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Some Applications of the First-Order Differential Subordinations
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Abstract. The object of the present paper is to give some applications of the first-order differential
subordinations. We also extend and improve several previously known results.

1. Introduction

Let A denote the class of all functions f which are analytic in the open unit disk
U={z:zeC and |z <1}

and satisfy the usual normalization given by

fO) = f©O)-1=0.

If f and g are analytic in U, then we say that the function f is subordinate to g if there exists a Schwarz
function w analytic in U, with

w(0) =0 and lw(z)] < 1 (zeU),
such that
f@=g(w@) ().
In such a case, we write
f<yg or f(z) < g(z) (z € WV).
Furthermore, if the function g is univalent in U, then we have (cf. [5])
f<g < f(0)=g(0) and f(U)cg).

A function f € U is said to be strongly starlike of order n (0 < n £ 1) if and only if
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zf'(z) 1+2zy\n
We note that the conditions (1.1) can be written by
zf'(2)| =
|arg @ <31 (ze ).

We denote by S[n] the subclass of A consisting of all strongly starlike functions of order (0 < n £ 1). We
also note that S[1] = §" is the well-known class of all normalized starlike functions in U. The class S[n]
and the related classes have been extensively studied by Mocanu [6] and Nunokawa [7].

If ¢ is analytic in a domain ID C C?, h is univalent in U and p is analytic in U with (p(z), zp'(z)) € D for
z € U, then p is said to satisfy the first-order differential subordination if

P(p(2),zp'(2)) < h(z) (z € ). (1.2)

The univalent function g is said to be a dominant of the differential subordination (1.2) if p < g for all
p satisfying (1.2). If § is a dominant of (1.2) and § < g for all dominants of (1.2), then § is said to be
the best dominant of the differential subordination (1.2). The general theory of the first-order differential
subordinations, with many interesting applications, especially in the theory of univalent functions, was
developed by Miller and Mocanu ([4]; see also [5]). For several applications of the principle of differential
subordinations in the investigations of various interesting subclasses of analytic and univalent functions,
we refer the reader to the recent works [11], [12], [13], [14] and [15].

In the present paper, we propose to derive some applications of the first-order differential subordina-
tions. We also extend and improve the results proven earlier by Cho and Kim [1], Miller et al. [3], and
Nunokawa et al. [7, 8,9, 10].

2. The First Main Result

In proving our results, we shall need the following lemma due to Miller and Mocanu [4].

Lemma. Let q be univalent in U and let © and ¢ be analytic in a domain ID containing q(U) with
g(w) #0 when w € q(U).

Set
Q@) = zq'(2)9(¢(2)), h(z) = 0(4(2)) + Q2)
and suppose that
(1) Q is starlike in U
@) R{LZE=n{SID + 220} >0 (ze D).

Qz) 0(g(z)) Qz)
If p is analytic in U with
p(0)=40), pU)cD
and
0(p(2)) +zp'(2)p(p(2)) < 0(q(2)) + z4'(2)p(q(z))  (z€ L)), 2.1)
then

pi)<q@z)  (zel)
and q is the best dominant of (2.1).
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With the help of the above Lemma, we now derive the following Theorem 1.
Theorem 1. Let p be nonzero analytic in U with p(0) = 1. If
|arg (B7@) + azp @ 2(2))| < Tota b,y
(,p>0;,05y<1,0<n=1;ze),

where
_ 2. arncos 51
6(a,ﬁ/7//77)—777/+ntan [ﬁ(1+n)1;"(1_n)1£q+an51nﬂ ’
21
then
i
larg p(z)| < 51 (z € V).
Proof. Let
U
’7(2) = (1_:) ’ 6((4)) = ﬁaﬂ’ and (P(a)) = a{a))’*z

in the above Lemma. Then g is univalent(convex) in U and
Rigx)} >0 (zeU) and pw) #0 (w € q(U)).

It follows that

Q) = zq' (2)p(q(2)) =

2anz (1 + z)”(V_l)
1-22\1-z

and

h(z) = 0(q(2)) + Q(z)
1+2z ny Zanz 1+z n(y-1)
(1—2) 1—22(1—2) '

Therefore, we have

w{2Q@) g [14 22+ 2n(y - 1)z
Q(z) 1-22
which implies that Q is starlike in U and

(@) _ o, B zQ'(2)
‘.R{ 00 } —i}{{aq(z)+ 00 } > 0.

