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Abstract. In this work, the notion of an L-R crossed product is introduced as a unified approach for L-R
smash product and crossed product. Then the duality theorem for L-R crossed product is given. As the
applications of the main result, some classical results in some materials can be obtained.

1. Introduction

Classical duality theorems origin in operator algebras, in works of Takesaki and colaborators for describ-
ing the duality between actions and coactions of locally compact groups on Von Neumann algebras ([1]).
In [2], Cohen and Montgomery considered this duality for actions and coactions of groups on algebras and
proved that, given a finite group G acting as linear automorphisms on A, there exists an isomorphism be-
tween the smash product A*GH#k[G]" of the skew group ring A+G and the dual group ring k[G]* = Hom(kG, k)
and the full matrix ring M,,(A) over A. This kind of result is important, since coactions of group algebras
correspond to group gradings on algebras. The extension of this duality theorem to the context of Hopf
algebras was made in the work of Blattner and Montgomery (see [3]). As the generalization of Blattner-
Mongomery’s result, Koppinen prove the duality theorem for Hopf crossed product which generalized
most of duality theorems in [5]. From the perspective of duality, Wang considered the duality theorems of
both Hopf comodule coalgebras and crossed coproducts in [6, 7]. Recently, a great deal of work has been
done on the duality theorem in [9-11] and [12].

Based on the theory of deformation, the L-R smash product was introduced and studied in [13, 14]. It is
defined as follows: if H is a cocommutative bialgebra and A is an H-bimodule algebra, then the L-R smash
product AH is an associative algebra defined on A ® H by the multiplication rule

(atih)(big) = (@ - g1) (1 - b)hago
for any a,b € A and g,h € H. If we replace the above multiplication by
(ah)(blg) = (@ - g2)(h1 - b)iog,

then this multiplication is associative in [15] without the assumption that H is cocommutative. In [16], the
authors introduced and studied the more general version of L-R smash products.

2010 Mathematics Subject Classification. Primary 16W30

Keywords. Hopf algebra, L-R crossed product, duality theorem

Received: 7 April 2014; Accepted: 7 November 2014

Communicated by Dragana Cvetkovi¢ Ili¢

Research supported by the National Natural Science Foundation of China (N0.11261063 and 11471186) and the Foundation for
Excelent Youth Science and Technology Innovation Talents of Xin Jiang Uygur Autonomous Region(No0.2013721043)

Email addresses: cqg211@163. com (Quan-guo Chen), dgwang@mail.qfnu.edu.cn, dingguo95@126.com (Ding-guo Wang)



Q.-G. Chen, D.-G. Wang / Filomat 30:5 (2016), 1305-1313 1306

Following the current trends of further research on this topic and at the angle of unity, the paper will
present a general version of duality theorem for L-R crossed product which covers most of the classical
product algebras such as smash products, crossed products and L-R smash products etc. It is the motivation
of this paper.

The paper is organized as follows.

In Section 2, we recall some useful concepts. In Section 3, the conditions on cocycles are established
in order to construct L-R crossed products. Then the duality theorem for L-R crossed product is given in
Section 4. In Section 5, we apply our main result to some classical cases.

2. Preliminaries

Throughout the paper, we always work over a fixed field k and follow the Montgomery’s book([17]) for
terminologies on coalgebras, comodules and bialgebras. Given a vector space M, t : M — M denotes the
identity map.

Recall that a left (right) measure of H on an algebra A is a linear map H® A — A(A® H — A) given by
h®aw h-a(@a®h) =a-h)suchthat, foranyh € H,a,b € A,

h - (ab) = (hy - a)(hy - b)(resp.(ab) - h = (a - h)(b - hy)),
h-14 = eg(h)1a, 1g-a=a(resp. 14 -h = eg(h)1a, a-1g = a).

Given a left (right) measure of H on 4, if the measure is module action, then we can get the left (right)-
module algebra. If an algebra A is both a left H-module algebra and a right H-module algebra with the
compatible module actions , then A is called an H-bimodule algebra.

3. L-R Crossed Products

In this section, we shall introduce the notion of a L-R crossed product.
Assume that H measures on A from the left. Let A be a right H-module algebra with the compatibility
with the left measure, and 0 : H® H — A a linear map. Define a multiplication on vector space A ® H by

(a®h)(b®g) = (a-gs3)(h1-b)o(hz, g1) ® h3g2
foranya,be Aand h,l € H.

