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The Existence of Solution for a k-dimensional System of Fractional
Differential Inclusions with Anti-Periodic Boundary Value Conditions

Vahid Hedayati?, Shahram Rezapour®

?Department of Mathematics, Azarbaijan Shahid Madani University, Azarshahr, Tabriz, Iran

Abstract. We investigate the existence of solutions for a k-dimensional systems of fractional differential
inclusions with anti-periodic boundary conditions. We provide two results via different conditions for
obtaining solutions of the k-dimensional inclusion problem. We provide some examples to illustrate our
results.

1. Introduction

The theory of fractional differential equations has a complete and interesting history. There are many
published many works about the existence of solutions for many fractional differential equations by using
fixed point theory (see for example, [8]-[12], [25]-[28] and the references there in). Also, some researchers
tried to obtain solutions of fractional differential inclusions by using different conditions (see for example,
[1]-[7], [14]-[17], [20], [25], [27]-[28], [32] and the references there in). One can find more details elementary
notions on fractional differential equations in [22], [26] and [30]. Recently, Chai investigated the existence
of solutions for the fractional differential equation

Dut) = f(t, u(t), ‘D’ u(t), " Du(t)) (1.1)

with the anti-periodic boundary value conditions t#~2DPru(t)|io = —tF1DPrut)|;=1, u(0) = —u(1) and
P72 DP2y(t)]s0 = —tF72DF2u(t)]ic1, where t € ] =[0,1],2<a <3,0<9y1<1,1<92<2,0<B1 <1< B <2
and ‘D is the Caputo fractional differentiation ([17]). We use the basic idea of these boundary value
conditions and combine it with the basic idea of [5] for investigating a k-dimensional systems of fractional
differential inclusions. Also, we use Let k > 2 be a natural number. In this paper, we investigate the
existence solution for a k-dimensional systems of fractional differential inclusions

D¥uy(t) € Fr(t, un(t), -, u(t), ‘DViuu(t), -+, DV (b), Dy (b), - - , DV ikug (1)),
D2y (f) € Folt, ur(t), -+, ug(t), DV2uu1(t), - - -, DVx1u(t), *DV2ruq (), - - -, *DV 2w (1)),

(1.2)

D%y (t) € Fy(t, ur(E), -+, ug(E), ‘DViruy (), -, “DVisug(£), “DVeruay (£), - -, “DVikug(t)),
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with the anti-periodic boundary value conditions ##1i=1DPiy;(t)|;0 = =P~ 1Dy, (#)|i=1, u:(0) = —u;(1) and
thi=2c Dby () ,o = —tP2DP2y;(t)]4=y for i = 1,--- ,k, wheret € J,2 < a; < 3,0 < y}j <1,1< yl?], <2,

0<pii<l<py<2andF;:]X R3%* — 2R js a multifunction for all 1 < i,j<k

2. Preliminaries

Here, we give some needed notions. Let (X,d) be a metric space. It is well known that the Pompeiu-
Hausdorff metric H : 2% x 2X — [0, o) is defined by

H(A, B) = max{sup d(a, B), sup d(A, b)},
acA beB

where d(A, b) = infsea d(a, b) and 2% is the set of all nonempty subsets of X ([13]). Then (CB(X), H) is a metric
space and (C(X), H) is a generalized metric space, where CB(X) is the set of closed and bounded subsets
of X and C(X) is the set of closed subsets of X ([23]). Denote the set of compact and convex subsets of X
by Pyeo(X). Let T : X — 2X be a multifunction. An element x € X is called an fixed point of T whenever
x € Tx ([21]). A multifunction T : X — C(X) is called a contraction whenever there exists y € (0, 1) such that
H(N(x),N(y)) < yd(x,y) for all x, y € X ([21]). A multifunction T : X — 2% is called lower semi-continuous
whenever for each open set A of X, the set T™1(A) := {x € X : TxN A # 0} is open in X ([21]). We say that T
is upper semi- continuous whenever for each open set A of X, the set {x € X : Tx C A} is open in X ([21]).
Also, T : X — 2% is called compact whenever for each bounded subsets S of X, T(S) is a compact set of X
([21]). A multifunction T : X — 2% is said to be completely continuous whenever for each bounded subset
B of X, T(B) is relatively compact ([21]). A multifunction T : ] — 2R is said to be measurable whenever the
function t — d(y, T(t)) is measurable for all y € R, where | = [0,1] ([19]). We say that F : ] x R* — 2R isa
Caratheodory multifunction whenever the map t — F(t,x1, - - - , x3) is measurable for all xq, - - - , x5 € Rand
the map (x1,--- ,x3¢) = F(t,x1,- -, x3¢) is upper semi-continuous for almost all ¢ € J (see [7], [19] and [23]).
Also, a Caratheodory multifunction F : | X R* — 2R is called L!-Caratheodory whenever for each p > 0
there exists ¢, € L'(J,R*) such that

| E(t,x1,-- -, x3) l|I= sup{[v] : v € F(t, x1, -+, x30)} < Pp(t)

forall xy,- -+, x5 € Rwith |xy], -+, [xs| < p and almost all ¢ € | (see [7], [19] and [23]).
Define the space X; = {x : x, CDVLlfx, ‘DVix € C(J,R)} endowed with the norm

llxll; = sup [x(t)] + sup [‘DYix(£)| + sup [‘DVix(f)|
te] te] te]

forallie(1,---,k}. Also, define the product space X = Xj X ... X X endowed with the norm [|(u1, - - -, ug)l| =
Z;‘:l |lxill;. Then, (X, .]l) is a Banach space ([31]). By using the idea of the papers [4], [6], [27] and [32], we
define the set of the selections of F; at x by

SFi,x = {U el! [0,1]: U(t) € Fi(t, xl(t), cee ,Xk(f),C D)/}lxl(t), e f Dyzlkxk(t),

DVixa(t), - £ DVixe(t)) for almost all £ € ]}

for all x = (xq,...,x) € X and 1 < i < k. We need the following results in the sequel. One can find the
Ascoli-Arzela theorem in [19] and [21].