}>0 (ze ),

We note that /(0) = f and

; . O\ coan (. O\
0y _ e —-
h(e )—(1cot2) (‘B+lsin6(lCOt2) )

oy . » . a
oot et (i — )
2 sin 0] cot 5[1e*2"

1467

2.2)

2.3)

(2.4)

(2.5
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where we take ” +” for 0 < 0 < 1, and ” — ” for -1t < 0 < 0. From the previous relation (2.5), we can see
that the real and the imaginary part of i(e’?) is an even and odd function of 6, respectively. Without loss of
generality, we suppose that 0 < 6 < n. Then we get

a{ne’g(l—n) ]

: T
argh(e'?) = =ny + ar + -
8 2’77/ g{ﬁ sin9|cot§|]

2
= gqy + arg (ﬁ + ane”ﬁ(l—rl)ﬂ) ,

2t1]+1
where
t=cot= (0 <t <o)

Since the function

2+1

g(t) = Yo 0<t< o)

has the minimum value at

. 1+n 172

0 — 1— T] s
we have

) ancos 2
argh(e’?) 2 >y + tan”! — ]
2 Bl +m = (1-n)7 +ansinin

= gé(a, B, v, ),

where 6(8, @, v, 1) is given by (2.3). Therefore, we conclude that the condition (2.2) implies

B (2) + azp'@)p' 2(2) <h(z)  (z€ )
Then, by the above Lemma, we have

o< (1) cew,

or, equivalently,
s
largp@| <7n  (zeU).
This completes the proof of Theorem 1.

Remark 1. If we take y = 1 in Theorem 1, then it is noted that p(z) # 0 for z € U. In fact, if p has a zero
zo € U of order m, then we may write

p(@) =(z-20)"p(@) (meN={1,23,}),
where p; is analytic in U with p1(zp) # 0. Then
zp’(2) zp1’(z)  amz
= zZ)t+«o + .
o PO Yy
Thus, choosing z — zy, suitably the argument of the right-hand of (2.6) can take any value between 0 and
2m, which contradicts the hypothesis (2.2).

pr(z) + a (2.6)
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3. Further Results and Their Applications

If we take
zf'(2)
f@)

a=p=1 and  p(z) = (zeU)

in Theorem 1, we have the following result.

Corollary 1. Let f € Awithzf(z)/f(z) # 0in U. If

‘arg (Zf’(z) )V‘l (1 . Zf"(Z))

Tt
@) @ )| <20

O=sy=L0<n=1z€e0)),
where 8(1, 1y, n) is given by (2.3) with « = =1, then f € S[n].

Taking y = 1 in Theorem 1, we have the following result by Nunokawa and Owa [8].
Corollary 2. Let p be analytic in U with p(0) = 1. If

zp'(2)\| ™
|arg(ﬁp(2) e )| <50  (@p>0;0<0s1;z€U),

then

jarg I < T @),

Remark 2. For a = § = 6 = 1, Corollary 2 is the result obtained by Miller et al. [3].

Applying Theorem 1, we have the following result by Cho and Kim [1].
Corollary 3. If

zf"(2)  zf'(z) z(p(f(2)))’ T
arg{a(1+ 15 (P(f(Z)))+ﬁ( S(F) )}‘< 26(a,ﬁ,1,1])
(,p>0;,0<n=1,zel),

where ¢(w) is analytic in f(U), ¢(0) = ¢'(0) —1 =0, ¢p(w) # 0in F(U)\{0} and 6(a, B, 1, 1) is given by (2.3) with
y =1, then

zf'(z) b1
'arg W < 517 (ze ).
Proof. Letting
_zf'(2)
ETrE R
we see that
2f"(2)  zf'(z) ) (Z(¢(f(2)))’) 3 zp'(z)
e " sr@) P\ Ter@) )T e

Therefore, by using Theorem 1 with y = 1, we have Corollary 3.
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If we set )
f=1 d@=0 ad pa=FD )
in Corollary 3, we have the following result.
Corollary 4. Let f € A. If
2f"(2) 2f'@)y _ =
larg (a{l + ) : +(1- a)ﬁ)‘ < 56(04, 1,1,n)

(@>0,0<n=£1 zel),
where 6(a, 1,1, 1) is given by (2.3) with p =y = 1. Then f € S[n].

Remark 3. For @ = 1, Corollary 4 is the result obtained by Nunokawa [7] and Nunokawa and Thomas
[10].

If we take
_ _f@
y=1 and p(z)—T (zeU)
in Theorem 1, we have the the following Corollary 5.

Corollary 5. Let f € A. If

zf'(2) zf'(z)
‘arg (ﬁ @) +0c{ @) —1})

(,p>0;0<n=s1 zel),

< gé(a,ﬁ, 1,1n)

then

where 0(a, B,1,1) is given by (2.3) with y = 1.

Next, applying the above Lemma, we prove the following Theorem 2 below.