Definition 3.1. Let H be a Hopf algebra, A a right H-module algebra and o : H® H — A a linear map. We say that
H is g-cocommutative, if the following relation holds,

ol,g) m®hy=0(,9) - hh®h
foralll,g,h € H.
Remark 3.2. If ¢ is trivial, i.e., o(h, g) = en(h)en(g9)1a. Then H is o-cocommutative.

The following theorem gives the necessary and sufficient conditions under which A ® H is associative
and A ® H is unital with 14 ® 1y as the identity element.

Theorem 3.3. Assume that H measures on A from the left. Let A be a right H-module algebra with the compatibility
with the left measure, and o : H® H — A a linear map such that H is o-cocommutative. Then
(i) 14 ® 1g is the unit of A® H if and only if, for all a € A,

o(h, 1) = ea(h)1a = o(1m, h), (3.1)
(ii) A ® H is associative if and only if the following conditions hold:

(1 - o(ly, m1))o(ha, bmz) = (o(hy, ) - m1)o(halz, my), (3.2)

(1 - (I - a))o(h, o) = a(hy, h)(halz - a) (3.3)

forany h,l,m e Handa € A.
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Proof. The proof of (i) is straightforward, so we omit it. Now, we shall check (ii). Suppose A ® H is
associative, we have

1a®h)[(1a ® ) (a ®m)]
= (a®h)[(h - a)o(lr, m1) ® l3my]
= (h1 - ((ly - a)o(lp, my)))o(hy, Ismz) ® halyms

and

(14 ®h)(1a®])](a®m)
= (o(h1, ) ® halp)(a ® m)
= (o(hy, ) - m3)(haly - a)o(hzlz, m1) ® hylymy.

So it follows that

(h1 - (I - @)o(lp, m1)))o(hy, l3ma) ® h3lyms
= (o(h1, ) - m3)(haly - a)o(hsls, my) ® hylymy.

Applying ( ® ey to both side of the above equality, we have

(h1 - ((h - ;o (lo, m)))a(ha, lsmy) = (a(h1, Ir) - mo)(hals - a)o(hals, my). (34)
If we take a = 1,4 in (3.4) and use that H is o-cocommutative, we get

(hy - o(l, m1))a(hy, lhma) = (o(h1, Ir) - mi)o(halz, my). (3.5)
If we take m = 1g in (3.4), it follows that

(hy - (I - @))a(hy, ) = o(hy, ) (hala - a). (3.6)

Conversely, assume that (3.2) and (3.3) hold. First, we need the following equality

(hy - (I - @))(a(hy, o) - m) = (o(hy, I1) - m)(halz - a)). (3.7)

As a matter of fact, forall ,l,m € Hand a € A, we have

(- (h-a)o(hy, ) -m) = ((hy-(l1-a-s(my)))o(hy, ) - my

=" (o(h, ) (h2ly - (a - s(my)))) - m2

= (o(h, ) - my)(haly - (a - s(m1)ms))
= (o(h, hh) - m3)(halz - (a - s(m1)my))
= (0(h, ) - m)(haly - a).

Then, for alla,b,c € Aand h,I,m € H, we have

@® b e hc®m)]
= @@ h)[(b - m3)(ly - ©)a(lr, m1) ® l3m;]

= (a - Ismy)(hy - (- ms)(ly - ©)o(lp, m1)))o(ha, l3ma) ® hslyms

= (a-Ismg)(hy - (b ms))(ha - (I - ©))(hs - 0(l2, m1))0(ha, I31m2) ® hslyms
= (a-Ismy)(hy - (- ms))(hy - (I - ©))(o(h3, I2) - ma)o(hals, m1) ® hslyms
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D (@ Isma) (- b) - ms)(o(ha, 1) - ma Vsl - Yo(hals, my) @ hisly 113
—— ——

=(a-ls my )((h-b) -ms)(o(hy, 1) m3 )hsla-c)o(hylz, my) ® hslymy
—_— N

= (a-Ilsm3)((hy-b)- ms Yo(hy, 1) my )(hsly - c)o(hylz, my) ® hslym,

—_—— —_——
= (a - Ismz)((hy - b) - ma)(o(ha, 1) - ms)(hsla - €)o(hals, m1) ® hslama
= (((@ - I5)(h - b)a(hy, 1)) - m3)(hsly - c)o(hals, m1) @ hslyms
= ((a- L)(h1 - b)a(hy, 1) ® h3l2)(c ® m)

— [@®h)b® D](c®m).
This ends the proof. [J

We call the k-algebra A ® H an L-R crossed product, denoted by Afi,H.