Lemma 2.1. Let X be compact metric space and A a closed, equi-continuous and bounded subset of C(X). Then A is
relatively compact.

In 1970, Covitz and Nadler proved next result ([18]).
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Lemma 2.2. Let (X,d) be a complete metric space. If N : X — C(X) is a contractive multifunction, then N has a
fixed point.

Lemma 2.3. ([24]) Let X be a Banach space, F : | X X — P (X) an L'-Caratheodory multifunction and © a
linear continuous mapping from L'(], X) to C(J, X). Then the operator ®oSr : C(J, X) — Pey,eo(C(]), X) defined by
(®0Sr)(x) = O(Sky) is a closed graph operator in C(J, X) X C(J, X).

Lemma 2.4. ([21]) Let E be a Banach space, C a closed convex subset of E, U an open subset of C and 0 € U. Suppose
that F : U — Pey,eo(C) is a upper semi-continuous compact map, where Pe, (C) denotes the family of nonempty,

compact convex subsets of C. Then either F has a fixed point in U or there exist u € U and A € (0,1) such that
u € AF(u).

Lemma 2.5. ([19]) Let X and Y be Banach spaces and F : X — P(Y) a completely continuous multifunction via
nonempty compact values. Then F is upper semi-continuous if and only if F has a closed graph, that is, x, — x,
Yn = Yo and y, € F(x,) for all n imply that yoy € F(x).

Lemma 2.6. ([17]) Let v € C(J,R), @ € (2,3]and 0 < 1 < 1 < B2 < 2. Then a function u € C(J,R) is a
solution of the fractional boundary value problem “D*u(t) = v(t) with the boundary value conditions u(0) = —u(1),
th=1e Dby (im0 = —tF1 1 DPIu(t) |21 and 272 DP2u(t)|— = —tP272¢DP2u(t) |21 if and only if u is a solution of the
integral equation

1 ¢ o e 1 w1 =202~ p1) 4y
u(t) = @) fo (t—s) 1v(s)als+f0 [m(l -5+ Tia—p) (1—-s)* !
1- ﬁl + 2t — 2(2 - ﬁl)tz F(3 - 52)

_ \a—p-1
82=p1) F(a—ﬁz)(l s) v(s)ds.

3. Main Results

Now, we are ready to provide our results about the existence of solution for the k-dimensional system
of fractional differential inclusions (1.2). We say that a function (uy, uy, ..., ux) € X is a solution for the
k-dimensional system of inclusions (1.2) whenever there exists functions vy, - -+ , ¢ in L'[0,1] such that

0i(t) € Filt, ur(t), -~ , ug(), DVnug (b), - - - £ DViug(t),C DViruay (8), - -+ © DVieug (b))

for almost allt € |,
_ 1 ' a;—1
u;(t) = m j(; (t —s)¥ vi(s)ds
1
Tl g w _ g)@i—Pu-1
+f0 [2r(a,-)(1 ) R (@ — o) (1-5)
1—Bui+2t =22 = 1) T3 - Ba)
8(2 - i) I'(ai = Bai)

and tPi=1e DRy (1)), g = =PI DPiw (1) =1, P22 DPi()|mo = —tP272°DP2iugi(#)|=1 and 1;(0) = —u;(1) for all
i=1,---,k

(1 = s)% Pt pi(s)ds

3.1. The Caratheodory case

Theorem 3.1. Suppose that Fy,--- ,Fr : | X R¥* — Pep,eo(R) are Caratheodory multifunctions, there exist a non-
decreasing, bounded and continuous map 1 : [0, c0) — (0, 00) and continuous functions py,--- ,px : | = (0, 00) such
that

IFi(t, ua(®), -+, u(t),S DY (h), -+, DVieue(t), DVu (8), -+~ DViag() || =
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supllyl : y € Filt,ur(8), -, ug(®) DVoun (1), -, DVvuag(t), DVun (8), -, DVkug(t))}
< PP, -, )l

forall 1 <i <k, (u,...,ux) € X and almost all t € |. Assume that there exist constants L; > 0 such that

L
AT AT Dl g > Lo all (.., 1) € X, where

;3 3I(2 - B1i) 5I'(3 — p2i)
M=t D) T @ =pi+ D) i —fu + 1)’
P 1 I'2-pu) '3 - p2)
A, = T T T
F(OCI‘ - yii + 1) Zl"(oci - ‘81,' + 1)F(2 - yii) 41"(0@ - ﬁli + 1)F(2 - )/”)(2 - ﬁli)
'3 - pai)

2T (i — B + DTG - y))’

Al = 1 LB—pai)
3 T T@—2+]) | 2(a—pa+DIG—)2)
inclusions with the boundary value conditions (1.2) has at least one solution.

and |pill = sup,; lpi(t)l for all i = 1,...,k. Then the k-dimensional system of

Nl(ul/' o /uk)

NZ(ull Tty Mk)

Proof. Define the operator N : X — 2X by N(uy,--- ,ux) = , Where

Ni(u, -+, ux)
Ni(uq, - ,ug) = {h € X;: thereexistsv € Spl.,(ull___,uk) such that

! ¢ N 1 g w1 . (1=20T(2~ Byy) e
h(t)_mfo(t—s) 1v(s)ds+jo~ [—ZF(ozi)(l_s) 1+—4r(ai—ﬁ1i) (1 — g)n Pt

1- ﬁli +2t-2(2 - ﬁli)tz ra- ﬁzi)  afal
8(2 - Bu) T(a; — ﬁzi)(l 5) ]U(S)ds}.

