A € iZ and for the equation P(A)x = f(x).

We note that the above results on periodic solutions are applicable also to functional differential equations
of first-order. Let H = C[T] be the Banach space of all complex continuous 27-periodic functions with the
norm || x ||= maxer | x(t) |, and a(t) is the operator a(s)x(t) = x(t + s), where T = R/Z = [0,2n). Then a(t)
(t € T) is a strongly continuous periodic one-parameter group of bounded linear operators on C[T].Let A
be the generator of the group a(t),t € T.It is known that A = % and x(t) € D(A) if and only if %x(t) e C[T].
We consider the following differential equation in C[T] with multiple deviating arguments

%x(t) — Ax(t) = f(t, x(t — @1(1)), ..., x(t — @u(t))) (11)

where A € C, f : RxC" — C be a continuous function, f(t + 27, uy, uz,..., uy) = f(t,u1,uy, ..., Uy)
and @; : R — R is a 2n-periodic C!-function, i = 1,...m.Since the mapping F : C[T] — C[T], defined by
x(t) = f(t, x(t—@1(t)), ..., x(t—@u(t))), is continuous, the Eq(11) has the form (Ax—Ax = f(x)) :%x(t)—)\x(t) =
F(x).Hence the above results on periodic solutions are applicable to the Eq(11).

References

[1] J. Andres, B. Krajc, Periodic solutions in a given set of differential systems,].Math.Anal. Appl., 264 (2001), 495-509.
[2] H. Bart, Periodic strongly continuous semigroups, Ann.Mat.Pura Appl., 115 (1977), 311-318.
[3] M. Bartha, Periodic solutions for differential equations with state-dependent delay and positive feedback, Nonlinear Analysis,
53 (2003), 839-857.
[4] J.A.Cid, L. Sanchez, Periodic solutions for second order differential equations with discontinuous restoring forces, J. Math. Anal.
Appl., 288 (2003), 349-364.
[5] A. Cavus, D. Khadjiev, M. Kunt, On periodic one-parameter groups of linear operators in a Banach space and applications,
Journal of Inequalities and Applications, 288 (2013), 1-20.
[6] KJ.Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer-Verlag, New York.
[7] C.Fuzhong, Periodic solutions for of 2kth-order ordinary differential equations with nonresonance, Nonlinear Anal. TMA 32, (6)
(1998), 787-793.
D. Jiang, J. J. Nieto, W. Zuo, On monotone method for first and second order periodic boundary value problems and periodic
solutions of functional differential equations, J. Math. Anal. Appl., 289 (2004), 691-699.
[9] Y. Katznelson, An Introduction to Harmonic Analysis, Dover Publications, INC., New York, (1976).
[10] I. Kiguradze, S. Mikhigulashvili, On periodic solutions of two-dimensional nonautonomous differential systems, Nonlinear
Analysis 60 (2005), 241-256.
[11] D.Khadjiev, A. Cavus, The resolvent operator for the infinitesimal generator of a continuous linear representation of the torus in
a Banach space, Dokladi Academi Nauk Respubliki Uzbekistan, N2 (2003),10-13.
[12] D. Khadjiev, A. Cavus, Fourier series in Banach spaces, Ill-posed and Non-classical Problems of Mathematical Physics and
Analysis, Proc. of the Internat. Conf.(Inverse Ill-posed Probl. Ser.), Samarkand, Uzbekistan 41 (2003), 71-80.
[13] D.Khadjiev, The widest continuous integral, J. Math. Anal. Appl., 326 (2007),1101-1115.
[14] Z.Liu, Y. Mao, Existence theorem for periodic solutions of higher order nonlinear differential equations,]. Math. Anal. Appl. 216
(1997), 481-490.
[15] P. Liu, J. Shi, Y. Wang,Periodic solutions of a logistic type population model with harvesting, J. Math. Anal. Appl.,369 (2010),
730-735.
[16] L.A. Lusternik, V.J. Sobolev, Elements of Functional Analysis, Gordon and Breach, New York, (1968).
[17] Y.I. Lybich, Introduction to the Theory of Banach Representations of Groups, Birkhiuser, Berlin, (1988).
[18] M. Meehan, D. O’'Regan, Periodic solutions for abstract operator equations, Applied Mathematics Letters, 12 (1999), 121-129.
[19] PK. Palamdes, G.N. Galanis, Periodic value problems of differential systems of infinite dimensional spaces and applications to
differential geometry, Computers and Mathematics with Applications 47 (2004), 1809-1815.
[20] R.Sen, A First Course in Functional Analysis, Anthem Press (2013), 288.
[21] J. Texeira, M. J. Borges, Existence of periodic solutions of ordinary differential equations, ].Math.Anal. Appl.,385 (2012), 414-422.
[22] Y. Wang, C. Hou, W. ge, C. Zhang, Existence of periodic solutions for second-order Duffing equations with p-Laplacian-like
operators, Nonlinear Analysis,71 (2009), 2431-2440.
[23] L. Weiguo, Periodic solutions for (2k)-th order ordinary differential equations with resonance, ].Math.Anal. Appl., 259 (2001),
157-167.
[24] X.Yang, K. Lo, Existence and uniqueness of periodic solution for a class differential systems, ]. Math.Anal. Appl.,327 (2007), 36-46.
[25] Z. Zuo-Huan, Periodic solutions of differential equations in R", Chaos, Solutions and Fractals, 12 (2001),125-129.

[8