Example 3.4. Consider the group algebra kZ with the obvious Hopf algebra structure and let g be a generator of Z
in multiplication notation. Fix an element 0 # q € k, and define a linear map o : kZ ®kZ — kZ,g' ® g/ — q'/1 and
two actions on kZ:
Frd=q'd, ¢ <g =g
Since
7' > g) < g =g < gt =gy
and
7w (g <g) =g » g = g-g.)
it follows that (kZ, », <) is kZ-bimodule. It is not hard to show that (kZ,w») is a left kZ-module algebra and (kZ, <) is
a right kZ-module algebra. Straightforward computation can show that o is a cocycle and conditions (3.2) and (3.3)
hold. Thus we have the L-R crossed product kZ#,kZ with the multiplication via

(gmﬂgl)(gnﬂgt) — qnl+lt—mtgm+n ® ng-
Example 3.5. Consider the polynomial algebra k[ X] with the coalgebra structure and the antipode given by
AX™) = Z CExk @ X", o(X™) = 0, S(X") = (-1)"X", V¥n > 0.
k=0
Fix an element 0 # q € k, and define a linear map o : k[X] ® k[X] — k[X] via
— 0, ifi#j;
i Xy = A
O(X,X) - { i!qll, lfl — ]
Two actions of k[ X] on k[X] are given by

Xi» X = O’jr i lfl>]/ X <X = ’ P i lfl>]/
g X, i<, CD'gea' X, i<

It is not hard to show that (k[X],», <) is k[X]-bimodule, (k[X],») is a left k[X]-module algebra and (k[X], <) is a
right k[ X]-module algebra. Since

; 0, ifi#0;
"(X'l):{ 1 i;z‘:o

it follows that o(X',1) = e(X')1. Similarly, we can check that o(1, X") = &(X*)1. Straightforward computation can
show that the conditions (3.2) and (3.3) hold. Thus, we have another L-R crossed product k[X]4,k[X].
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4. The Duality Theorem for L-R-Crossed product

Let A be a right H-module algebra. Assume that there exists a left measure of H on A such that H is
o-cocommutative. If H is a finite dimensional Hopf algebra, the dual vector space H* has a natural structure
of a Hopf algebra.

Now, we will construct the duality theorem for an L-R crossed product. First, we need some lemmas.

Lemma 4.1. Let H be a finite dimensional Hopf algebra. Then A§,H is a left H*-module algebra via

- (aloh) = afigh f(h2)
foranyac A,he Hand f € H".
Lemma 4.2. The map
¢ : (A H)EH" — End(Af;H)a
(here § means smash product and End(A#,H) 4 means the right A-module endomorphisms) defined by

P((ao W) (bog) = (allsh)(bHagr1) f(92)
foranya,b € A, h,g € Hand f € H*, is a homomorphism of algebras, where A§;H is a right A-module via

(afish) - b = (alh) (Ofs1m).-
Proof. First, we will show that ¢ commutes with the right action of A on A§,H. Indeed, for any a,b,d € A,
h,g € Hand f € H*, we compute
P((atshEf)((bhog) - )
= (@i f)(b(g1 - D)-92)
= (a- ga)(h1 - (b(g1 - d)))o(ha, g2)8s1395 f (95)
= (a-ga)(h1 - b)(ha - (91 - d))o(hs, g2)tshags f(gs)

2 (@ ga)tn - D)o, g1)(13g2 - d)fohags £(g5)
= ((a- g3)(hy - b)o(ha, g1)8sh3g2f(94)) - d
= (p((afl ) f)(bs9)) - d.
Next, foralla,b,x € A, h,l,y € Hand f,g € H*, we have

P((alom)Bf) o p((bhaDig) (xtsy)

= p((all ML) - y3) (1 - )0 (L2, Y1)Hol3Y2)9(Ya)

= (alh) (b - ya)(ly - )0 (Lo, y1)bel3y29(ys) f(lays)