Now, we show that the operator N has a fixed point. First, we show that N(uy,--- , 1) is convex for all
(u1,--- ,up) € X. Let (hy, -, hg), (h], - ,h,’() € N(u1,- -+ ,ux). Choose v;, v} € Sr, . u,) Such that

1! N 1r 1 w1 . (1=2HT2 = Bry) iy
hl(t) = m L (t - S) 1Ui(S)dS + L‘ [m(l - S) 1 + W(l - S) Bri—1

1= i +2t =22 = B1i)t* T(3 - Pai)
8(2 - Bu) I(a;i = Bai)

(1- s)“’_ﬁz"_l]vi(s)ds

and
L1 t _ e 1 e (1-20I'2 - B1i)  a—pu-1
B0 = F fo (t = 5)"10/(s)dds + j; [—2r LU A e e S
1- Bii + 2t—-2(2 - ﬁl,')tz ra- ﬁQz')
8(2 - B1i) ['(ai — Bai)

forallt € Jand 1 <i<k. Let0 < w < 1. Then, we have

(1- s)”""ﬁz"’l]v;(s)ds

1

[wh; + (1 - w)h;](t) = T

t 1
T oy 1 g g
fo (£ = )5 [wvi(s) + (1 — w)vl(s)ds + fo [ a9
(1-20I'(2 - Bui) (1= sy-Pil 4 1—Bii+2t =22 - i)t

4T (a; — B1i) 8(2 — p1i)
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r(3 ﬁ2z)
r(az 521)

Since F; is convex valued for all 1 <i <k, [wh; + (1 —w)h!] € Ni(uq,--- ,uy). Thus,

P g s)“"’ﬁz"’l][wvi(s) + (1 - w)o(s)ds.

w(hll"‘ /hk) +(1 —T/U)(l’l,,"' /h]I()

= (why + (1 = w)hy,--- ,wh + (1 —w)hy) € N(uy, -, ug).

Now, we show that N maps bounded sets of X into bounded sets. Letr > 0, B, = {(uy, -+ ,ux) € X :
Wy, < 71, (g, 1) € By and (e, -+, hy) € N(u, -+ , ). Choose (01, ,0) € Sp, gy X = X
SF, (w1, uy) such that

. _L t RY: 7 ! _1 _g)il (12012 - Bui) _ o\ai—pu-1
hl(t)_r(ai)j;(t ) Ul(s)ds+f [21"( 1)( 5" 4T (a; = Pui) (1-9)

1—Bii+2t —2(2 = P1i)t* T(3 — Bai)
8(2 - p1) I'(ai = B2i)

forallt € Jand 1 <i < k. Hence, we get

1- s)%iPai=l vi(s)ds

. 1 t .
‘DVih;(t) = —————— t— )% Vi1 i(s)d.
® r(ai_ﬂi)fO( 570, (s)ds

1—y
t )ul“(2 511 f(l )0‘1 —pri-1 ’U(S)dS
2T - yHT(a; - Buy)
1—y
FiT(3 - ) f — 5)% P21y, (5)ds
4r(2 yidl(@i = B11)(2 = i)

2—y
PTG — ) f (1 s) P Tyy(s)ds
ZF(S 7/ )F a; — ,32,

and
DVily(t) = r(a, f (t = s)4 Vi ui(s)ds
P73 = Bai) ai-pa-1
G- 2@ - fa) f (L= le)ds
Hence,
a;i—1 ai—1
o1 s [ =9 o + [ a9
(1-20T(2 - puy) (1= syt 4 1- ﬁl,- +2t = 2(2 — Buy)2
4T’ (a; — B1i) 8(2 - p1i)
Ira i o -
r((az ﬁ;z S =5yt 1]vi(s> ds < Ipillln, - u)lDAL,

FDYihi(8)] S T -] f(t )i oi(s)lds
sz

N - 7/,,1"(2 B1i)
2r(Q2 -y (ai — i)

f (1 sy P oy (s)lds
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FIT(3 - Ba) .

