Filomat 30:6 (2016), 1519-1524
DOI 10.2298/FIL1606519A

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

% ) &

% &

U 5
iy s’

%

T1pupor®

Representation of the Fourier Transform of Distributions in K;g ok <0.

Saleh Abdullah?®

?Department of Mathematics, Jordan University of Science And Technology, Irbid - 22110, Jordan

Abstract. In this note we give a structure theorem of the distributions in the space KI; «k <0, which is a

subspace of the space of distributions which grow no faster than e*”, p > 1, and use this structure theorem
to give a representation of the Fourier transform of the distributions in these spaces.

The Fourier transform of members of several spaces of distributions has been studied by several authors.
Gonzalez and Negrin [5] studied the Fourier transform over the spaces S, k € Z,k < 0 of tempered distri-
butions introduced by Horvath [2]. They have shown that the Fourier transform maps each of the spaces
S;{, k € Z,k < 0 onto itself, and proved a representation theorem for the usual Fourier transform of members
of these spaces. Hayek, Gonzalez and Negrin [3] proved an inversion formula for the distributional Fourier
transform on the spaces S,k € Z,k < 0. They applied their results to obtain a representation on S’ for any
distribution of S, as limit of a sequence of ordinary functions. Gonzalez [4], established a structure theorem
of the members of the spaces S, and gave a representation of the Fourier transform of these members. Sohn
and Pahk [6] introduced the spaces 7({;/]{, ke Zk<0,p>1,of distributions of exponential growth. Among
other things they studied the Fourier transform of members of these spaces and gave an inversion formula
for the elements of the spaces. In this work, along the lines of Barrose-Neto [1, proof of Theorem 6.2], we
establish a structure theorem for the distributions in the spaces W;/k,k € Z,k <0,p > 1, then we use this

structure theorem to get a representation of the Fourier transform of the elements of these spaces.

1. Preliminaries

We use the standard notations and terminology of Horvath [2] for spaces of functions and distributions.
The space Kk, k € Z,k <0,p > 1 of test functions and its dual 7(}; k,k € Z,k <0,p > 1 are as given by Sohn

and Pahk [6]. The space K, of functions of exponential decay consists of all functions ¢ € C*(R") such that

vi(@) = supe™ | DY(x) |< 00; k=1,2,3, ... 1)
lerl<k

xeRn

The space K, with semi-norms vy, k = 1,2, 3, ...is a Frechet space and the space D of test functions of compact
support is dense in K,. As in Sohn and Pahk [6], the spaces K, x consist of all functions ¢ in C*(R") such
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that for any @ € N” and € > 0, there exists a constant C = C(f, a, €) > 0 such that
M D(x) |< e for |x|>C 2)
We provide K, x with the topology defined by the family of seminorms

Gea(®) = supe™ | D*p(x) ], o€ N (3)

xeR"

It turnes out that K is a locally convex space which contains D as a dense subspace. Its strong dual is
denoted by 7(};,]( .

Sohn and Pahk [6] define convolution between elements of 7(,;,]{, k<0,ke Z.IfS,Te (]<;/7,2Pk and ¢ € K
the convolution S * T of S and T is defined by

(S*T,0) = (So (T plx + 1)), (4)

where the right hand side is understood as the application of the distribution S to the function <Ty, ox+ y)> €
Kp2k- It turnes out that S+ T € 7(;; -
LetT € 7(’; k,k € Z,k < 0. The Fourie transform of T is represented, for each y € R", by

(FT)(y) = (Te, ™). 5)

It follows that ¥ T is in 7(;7 v k € Z,k < 0, and the Parseval equality

(FT,9) =(T,F 9); (6)

holds true, where ¥ ¢ is the classical Fourier transorm of ¢ € K, x (see [6]).

2. The Results

Theorem 2.1. Let k€ Z,and T € 7(;7 vk < 0. Then there exist m € N and (gq)g<m ,q € N" continuous functions
such that

T= 28‘7% )

lql<m
over K, where | go(x) |< Mae® ™" for all x € R", and M, > 0 for all | g |< m.

Proof. Since T € 7(; ; it is continuous on %Kk, hence there exist a positive constant C and a nonnegative
integer j such that

I{(T,@)I<C sup ™ |dpx)|; Vo e K, (8)
Inl<j
x € R"

Moreover, for any ¢ € Kk, x = (x1,X2, ..., x,) € R" and all @ € N" one has

x1 X2 xn n
| 9% (x) |< fdhfdtz...fl W{ek'“pa’?(p(t)} | dt,,. 9)
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Taking f =(1,1,1,...,1) it follows from Leibniz formula that
P Fp(t)) = Y 9" @ (1)), (10)
asp
(because (z) =1). Now, for all @ = (a3, a2, ..., ay) € N", @ < B, one has

197" ) < Cappe®™ M (k < 0).