= (a - I5ys)(h - (0 - ye)(lh - )0 (l2, y1))a(ha, lsy2)ohslaysg(y7) f (e ys)

= (a-Isya)(hy - (b~ y))(ha - (I1 - X)) (h3 - 0(l2, y1))0(ha, 13y2) Bohslayzg(y7) f(Leys)

D (@ Isya)(n - (b y6)) (2 - (1 - 0))(0(h3, 1) - y2) o (hals, y0)ahislaysg(yr) f Lsys)

(33)

=" (a-Isya)(hy - (b- ye))(o(ha, ) - y2)(hsly - X)o(hals, y1)ehslayzg(y7) f (e ys)
= (a-Isys)(hy - (b~ ys))(o(ha, ) - y2)(hsla - x)o(hals, y1)Bohslayzg(y7) f(leYe)
= (a-Isys)(hy - (b~ ys))o(ha, ) - y3)(hsla - x)o(hals, y1)Bohslay29(y7) f(le Ye)
= (a-Isys3)(h1 - (b~ ys5))(0(ha, ) - ya)(haly - X)o(hals, y1)shslayag(y7) f(lsYe)
= (a-Isy3)((h1 - b) - ya))(o(ha, ) - y5)(haly - X)o(hals, y1)shslay29(y7) f(lsYe)
= (((a - Is)(hy - b)(0(h2, 1)) - y3)(h3la - X)o(hals, y1)Bohslay29(ys) f(leya)

= () (b)) (cto y)-
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This ends the proof. [J

Lemma 4.3. Let H be a finite dimensional Hopf algebra and A$,H be the L-R crossed product with convolution
inverse o. Then

(0, 1) - m)(ha - (2 - @) = (nly - a) (0™ (o, o) - m), (4.1)

o' (Lg) meh=0"(9) - heh,

(i, mi)o™" (ha, o) = (07 (1, ) - ma)(ha - 0(la, m2)). (4.2)
Proof. Here we only check that (4.2) holds. Multiplying convolutively on the right of (3.2) by 07!, we have
(h - ol m1))a(ha, lma)o™ (hs, lsmz) = (o(h, ) - m1)o(haly, ma)a™ (h3, lams).

This gives
h-o(l,m) = (o(h, ) - my)o(haly, mp)o™" (s, l3ms). (4.3)

Since

(07 (1, h) - my)(hy - 0(lo, m2))

D (711, 1) - my) (oo, 1) - ma)o(hsls, ms)o™ (g, Lamy)

= o(hh, m)o~ (I, lmy),
it follows that (4.2) holds. O

Let {e;} be a basis of H and {e;} be the dual basis of H, i.e., such that ¢;(e;) = 6;; for all i, j. Then we have

the following identities:
Y eitei=h, Y ife) = f

forallhe Hand f € H".

Lemma 4.4. Let H be a finite dimensional Hopf algebra and A$,H be the L-R crossed product with convolution
inverse 0. Define a linear map
 : End(AsH)a — (Al H)§H"

by
Y:Tr Z(T(071(€i4, SN ei)) - entloeis)(LatieS™ () fe;.
Then the maps @ and v are inverse of each other.

Proof. We need to check that
poy =1 pop=t
Forallae A, h € Hand f € H*, we have
¥ o p((afsh)if)
= Z[(ﬂﬂoh)(071(31‘4, S (en)) - enthseis)(LatsS ™ (en))1tie; f(ei6)

= Z[(ﬂﬂoh)((ﬁ_l(‘fzﬁ, S (eis)) - €S (en))alerr, S (en))foeis S (en) Ife; f(eio)

= Z[(ﬂ ~ei12S (en)) (1 - (07 (eis, S~ (ewr)) - eis S (en)a(ern, S (e35))))
i ——

a(ha, e10S ™" (ew)iohaen1S™ (ein) e’ f(ens)
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= Z[(ﬂ ~ei12S (en)) (1 - (07 (eis, S (er7)) - €55 S~ (ein)a(ew, S (ei6))))

(o, eno S (ein))ohzen1S ™ (ei) e} f(ens)
———

= Z[(ﬁ ~ei1257 (e))(ln - (o7 (eis, S (e)) - eia S (ein)(eio, S (eis)))

| —

(o, en0S ™ (es)shseinn S~ (en)] e, f (eins)