Ai—poi— d

4T2 =yl = pr)2 - ﬁlof (L= ol
PTG~ )
TG e -

- f (1 = sy P o (s)ds < lpilatp(lGis, -  up)DAL
2i

and

D] < ——— f (t = 515 oy (o)lds

tz )’ur(?) ﬁZl
2I'(3 - yii)r(oz,
forallt € Jand 1 <i <k. Thus,

) f(l )P vy(s)lds < lipilloop(ll(ur, -+, ui) DA

ill: < (A + A + ADIIpilleoip(r)

and so [|(hy, -+, bl = Yoy lhill < w(r) ZL(A; + AL + Ab)|Ipilleo. Now, we show that N maps bounded sets
to equi-continuous subsets of X. Let (uy,--- ,ux) € Br, t,ty € Jwitht; <ty and (hy,--- , k) € N(uq, -+, ug).
Then, we have

ty 1
) = o) = fo (b — 5 oi(s)ds + f -
(1=26)TQ=B1) - gy 1=Pu+2b-22-pu)f
AT (v — B1i) (1=5) " 8(2 - p1i)

lf ((Oi ﬁﬁ 2211)) 1- s)“"’ﬁz’ v i(s)ds — f (t; — 5)% vi(s)ds

1y wor, 1=200TQ = Bu) o

* f [2r( ) (1-9) 4I'(a; — i) A=

1= B +2t =22 = pij)t; T(3 - o) a=pa-1],

e a0 ]U,(s)dsl

= 20— t)T(2 - Bu)
I(a; + 1) 4T (a; — pri + 1)
2ty - )T - p2 = i) ]

8(2 - ﬁli)r(ai - ﬁZi + 1) ’

< e, D[ 2

aj— 7/,1, _ tal_V}i
DVihy(ty) = DVily(t)] < IIpilleow (s, - - [—1
| z( 2) z( l)l ||P1|| '1[1(”( 1 )”) r( a; 7/1'1i+1)
1oyt 1yl 1-yL 1-yL
L ) (5"t TG o)
+

+2r(0€i —Bui+IQ2—-yl)  4l(a; - i+ HIQ2 - y)2 - Bu)

LG -G - p) |
21“(0(1- - 521 + 1)T(3 - Vii)

and . .
|°DYih;(ty) = DYiihi(t1)|

2 2 2 2

t Vi _ MY (tz’)’ii _ tzfyu)r(?) _ ‘32)

<l -+ gl 2l S 2 >
T(a; - Vit 1) 2@(a; - Boi + NG - yii)
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for all 1 < i < k. This implies that limy,—, [(f1(t2) — hi(t1), -+, hi(t2) — he(t1))] = 0, limy, I(CD)’zlx‘hl(tz) —
DYihy(ty), - - £ DVily(ty) = DVily(f1))] = 0 and

Bim (DY (t2) = “DViln(h), -+ £ DYi(t) = DYilg(t))] = 0.

Hence by using the Arzela-Ascoli theorem for each bounded subset B of X, N(B) is relatively compact.
Thus, N is completely continuous. Now, we show that N has a closed graph. Let (uf,---,u}) € X and
(1, 1) € Ny, - ,uf) (n = 1) with (uf, -+, uf) = (1, - ,ug) and (#},--- 1) — (K9, -, h). We show
that (1), --- 1)) € N(u),--- ,u}). For each natural number , choose (v}, --- ,v}!) € Sy (ut -ty X+ X SEy (ut o )

such that t 1
h?(t)=ﬁfo(t—s)“"lv?(s)ds+f [21"(1,) 51
A-20TQ=B1) . pr, L-Put26-22-B)PTG-a) = .y ],
e o o s I A L

forallt € Jand 1 < i < k. Define the continuous linear operator 6; : L'(J;R) — X; by

0i(v)(t) = T l)f(t—s)“‘ U(S)ds+f [21"( 5 — )l

(1 =202 - B1) (1— g)nFi-1 4 1— i +2t —2(2 = 1)t* T(3 - Pai)

4L (o — Pai) 8(2 - B1i) (i = B2i)

By using Lemma 2.3, 0;0SF, is a closed graph operator. Since i € 0;(Sr, (- ) for all n, 1 <i < k and
Wy, ul) = ul,---,u), there exists v € Sk, -~ ) Such that

WO = fs f (t - 9" To0(s)ds + f |5 g 9

(1-20T2 - B1i) (1 = sybit 4 1— B+ 2t —2(2 — pu)t?
4T (a; — B1i) 8(2 — 1)
'3 = pa)
— Bai)
Hence, i) € Nj(u{,--- ,u}) for all 1 < i < k. This implies that N; has a closed graph forall 1 < i <k and so N

has a closed graph. Now, suppose that there exists A € (0, 1) such that (u1,---,ux) € AN(uy,--- ,ux). Then
there exists

1- s)"""ﬂﬂ_l]v(s)ds.

(1- s)"‘“ﬁz"_l]v?(s)ds.

(Ulr T /vk) € SFl,(lt],'“,uk) XX SFk,(lllf"r“k)

such that )
ult) = z)f(t 5% o s )ds+f [21,( S5
lf((ci L;zzll)( —s)“f‘ﬂz"‘l]vi(s)ds
forall t € Jand 1 < i<k Since gr—mthe——o5 < 1, lluill < Li foralli = 1,+ k. Now, put

U= {(ug,---,ux) € X |l(ug,-,up)ll < Zle L; + 1}. Thus, there are no (uy,--- ,ux) € dU and A € (0,1)
such that (u1, -+ ,ux) € AN(uy,- -+, ur). Note that, the operator N : U — Pg,,(U) is upper semi-continuous
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because it is completely continuous and has closed graph. By considering definition of U, there is no
(111, ..., ux) € AU such that (uy, ..., ux) € AN(uy, ..., ux) for some A € (0,1). Now by using Lemma 2.4, N has a
fixed point in U. It is easy to check that each fixed point of N is a solution of the k-dimensional system of
inclusions (1.2). This completes the proof. [

Example 3.1. Consider the 2-dimensional system of fractional differential inclusions