Theorem 2. Let p be nonzero analytic in U with p(0) = 1. If

y ’ y— Tt
[axg (87 @) + azp @1 @))| < St b, 7) (3.1)
(a,p>0;,y20,0<n=1;ze ),
where 0(a, B,1,7) (0 < 6(ax, B,1,y) < 1) is the solution of the equation:

o, B,n,y) =yn+ 2 tan™! a (3.2)
n p
then
TC
larg p@ <51 (zeU).
Proof. Let

q(z):(%)n, Bw) = f’ and (@) = aw’"!
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in the above Lemma. Then g is univalent(convex) in U and
Rig(z)} >0 (ze ).
Further, 0 and ¢ are analytic in g(U) and
p@)#0  (weq)).

Set

1+z)’W 2anz
1-z) 1-22

Q) = 24 (I =

and

n 2

1-22

Then we can see easily that the conditions (i) and (ii) of the above Lemma are satisfied. We also note that
h(0) = pand

h(e®) = (1 + el )’W (ﬁ . 2ane’ )

1= 0 1 — @20

e i)

0 et7 ([3 + i_an ),

cot —
2 sin 0

where we take " + “ for0 < 0 < T, and' 7 — " for —m < 0 < 0. From the previous relation (3.3), we can see
that the real and imaginary part of h(e’) is an even and odd function of 0, respectively. Without loss of
generality, we suppose that 0 < 6 < n. Hence, from (3.3), we have

ioy _ Tt . an )
argh(e") = 2qy+arg([3+zsin8

- +tan!
-2 Bsin0

2 gny +tan™! il

p
TT
= Eé(a/ ﬁ/ TI/ ‘V)/

where 6(a, B, 1, 7) is the solution of the equation given by (3.2). Therefore, we conclude that the condition
(3.1) implies that

Br’ (2) + azp'(2)p’ 1 (z) < h(z) (z e ).
Then, by the above Lemma, we have

0<(122) e,

or equivalently,

larg p(z)| < gn (z € W).

This completes the proof of Theorem 2.
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Remark 4. If we take y = 0 in Theorem 2, then we also note that p(z) # 0 in U as done in Remark 1.

Taking
a=1 and y=0

in Theorem 2, we have the following result by Nunokawa et al. [9].
Corollary 6. Let p be analytic in U with p(0) = 1. If

zp'(2)
arg(ﬁ+ ) )

<tan‘1g B>0,0<n=1, zel),
then

larg p(z)| < gn (z € W).

Letting

=1 and p(z):@ (zeU)
in Corollary 6, we have the following result.

Corollary 7. Let f € A. If

zf'(z) 1 '
'arg @ <tan™' 7@ 0<n<1,zel),
then
arg @ < gn (z e WV).
Making

a=p=1 and p(z):@ (ze W)

in Theorem 2, we have the following corollary.

Corollary 8. Let f € A. If
’ y—1
g FOS7E)

zV

<§amw (y20,0<n=s1zel)),

where 6(n, ) (0 < 0(n,y) < 1) is the solution of the equation:

2
5(,y) =1y + —tan"'n,
then

arg @ < gn (ze ).

Remark 5. If we take
y=2 and on,2)=1,

(3.4)
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in Corollary 8, then we have the result obtained by Lee and Nunokawa [2].

Taking y = 1 in Corollary 8, we have the following result.

Corollary 9. Let f € A. If
larg f@) < 300D (0<nSLzel),

where 0(n) is the solution 6(1, 1) of the equation given by (3.4) with y =1, then
f@)

arg —
gZ

< gn (z € V).

Applying Corollary 9, we have the following result immediately.
Corollary 10. Let f € A. If
, s
larg f(2) < So0)  0<ns1; €U,
where 6(n) is given by Corollary 9, then
|argF’(z)| < gn (ze ),
where F is defined by

F(z) = j: @dt (z e 1).

Furthermore, from Theorem 2, we have the following result.

Corollary 11 Let f € A. If

‘arg 2 A7)

zV

<gé(n,y,c) O<nElLc>=y;, v>0,zel)),

where 6(n,y,¢c) (0 < O(a, v, ¢) < 1) is the solution of the equation:

_ % 1N
o(n,y,c)=ny+ - tan _c+7/'

then

zF' (2)F?"(2)
zV

< gn (zel),

‘arg
where F is the integral operator defined by
z 1/y
+
F(z) = (CZ—V f e fy(t)dt) (z e U).
0
Proof. It follows from the definition of F that

cF’(z) + yzF'(z)F”_l(z) =+ f(2).
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_ zZF' )P\ (=2)
=—

p(z) (z e L.

Then, after a simple calculation, we find that

’ y-1
(c+y)pi)+2zp'(z) = (c+ y)w.

Hence, by applying Theorem 2, we have Corollary 11.
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