N——
=Y [@- eaxS™ (ea))m - (07 (eis, S (e)) - €3 S (en)or(enn, S (ess)))
i N— ——— N— ———

(o, en0S ™ (eis)ishaen1 S (ei) Itie; f(ens)

= Z:[(fZ ~en2S™ (e)) (- (07 (eis, S (err)) - €2S ™ (en) alein, S (eis))))

(o, en0S ™ (ei5)ishaen1 S (ei) Itie; fens)
= Y (@ -enoS ()l - (07 (e, S e)oler, S ew)

a(ha, esS ™" (ei3)ishaein S~ () 1t} f(enn)
= Y (@ enoS™ ()l - (07 (e, S es)rler, S ew))

a(ha, eisS™ " (ei3)ishaein S~ () 1t} f(enn)
= 2((11 ~ei6S (en))o(h1, eaS ™ (ein)) o aeisS ™ (en)) e f (ei7)

—_—————

= Z((ﬂ -einS™ (en)fioh esS™ (en)) e} f(eis)
i S——

N—

- Z(aﬂgh)ﬁej- fle) = (als RS-

Sowe get o =1. Asto ¢ o1 =, we proceed the proof as follows:

@ o Y(T)(all;h)
= Z P((T(0 (e, S (ei) - enlloeis)(1alle S~ (en))) e} ) (aloh)

= Z T(0 " (eia, S (ei3)) - eixlloeis) (LatlaS ™ (ei1)) (a1 e} (I2)

=T(07" (hs, S™" (7)) - helisho) (S~ (hs) - a)o (S~  (ha), 1)l S~ (h3)h2)
———
=T(07 " (he, S~ (h5)) - hallsh7)((S7" (h3) - A)a(S™" (h2), I s 1)
=T((0 " (he, S~ (5)) - haloh7)(S™" (h3) - @)o (S (h2), h1)4s1m))
=T((0™" (he, S™"(h5)) - ha)(h7 - (S™"(h3) -a))(hs - 0(S™" (h2), 11))Hohs))

—

= T((0™ (e, S (h5)) - ha)(It7 - (S (ha) - @) s - (S~ (o), ) fhots)
D TS (hs) a) (07 (7 - ST (1)) - ) (s - (S~ (I2), T fiohto))

———
= T(a(0™ (5 - S~ (1)) - b)) (s - (S (h2), I))oh7))
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= T(a(o ™ (hs - S (ha)) - h2)) (s - 5(S™ 1 (3), h1))Hsh7))
D T(ao(hsS ™ (hs), )0 (165~ (h3), i)y 117 )
——

—_——— —_———
= T(afi,h).
This proof is completed. O

From the lemmas above, we can get the following main result in this section.

Theorem 4.5. Let H be a finite dimensional Hopf algebra and A#,H be the L-R crossed product with convolution
inverse o such that H is a-cocommutative. Then there is a canonical isomorphism between the algebras (Afi,H)§H"
and End(Afl,H)4.

5. Applications

In this section, we shall give some applications of Theorem 4.5, some classical results in several materials
can be obtained.

5.1. Crossed Products

If the right H-module action of A is trivial, that is, a - h = aep(t) for any a € A and h € H, then A is an
H-bimodule and (3.2) holds, and Afi,H recovers to the usual crossed product in sense of [4]. From Theorem
4.5, we have

Corollary 5.1. ([5]) Let H be a finite dimensional Hopf algebra and A#,H be the usual crossed product with
convolution inverse . Then there is a canonical isomorphism between the algebras (Afl, H)§H* and End(Aff,H)a.

5.2. L-R Smash Products

If 0 is trivial, that is, o(h, 9) = en(h)en(g)1a, then Afi,H reduces to the usual L-R smash product. From
Theorem 4.5, we have

Corollary 5.2. ([12]) Let H be a finite dimensional Hopf algebra and A$H be the usual L-R smash product. Then
there is a canonical isomorphism between the algebras (A§H)EH* and End(Af§H) 4.

Furthermore, if the right H-module action of A is trivial, then L-R smash product A§H is exactly the
usual smash product. From Corollary 5.2, we have

Corollary 5.3. ([3]) Let H be a finite dimensional Hopf algebra and A#H be the usual smash product. Then there is
a canonical isomorphism between the algebras (AfH)$H" and End(AH).
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