Diuy(t) € Fi(t, ur(t), ua(t), D3uy (1), D3un(t),S Diny(t), D3us(t)),
(3.1)
D3 uy(t) € Fa(t, ur(t), ua(t), Diuy (1), Diun(t),S Diny(t), Dius(t)),

with the boundaryvalueconditionst%cD%ul(t)It_,o = —t2D2uy ()]=1, u1(0) = —11(1), 12(0) = —115(1), £3 D31 ()]0 =
—t3D3uy(l=1, tTDiw (im0 = —t7Diug(B)i=1 and +2 Diuy(Hlno = —t7 D3ur(t)li=. In fact, k = 2,

_5 _8 0 _ 1.1 _ 1.2 _5 .2 _3 .1 _1.,1 _3 .2 _5.2 _7 _1 Z1 _5
M=30=3Y1=3Vn=3 === V=V =y V== =5 =1
B = 3 and the multifunction Fy, F, : ] X R® — 2R are given by

x
sl +cosxy, 4+ 32 +
1+ |xq] 1+ el

Ixe/? ]

Fi(t, x1, ..., x :[sint+
1(t,x1, .., X6) oP 12

+sinxy +

_ et [ _lxal+lxol+las|+Ixal+xel .
and Fy(t, x1, ..., Xg) = [0, n(1+leI+|xz|+IX3\+IX4I+Ix6I + sinxs|. Thus,

[[F1(t, x1, ..., x)ll = supflyl : y € Fi(t, x1, ..., x6)} <10

and ||[Fx(t, x1, ..., x)ll = supflyl : y € Fa(t, x1, ..., x6)} < 2. We show that Fy and F, are Caratheodory multifunctions.
In this way, consider the continuous maps

|1

t) = sint +

+ COS X,

7)) =4+32+ 1 +sinx, + L £ = 0and

1+ePsl lxlP+27

et |l + ol + [xsl + [xal + [xel
go(t) =

— + sin x5
m 1+|951|+|xz|+|363|+|x4|+|366|)

for all t. Since the maps f1, g1, fo and g, are continuous, it is easy to check that the maps t — d(y, F1(t, x1, ..., X¢))
and t v d(y, Fa(t, x1, ..., X6)) are continuous and so measurable ones for all y € R. Also, one can check that
t = Fi(t,x1,...,x¢) and t — Fy(t, x1, ..., x¢) are completely continuous multifunctions via compact values and closed
graph for all t € J. Now by using Lemma 2.5, we get t +— Fi(t,x1,...,X¢) and t +— Fy(t,x1,...,x¢) are upper
semi-continuous multifunctions for all x1,...,x¢ € R. Thus, F1 and F, are Caratheodory multifunctions. Now, put

— — — Ly
pi(t) =5, pa(t) = 1 and Y(t) = 2. If L1 > 55.37 and L, > 10.046, then we get NEESYy T e e 1 and
Ly

AT A Dol 1. Thus, the assumptions of Theorem 3.1 hold and so the 2-dimensional system of fractional
differential inclusions (3.1) has at least one solution.

3.2. The Lipschitz case

Now, we provide our next result about the existence of solution for the k-dimensional system of inclu-
sions (1.2) by deleting the assumption of convex values for the multifunctions.

Theorem 3.2. Let my,--- ,my € C(J,R¥) be such that L = ¥~ lImilleo (A} + AL + AL) < 1, where A = ﬁ +
3I(2—p1i) 5I'(3—Bai)
4r((¥1—ﬁ1,+1) 4r((ki—ﬁz[+1)'

o1 Te-py I - fa)
2 F(OI,‘ - )/111 + 1) 2r(0(i - ,311‘ + 1)F(2 - ]/111) 41"(0z,~ - ﬁz,‘ + 1)F(2 - )/111)(2 - ﬁli)
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'3 - pai)
20(a; = Boi + DTGB = y})

and Aé _ 1 + T(B—pai)

= tam Ao fori=1,--- k. Suppose that F; : ] x R* — P (R) is a multifunction such

that the map t v Fi(t,x1,--+ , Xk, Y1, -+ , Yk, 21, -+ , Zk) is integrable bounded, measurable and

Ha(Fi(t,uy, -+ %, Y1, oY 21,0, z), Filt X3, X0, Y1, oY 200 4 %)

k
<m0 ), ki =X+ lyi = vl + |z — 7))

i=1

foralmostallt € ], x1,-++ , Xk, Y1, , Y, 21,7, 2k, Xp, 00 X Y Y2 2 € Randi=1,--- ,k. Then the
k-dimensional system of inclusions with the boundary value conditions (1.2) has a solution.

Proof. Note that, the multifunction

t— Fi(t,ur(t), -, ug(t), Dnug (b), - - € DVkug(£), DVuag (8), - - £ DV (b))

is measurable and closed valued for all (uq,--- ,u;) € Xandi=1,--- , k. Hence, it has measurable selection
and so the set Sg, «, ... ) is nonempty for alli = 1,--- k. Again, consider the operator N : X — 2X defined
Ny(u1, -+, ux)
No(u1, -+, ug)
by N(uy,--- ,ux) =| . , where

Ni(uq, -+, ug)

Ni(ug, -+ ,u) = {h € X, : thereexistsv € SF:',(ul,---,uk) such that

_ 1 ! - 1 -1 -1 (1 - 2t)F(2 - ﬁli) ai—Pri—1
) = Fs j; (t = ) Lo(s)ds + j; [—Zr(m)(l—s) L SRS

