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Abstract. We introduce a class of positive linear operators defined by Steklov means, investigate their
properties and prove that the Weierstrass operators can be approximated in terms of the Steklov averages.

1. Introduction
Forb > 0let L, : C(R) — C(IR) be defined by

Lopf =f .
Lypf(x) = 21_b f . Lo_1pf()dt, n > 1, (1.1)

where f € C(R), x € R.

Then (L, f)n>0 are the Steklov averages of f with increment b; see [19, p. 163].Their relations with the
theory of Cy-semigroups of operators were investigated in [7] and [8].

Expanding some results presented in [20, Ch.24], we shall give several analytic and probabilistic repre-
sentations of the positive linear operators L, .

As consequences, some properties of these operators will be derived. In particular, we give recurrence
relations for computing the moments of the operators L, and the moments of the associated B-spline
functions. Another result is concerned with the convergence of the sequence (L, ;,f).>1 when f is periodic.

We shall see also that the Weierstrass operators can be approximated by means of the Steklov averages

as well as in terms of the Bernstein operators. Some new interesting results on linear operators are given in
[13]and [14].

2. Representations of the Steklov Averages

0
Forn>1landi=0,1,...,n,leth,; = -1+ ;l Givenx €e Rand b > 0, let Bfi’_bl be the B-spline function of
degree n — 1 associated to the points

Xx—b=x+Dbh, o <x+bh,; <...<x+bh,, =x+0. 2.1)
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Then B;f’ ,isin C"2(R) and vanishes outside [x — b, x + b]. The divided difference of a function f € C"(RR)
on the nodes (2.1) can be expressed by

1 +00
[+ bltng, .., x + bl f] = — _ OB (Hdt. (2.2)
For t and y in R we have
B (1) = Bt + ). (2.3)

A well-known property of the B-spline functions (see, e.g., [18, Prop. 1.3.9]) asserts that

EBf,nf(t) (Bx b,(n— 1)b(t) Bx+b n— 1)b(l’)), n>2. (2.4)

Now let Xi(x,n,b),i=1,...,n, be independent random variables, uniformly distributed in [x — nb, x + nb].
Let

1 n
xb _ = .
Y, = . E_l Xi(x,n,b).
s . 1 . .
The probability density of ZX,-(x, n, b) is the function

l, te[f—b,f+b]
(Px,n,b(t) = 2b n n
0, otherwise.

It is well-known that the density of Y” is B 1b , which is also the n-fold convolution of @y, .
On the other hand, it is easy to prove that ¢, ,; is a Pdlya frequency function (see the definition in [11]).
Using Proposition 1.5, p. 333 of [11] we conclude that Bzfi’ is a Pélya frequency function.

Theorem 2.1. For f € C(R)and n > 1, L, f is the convolution of f and Bg’ff . Moreover,

Lupf(x) = EF(YY"), (2.5)

where E denotes mathematical expectation.

Proof. For a fixed b > 0 let A, f be the convolution of f and Bgff ,ie,
+00
0,1b

Anf(x) = f:m f(HB."/(x - t)dt, x € R. (2.6)

Since Bgff is an even function we have alternatively
+00
A f(x) = f FOBY™(t - x)dt = f fu+ 0B (u)du. (2.7)

Let fi € CY(R), f{ = f. Then (2.7) yields

ASi() = Af ). (2.8)

By using (2.4) and (2.3) we obtain

A =1 [ AOB - o
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‘f FOG 0~ 1y — B )t

1

= > f AGOBYE e+ b 1) = B (x — b — 1))t

X+b
(An 1f1(x+ b) An 1f1(x b)) Zlbf ;tAn—lfl(t)dt'
Now (2.8) implies

1 X+b
An = — An_1f(t)dt.
f0 =g [ anaf

This means that L, ; and A, satisfy the same recurrence relation. Moreover, from (1.1) and (2.6) we deduce

1 X+b

Laf) =55 [ fod = 41700

2b x-=b
Thus L, , = A,, n > 1. In particular,

+00

Luf) = [ FOB 0 = A

and the proof is finished. m|

Remark 2.2. As a consequence of (2.5) and (2.2) we have also the following representations:

x+nb x+nb
L) = e [ [ AP @9)

L,y f(x) = n![x + nbh,y, ..., x + nbhy, ,; ful, (2.10)
where f, is an arbitrary function in C"(IR) with f(”) f.

3. Some Properties of the Operators L,
() Letei(t) =t,t € R,i=0,1,.... By using (1.1) it is easy to deduce that
Luyei = e+ Pup,is (3.1)

where p, ;,; is a polynomial of degree <i — 1. In particular,
nb?
Lupeo =eo;  Luper =e1;  Luper =2+ —=eo. (3.2)

By using the general theory (see [4]) we can derive various qualitative and quantitative Korovkin-type
results involving the positive linear operators L, ;. (See also [15] and [16]).