Thus, for all @« € N" with a < §, it follows that

| M Hep(t)} 1< Y Caspe™ I P~ (p(t) | (11)

asp

Therefore (by continuity of T) there exists a positive constant C,such that

(T, @) I< C, sup || e“ D lp(x) ;Yo € K. 12)

[nI<j+n

Set I = j + n and let m be the number of n-tuples g € N” which satisfy | g < I. Consider the product space
(LY(R™™ = LY(R™) x LY(R") X ... x LY(R™) (m copies) provided with the product topology, and the injection

]+ K = (LHRM)"

]((P)(x) — (e(k+1)|x|” qu(p(x), e(k+1)lxlp aqz(P(x)’ . e(k+1)lx\p Bq"’(p(x)), (13)

where q1, 2, ..., 4 are all members of N" with | g; [<[,1 < j<m.
Define the map Lt : J(K,x) — C by

Ly 91 p(x), eE DN I o)., eE DN Jinp(x)) = (T, ) (14)

It follows from inequality (2.6) that L7 is a continuous linear functional. It follows from the Hahn-Banach
theorem that we can extend it as a continuous linear functional on all of (L' (R")" with the same norm. Since
the dual of L}(R") is L*(R"), it follows from the Riesz representation theorem that there exist m measurable
functions ¢, € L*(R"),| g |< [, such that

Lol i) = Y, [ ontounto (15)

1< 1 R

for all (¥g,, Vg, .-.s Yg,,) € (L'(R")™. In particular,

Le(e) =Ty = Y [ a0 Fptit, Vg < 5, (16)
lgl<'1 Rn
Hence
T=Y (~)[sD py ()], over K. 17)

lgl< 1
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Put hy(t) = (~1)4[e® D ¢ ()], | g < I Since e~ ®*D € L=(R") for all | g |< I, it follows that

T= Z dhy  over K. (18)
lgl<1

For g € N" with | g |< [ define the function 6, on R" by

X1 X2 Xn

0,(x) = f dty f dty... f e’(k”)ltlphq(t)dtm x = (X1, X2, ey Xn)- (19)

0 0 0

Since e~ (k+Ditf hy(t) € L*(R") it follows that i, € L} (R") and 6, are continuous functions on R" (because the
partial derivatives exist and they are continuous). Moreover, for = (1,1, ...1) one has

6,(x) = e‘(k“)""phq a.e..

Thus

X1 X2 Xn

f dt f dty... f e_(k”)mphq(t)dtn

0 0 0

| Gq(x) | =

X1 X2 Xn

[ [dte.. [

0 0 0

4
< x1xp.xy [l e B |, (20)

_ »
<l e S0

for all x = (x1,xp, ..., x,) € R" and all g € N" with | g <. Using differentiation formulas one has
& 90, () = Y (-1)" P01 10, (). (21)
asp

Also, for all « € N”, it follows that

() < €k|x|*’z Moy | x [0 < kD (22)

y<a

where r(p, ) is a function of p and y. It follows from (2.12), (2.14), (2.15) and (2.16) that,

T = Y o= eI 50, ()]

lgl< 1 lgl< 1

= ) P D@0, ()]
lgl< 1 asp

= Z Zaﬂaﬁ—a((_D\HI{[ZMa’yxr(m’)]e(kﬂ)lﬂp Qq(x)}
lgl< 1 a<p y<a

= ), e =) 9w, (23)

[v|< 14+n [vl<m

where
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gu@) = eSO (Y ()M, 0 00,2, (24)

y<a

forv=g+p—y,and g,(x) = 0 otherwise, and

| gv(x) |< RN | ey xp., V] x 07 < M ek (25)

This completes the proof of the theorem. [

Theorem 2.2. Let T € K; 2k +3n <0, k € Z, be given by the representation

T=Y g, (26)

lgl<m

A
where (94)gi<m ,q € N" as in theorem 1. Then T, the Fourier transform of T, is given by

() = (T d) = ¥ ing,); yeR", @7)

lql<m

where g/\q(y) = f gq(x) e™dx is the classical Fourier transform of g,.
Rn

Proof. Since g, decreases very rapidly it follows that the integral is convergent and gAq exists. Using (2.19)
and polar coordinates one gets

f | g4(x) |dx < qu kA gy

Rn 7@1
2n 2n 2m oo
=M, f f f d01d05...40,_1(1 + )+ 1dr (28)
0 0 0 0

which converges for 2k + 3n < 0.By the Parseval equality it follows that for any T € K; k+n <0, one has

<T,<?>> = <7A"/(P> = f (Tw &™) p(y)dy (29)

Rn

for all ¢ € K.
It follows from theorem 1 that

(T6) = Y (79,00.60) = Y {0,0)

lgl<m lgl<m
= Y {5, (~ixye(x))
lgl<m
= Y (7, Cixfp@) = Y ()70, o)) (30)

lgl<m lgl<m
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Substituting in the left hand side of (2.23), one gets

Y {0, o) = [ Y Corm e

lgl<m R lgl<m

=f<Ty,ei"y>(p(x)dx,‘ @31)

Rn

for all ¢ € K,,. Since this is true for all ¢ € K, and the functions }. (—ix)qg};(x), <Ty, ei"y> are continuous on

lgl<m
R", it follows that
(Ty, ) = Z (=ix)175(x). (32)
lgl<m

O

Remark 2.3. It follows from the above theorems that, if T1,T, € 7(}; k,k +n<0,keZthen T;e\Tz = ﬂﬂ
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