1—pui+2t—22—pu)t* T3 - Pai
P 2~ pu)t” TG — fai) (1- S)ai—ﬁzi‘l]v(s)ds, }
82— pu) I'(ev — B2i)
First, we show that N(uy, -, uy) is a closed subset of X for all (uy,--- ,ut) € X. Let {(u},---,u})}u>1 be a

sequence in N(uy, - -+, ug) such that (uf, - -+, u}l) — (u‘l),m ,ug). Choose (v], - -
=+ X Sr, (s ) SUCh that

7 v]r{l) € SFl/(”l:"'r”k) X SFZ,(Mll“'/Uk) X

n _ 1 t a;i-1,n ! -1 a;—1
ui(t)—mfo(t—s) 1vi(s)ds+f0 [—21"(0(1') 1-5)

— — B — B _ — B2
(1-20rQ2 ﬁh)(l gl 4 1—pBii+2t =22 = Bt
4T (av; — p1i) 8(2 - B1i)

I'(3 - Bai) g

— (1 —s)u P 1]2}” s)ds

s R
forallt € Jandi=1,--- k. Since F; is compact valued for all i, {v'},,51 has a subsequence which converges
to some v? € L'(J,R). Denote the subsequence again by {0!'}uz1. Tt is easy to check that U? € Sr, (uy, ) and

n _ 1 ' ai— ! -1 a;i—-1
Mi (t) e M?(t) = m ‘fo‘ (t — S) 10?(5){15 + jo‘ [m 1- S)

(1-20I'2 - i) (1= 5Pt 1= B +2t =22 = p1)t* T(3 - Bai)
4T (a; — Bui) 8(2 - p1i) I'(a; — B2i)

(1- s)“"’ﬁ”’l]v?(s)ds
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for all t € J. This implies that u) € Nj(uy,---,u) for all i = 1,--- k. This implies that (u{,---,u)) €
N(uy,--- ,ux). Now, we show that N is a contractive multifunction with the constant L < 1, where L =
ZIi{:‘l ”mIHOO(All +Al +Al) <1. Let (xlr xk)/ (]/1, Tty yk) € Xand (hl, e /hk) € N(yll Tty yk) be given' Then,
we can choose

(@1, V) € SEyL 1) X SEayr- ) X7 X Sy )

RN 1 L a=2Te-
hi(t)_mfo(t—s) 1vi(s)ds+f[2r( S5 1+—4r(ai_ﬁli) (1 — gynpu-t

such that

1- ﬁli + 2t — 2(2 — ‘Bli)tz F(3 — ‘321')
8(2 - Bu) I(ai = Bai)
forallte Jandi=1,---,k. Since

1- s)“"ﬁz"‘l]vi(s)ds

Hd(F,'(t, xi(t), -, xe(t),S DVixy(F), - -+ S DVixy(t),S DVaxy(t), - - - £ DViexi(t)),
Filt, yi(8), -, yx(6),C DYy (B), - -+ £ DVieye(8),S DYy (8), - -+ £ DVt yk(t)))

k
< mi(t) Y (i(®) = yi()] + I'DYix(b) = DVyi(8)] + I'DYixi(t) = DYiye))

i=1
for almostallt € Jandi=1,--- ,k, there exists

w; € Fi(t, x1(t), -+, x(t),S DMy (t), -+ S DVixe(t),S DVivxy(#), -+ € DVieg(1))
such that
k
1 1 2 2
[0i(t) — wi| < m(t) Z (|xi(t) — yi(t)| + ["DYix;(t) = Diy;(t)| + |"D7ix;(t) = D ""yi(f)l)
i=1
for almostallt € Jandi=1,--- k. Consider the multifunction U; : ] — 2R by

Ui(t) = {w € R : |vi(t) — w| < m;(t)g(t) for almost all t € J},

where g(t) = L, (1xi() — yi(t)| +1°DVixi(8) = DV yi(t)| +1°DYixi(t) < DV yi(#)l. Since v and i = m; Ly (|x1-— yil+

*DYiix;— DY+ DYiix;—<DVa yil) are measurable foralli, U;()NEi(t, x1(.), -+ , xx(.), DVix1(.), -+ - ¢ DVixe(.),f Diixs (L), ...,

is a measurable multifunction. Thus, we can choose
l(t) € Fi(t, x1(), -+, x¢(£), DVixy(t), - - - € DVixe(£), DVixy (8), - -+ € DVixy())

such that

U B AP = L, (A=20T@=By)
O = g [ ¢ s+ [ g+ S g

1—Bii+2t =22 = 1)t* T(3 - Pai)
8(2 — pui) I'(a; — B2i)
forallte Jandi=1,---,k. Since

(1- s)‘*f—ﬁrl]v;(s)ds

. ’ _ o\ai—1 _
) = O < f (t ) oy(s)  0/(6)lds

¢ Dyrzkx;
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! (1 =22 - B1i) e 1=Pu+2t=2(2 - Byt
oyl = P _ o\@i—pi-1
+f [2r( Y T =y 07 82 =P
3 — Bai e -
I"((aci——[;3223)(1 =9 i) 19ds < Aflmllalis = -+ 5= yol,
DO~ DO S s L [ - g