In establishing such results, an important role is played by the moments of the operators L, ;, defined
form=0,1,...and x € Rby

M) = —Lug(er = xe0)" (). (3.3)

In fact, we have

+00 +00
MM, (X)) = f (t—x)"BY"(t — x)dt = f u" B2 (u)du

00 e8]

It follows that the moments M, ;, ,, are constant functions, and the numbers m!M,, ; ,, are the moments of

the function B?l’”f
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Theorem 3.1. Foreachk =0,1,... we have

Mn,b,2k+1 = 0/ n Z l/ (34)
Mpok = copkb™, n>1, (3.5)
where
o= (3.6)
LT 2k + 1) :
and
Cnok = Zk‘ ! Cn-12k-21, M =2. (3.7
AT L@ e =

Proof. (3.4) is a consequence of the fact that Bg{’i’ is an even function. Let us remark that

Lyp=LipoLyp=---=Lj,

and consequently
Lyp = Lp-1p© L1p. (3.8)

From (3.8) and [9, Theorem 4] we deduce

2k

M, por = ZMn—l,h,Zk—iMl,b,i-
=0

On the other hand, My ;141 = 0 and

My po = v, 1>0. (3.9)

It follows that

k

1
Mok = Z e 1)|b21Mn—1,b,2k—2l- (3.10)
=0 :

(3.5) for n = 1, and (3.6) are consequences of (3.9). Using (3.10) and induction on #, it is easy to prove (3.5)
and (3.7). O
Example. From Theorem 3.1 it is easy to obtain

n _ 5n*—2n -

6" T 360 T

(II) We have seen that

Cno = 1/ Cno =

+00
Lipf() = | fOBY 0~ t)dt
and Bgfi’ is a Pélya frequency function. Consequently,
(a) L, has the variation-diminishing properties in the sense of [11], Section 3 of Chapter 1 and Section 4 of
Chapter 5. (See also Theorem 4.6, p. 249);
(b) If f is convex with respect to the Tchebycheff system {1, ..., ¢}, then L, f is convex with respect to
{Lip®1, ..., Lyp@m). (See [11], Section 4 of Chapter 1).
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(III) Due to the probabilistic representation (2.5), we can apply the results of [2] and [3] in order to prove that
L, preserves global smoothness and diminishes both the ¢-variation and the fine ¢-variation. Moreover,
if the sequence (nb,) is decreasing and f € C(IR) is convex, then

Ln/bnf 2 Ln+1/bn+1f 2 f'

The same probabilistic representation allows us to apply to L, ; the Casteljau-type algorithm discussed in
[17].
(IV) Let us mention also the following Voronovskaja-type formula established in [10] (see also [1]):

f@(x) 1
klek

lim ¢ [Ln”1 f(x) - gLn,;em‘(O) | — )
for f € C(IR) 2k-times differentiable at x. In particular,
lim n(L, 1 f) = f() = (),
lim n(n(n(Ln/% f) — () - %f”(x)) - %f”(x)) = %;Z) - %
(V) Let Care := {f € C(R) : f is 27 — periodic}, and b > 0 fixed.

Theorem 3.2. For each f € Corand b >0, im L, f = 3= (f:; f(t)dt) 1, uniformly on R.

Proof. Let
m
p(x) =ap + Z (ax coskx + by sinkx) .
k=1
Then
1 7T
ag = > In p(t)dt
and
Lypp(x) = 1 ) (t)dt+i sin kb n(a cos kx + by sin kx)
”rbp - 27 . p - kb k k ’
so that
lim L, ,p = 1 fﬂ (Hdt |1 (3.11)
n—oo nbP = 27t 777p 4 .

uniformly on R.
Let f € Cor and € > 0. Then there exists a trigonometric polynomial p such that || f— p”m < £ (see [12],

p.413).
% I np(t)dt—% I Syt

Consequently we have also

&
<.
3

According to (3.3),

1 s
Lypp — o ( f P(t)dt)ll

dn, :

W Mm




D. Popa, I. Raga / Filomat 30:5 (2016), 11951201 1200

1 TT
Lupp — o (I p(t)dt) 1

+—1(n@m—ﬂwﬁﬂ

Tt

Now we have

Lopf — % (f: f(t)dt)]l

< [Lustf - pll+

o)

]

=¢e,Vn > n,.

This finishes the proof. O

4. Approximation of the Weierstrass Operator by Steklov Averages and Bernstein Operators

We shall apply a probabilistic technique from [6] in order to approximate the Weierstrass operator
defined by

Wof = f,
(u—x)

Wtf(x) = (27'(t)_1/2 f+oo f(u) exp (— o )du’ t>0, (41)

where x € R and f is in the space CB(IR) of continuous and bounded functions on IR.
Theorem 4.1. Let b, > 0, n > 1 be such that

lim nb? =a > 0. 4.2)

n—oo

Then for all f € CB(R) and x € R we have

Hm Ly, f(x) = Ways f(2)-

Proof. The probability density of Y} is BY%" and the characteristic function is

. n
n

When 1 — oo, this sequence of functions converges on IR to the function
. at?
exp (ztx - ?), te R

From Lévy’s convergence theorem we deduce that fora > 0and y € R,

Y 12 ry )2
fim B’;{‘f"(t)dt:(i) f exp(—3(”—x))du, (4.3)

n—oco 2ma o 2a
while fora =0and y € R,

Y 0, y <X
lim B (tydt =4 1/2, y=x (4.4)
—® 1, Yy >x.

Let us remark that (4.3) and (4.4) are concrete illustrations of a general result contained in Theorem 5.1,
p. 533 of [11].



D. Popa, 1. Raga / Filomat 30:5 (2016), 1195-1201 1201
Now a well-known result from Probability Theory (see, e.g., [5], or Theorem 1 in [6]) yields
lim Ly, f(x) = Ways f(x)

for f € CB(R) and x € R. This finishes the proof. O
The Weierstrass operator can be also approximated by means of the Bernstein operators. Indeed, let b,
be asin (4.2),0 <t <1, and Z, a binomial variable with parameters n and f. Then, for a fixed x € IR, the
sequence of random variables
nb,, Zy
x+—(——t), nx>1,

Vi =)\ 1
converges in law to:

- a normal variable with mean x and variance a, if a > 0;
- the constant x, if a = 0.
Consequently, if B,(g(u); t) are the classical Bernstein operators associated to a function g(u), then

’}1_{1(}0 B, (f (x + \/%(u - t)];t] = W,f(x), f € CB(R). (4.5)
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