HViT(2 - Bui)
2I'(Q2 - y )T (i — Pui)

f (1 = 5" P Toy(s) — v/(s)lds
0

tl—V,IF(3 ,321 wi—pai1 ~
A=y - e - ﬁl,)f (1= )" oile) ~vi(e)lds
£ }”F(3 ﬁZz

a;i—Pai—1 _
"G =y D — o) f (1= 9" oi(s) = v}(s)lds

< lmillsoll@er = y1, -+, X = yllA

and

YY) c % a,—;/” 1 _
D) = DO < f = 5 oy(s) = o (s)ds

tz }”r(?’ 521
I3 - 711)r(az

- f (1 = sy" P oy (s) — v/(s)lds

<Mmillooll(r = ya, -, xk = yk)||/\13,
we get [|h; — Kl||; < (Ai + Aé + Ag)llmillmll(xl —y1,---, X — yp)ll foralli =1,--- k. Hence,

k
MG, ) = Gy, )l =) Mk =
i=1

k
< Y AL+ A+ ADlmlleli =y, % = yol
i=1

< L”(xlr e /xk) - (yll e ,]/k)”

This implies that H(N(x1, -+, xx), N(y1, -+, yx)) < Lll(x1,- -+, xx) = (41, , yo)ll and so N is a closed valued
contractive multifunction. By using Lemma 2.6, N has a fixed point. One can check that each fixed point of
N is a solution for the k-dimensional system of inclusions with the boundary value conditions (1.2). [

Example 3.2. Consider the 2-dimensional system of fractional differential inclusions
“Diu(t) € Fu(t, ua(t), uz($)S D3ur(8), D2un(t),* D3ua (1), Diua(h)),
(3.2)
“D¥ ux(t) € Falt, ur(9), ua(t), D3ua(t),* D3 un(t),* Déun (1), Diua(h),

with the boundary conditions t%CD%ul(t)lHo = —t%CD%ul(t)ltzl,ul(O) = —u1(1), u2(0) = —un(1), t%‘%”D%uz(t)lt_,o =
—t3 D3 up(Blimt, £ DIt (Blio = ~+2 “D3ur (B)li=r and

t3¢Ds uz(Hli—o = ~t3°D} U (t)le=1-
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>INy

~

_ _7 _ 138 .1 _ 1.1 _1 .2 _5 .2 _5 .1 _1 1 _6 -2 _7 2 _
Infact, k=2, 01 =35 0=V, =3V,=2 /1 =3 V2= Vn=3%Vn=%Vn=6Vn=
Bi1 = %, P2 = 1, Pt = 3, Poo = £ and the multifunctions Fy,Fy : | X R® — 2R are given by Fy(t,x1, ..., Xe)

tsinx; Hoo| |x3] tcos X4 x| 2|x6|
[O, snidy + 7y T sty T 0+ 7oty T Adeka | 44

cos t(|x1] + [xa| + x3] + |x4]) |xs| N 12 sin x6
"25 (L + xa| + ol + [xs) + Jal) 451+ Ixsl) - 30(2 + 1) [

Fg(i’, X1, ...,Xé) = [0

. 2
Since ||F1(t, x1, ..., Xe)|| = sup{|yl : y € Fi(t, X1, ..., X6)} < g + = + 55 + 7oz + 55 + = and ||[Fa(t, x1, ..., x6)|| =

I (2+12)
supilyl : y € Fa(t, x1, ..., X6)} < 2C50i/% + A% + szﬂ)for all x1,--+ ,x¢ € Rand t € |, we get t = Fi(t,x1, ..., X) and
t > Fa(t, x1, ..., x¢) are are integrable bounded multifunctions for all x1,- - , x5 € R. By using a similar arqument in
Example 3.1, we can show that t — Fi(t,x1, ..., x¢) and t = Fy(t,x1, ..., X¢) are measurable. On the other hand, it is
easy to see that

t t1 ot ot P\
H(F:(t, x1, o) x6), Fr(t, y1, oo )g(— t,1,t .t _)Z .
(1( X Eib o) | < \g o Ty Y 5 T a0 T 02 T 0 T 7 - i = yil

2

and H(Fz(t, X1, s X6), Fo(t, Y1, -y yé)) < (2‘:5"% + % + 30(t2+1)) Z?zl Ix; — yil forall t € J and x1, .., x6, Y1, .., Y6 € R.
Now, put

t o+ 1+t £

) ————t —F = F —— + — + —
m = Tyt T T 02 T T 7

and my(t) = 2‘:50% + 41—5 + Wzﬂ)for all t € ]. Then, we have

6
H(Fl(f, X1, .., Xe), F1(t, y1, ..., ye)) <m(t) ) |xi—yil

i=1

and H(Pz(t, X1, . X6), Fo(t, y1, -y ye)) < mz(t‘)Zf=1 Ix; — yil for all x1,..,%6,y1,.., Y6 € Rand t € J. On the other

hand, we have

L=

2
Imilleo (AL + AL + AL)

i=1
< (0.09 x (2.654 + 1.74 + 1.63)) + (0.06 x (1.962 + 1.15 + 1.46)) ~ 0.8178 < 1.

Thus, the assumptions of Theorem 3.2 hold and so the 2-dimensional system (3.2) has at least one solution.

Acknowledgments

The authors express their gratitude to the referees for their helpful suggestions which improved final version
of this paper. Research of the authors was supported by Azarbaijan Shahid Madani University.

References

[1] R.P. Agarwal, B. Ahmad, Existence theory for anti-periodic boundary value problems of fractional differential equations and inclusions, J.
Appl. Math. Comput. 62 (2011) 1200-1214.

[2] R.P. Agarwal, M. Benchohra, S. Hamani, A survey on existence results for boundary value problems of nonlinear fractional differential
equations and inclusions, Acta Appl. Math. 109 (2010) 973-1033.

[3] B. Ahmad, S. K. Ntouyas, Boundary value problem for fractional differential inclusions with four-point integral boundary
conditions, Surveys in Math. Appl. 6 (2011) 175-193.

[4] B. Ahmad, S. K. Ntouyas, A. Alsedi, On fractional differential inclusions with with anti-periodic type integral boundary conditions,
Boundary Value Probl. (2013) 2013:82.



(5]
(6]

[7]
(8]

[9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]

[23]
[24]

[25]

[26]
[27]

[28]
[29]

[30]
[31]
[32]

V. Hedayati, S. Rezapour / Filomat 30:6 (2016), 1601-1613 1613

B. Ahmad, N. Shahzad, A nonlocal boundary value problem for fractional differential inclusions of arbitrary order involving convex and
non-convex valued maps, Vietnam J. Math. 38 (2010) No. 4, 435-451.

A. Alsaedi, S. K. Ntouyas, B. Ahmad, Existence of solutions for fractional differential inclusions with separated boundary
conditions in Banach spaces, Abstract Appl. Anal. (2013) Article ID 869837, 17 pages.

J. Aubin, A. Ceuina, Differential inclusions: set-valued maps and viability theory, Springer-Verlag (1984).

D. Baleanu, R. P. Agarwal, H. Mohammadi, Sh. Rezapour, Some existence results for a nonlinear fractional differential equation on
partially ordered Banach spaces, Bound. Value Prob. (2013) 2013:112.

D. Baleanu, H. Mohammadi, Sh. Rezapour, Some existence results on nonlinear fractional differential equations, Philos. Trans. of the
Royal Society A 371 (2013) 20120144.

D. Baleanu, H. Mohammadi, Sh. Rezapour, The existence of solutions for a nonlinear mixed problem of singular fractional differential
equations, Adv. Diff. Eq. (2013) 2013:359.

D. Baleanu, Z. Nazemi, Sh. Rezapour, The existence of positive solutions for a new coupled system of multi-term singular fractional
integro-differential boundary value problems, Abstract Applied Analysis (2013) Article ID 368659, 15 pages.

D. Baleanu, Z. Nazemi, Sh. Rezapour, Attractivity for a k-dimensional system of fractional functional differential equations and global
attractivity for a k-dimensional system of nonlinear fractional differential equations, J. Ineq. Appl. (2014) 2014:31.

V. Berinde, M. Pacurar, The role of the Pompeiu-Hausdorff metric in fixed point theory, Creat. Math. Inform. 22 (2013) No. 2, 35-42.
M. Bragdi, A. Debbouche, D. Baleanu, Existence of solutions for fractional differential inclusions with separated boundary conditions in
Banach space, Adv. Math. Physics (2013) Article ID 426061, 5 pages

M. Benchohra and N. Hamidi, Fractional order differential inclusions on the Half-Lin, Surveys in Math. Appl. 5 (2010) 99-111.

M. Benchohra, S. K. Ntouyas, On second order differential inclusions with periodic boundary conditions, Acta Math. Univ. Comenianea
LXIX (2000) No. 2, 173-181.

G. Chai, Existence results for anti-periodic boundary value problems of fractional differential equations, Adv. Diff. Eq. (2013) 2013:53.

H. Covitz, S. Nadler, Multivalued contraction mappings in generalized metric spaces, Israel ]. Math. 8 (1970) 5-11.

K. Deimling, Multi-valued differential equations, Walter de Gruyter, Berlin (1992).

A.M. A. El-Sayed, A. G. Ibrahim, Multivalued fractional differential equations, Appl. Math. Comput. 68 (1995) 15-25.

A. Granas, ]. Dugundji, Fixed Point Theory, Springer-Verlag (2005).

A. A Kilbas, H. M. Srivastava, ]. J. Trujillo, Theory and applications of fractional differential equations North-Holland Mathematics
Studies, Elsevier Science (2006).

M. Kisielewicz, Differential inclusions and optimal control, Kluwer, Dordrecht (1991).

17. A. Lasota, Z. Opial, An application of the Kakutani-Ky Fan theorem in the theory of ordinary differential equations, Bull. Acad. Pol.
Sci. Set. Sci. Math. Astronom. Phy. 13 (1965) 781-786.

X. Liu, Z. Liu, Existence result for fractional differential inclusions with multivalued term depending on lower-order derivative, Abstract
and Applied Analysis (2012) Article ID 423796, 24 pages.

K. S. Miller, B. Ross, An introduction to the fractional calculus and differential equations, John Wiley (1993).

J.]. Nieto, A. Ouahab, P. Prakash, Extremal solutions and relaxation problems for fractional differential inclusions, Abstract Appl. Anal.
(2013) Article ID 292643, 9 pages

A. Ouahab, Some results for fractional boundary value problem of differential inclusions, Nonlinear Analysis 69 (2008) 3877-3896.

P. D. Phung, L. X. Truong, On a fractional differential inclusion with integral boundary conditions in Banach space, Fractional Calculus
Appl. Anal. 16 (2013) No. 3, 538-558.

1. Podlubny, Fractional differential equations, Academic Press (1999).

X. Su, Boundary value problem for a coupled system of nonlinear fractional differential equations, Appl. Math. Letters 22 (2009) 64—69.

J. Wang, A. G. Ibrahim, Existence and controllability results for nonlocal fractional impulsive differential inclusions in Banach spaces, ].
Function Spaces Appl. (2013) Article ID 518306, 16 pages.



