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Abstract. Mahmudov in ([16], [17], [18]) introduced and investigated some q-extensions of the q-Bernoulli
polynomials B(α)

n,q
(
x, y

)
of order α, the q-Euler polynomials E(α)

n,q
(
x, y

)
of order α and the q-Genocchi polyno-

mials G(α)
n,q

(
x, y

)
of order α. In this article, we give some identities for the q-Bernoulli polynomials, q-Euler

polynomials and q-Genocchi polynomials and the recurrence relation between these polynomials. We give
a different form of the analogue of the Srivastava-Pintér addition theorem.

1. Introduction, Definitions and Notations

In the usual notations, let Bn (x), En (x) and Gn (x) denote, respectively, the classical Bernoulli, Euler and
Genocchi polynomials of degree n in x, defined by the generating functions;

∞∑
n=0

Bn (x)
tn

n!
=

t
et − 1

ext, |t| < 2π,

∞∑
n=0

En (x)
tn

n!
=

2
et + 1

ext, |t| < π,

and

∞∑
n=0

Gn (x)
tn

n!
=

2t
et + 1

ext, |t| < π.

Also let

Bn := Bn (0) , En := En (0) and Gn := Gn (0)
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where Bn, En and Gn are, respectively, the Bernoulli, the Euler and the Genocchi numbers of order n.
Carlitz was the first to extended the classical Bernoulli polynomials and numbers, Euler polynomials and

numbers. Carlitz gave some recurrence relations between q-Bernoulli polynomials and q-Euler polynomials
([3], [4]). Choi et. al. [8] defined q-Eta polynomial and proved some relations between q-Eta functions
and q-Eta numbers and q-Stirling numbers of the second kind. Choi et. al. [7] defined and investigated
the Apostol-Bernoulli polynomials B(n)

k

(
x, λ; q

)
of order n ∈ N and Apostol-Euler polynomials E(n)

k

(
x, λ; q

)
of order n ∈ N . He proved some relations the Apostol-Bernoulli B(n)

k

(
x, λ; q

)
of order n and the multiple

Hurwitz-Lerch zeta function Φn(z, s, a). Luo [14], Luo et. al. ([15], [16]) defined the q-Bernoulli polynomials
B(α)

k

(
x, λ; q

)
of order α in qx and the q-Euler polynomials E(α)

k

(
x, λ; q

)
of order α in qx. They proved some

explicit relationships between the q-Bernoulli and q-Euler polynomials. Srivastava et. al. [23, In Chapter
9] gave basic knowledge for q-Analysis. Cenkci et. al. [5] defined and investigated (i, q)-Bernoulli numbers
and (i, q)-Euler numbers.

Firstly, Mahmudov ([17], [18]) and Mahmudov et. al. [19] defined and studied the properties of the
generalized q-Bernoulli polynomials B(α)

n,q
(
x, y

)
of order α, q-Euler polynomials E(α)

n,q
(
x, y

)
of order α and

q-Genocchi polynomials G(α)
n,q

(
x, y

)
of order α. Mahmudov extended the Addition theorems of Srivastava-

Pintér for two variables q-Euler polynomials En,q
(
x, y

)
. Kim et. al. [11] gave two identities and two

recurrence relations for q-Bernoulli polynomialsB(α)
n,q

(
x, y

)
and q-Euler polynomialsE(α)

n,q
(
x, y

)
. Kurt [13] gave

new identities and relations between the q-Bernoulli polynomials B(α)
n,q

(
x, y

)
and q-Genocchi polynomials

G
(α)
n,q

(
x, y

)
.

Throughout this paper, we always make use of the following notation: N denotes the set of natural
numbers and C denotes the set of complex numbers.

The q-numbers and q-factorial are defined by

[a]q =
1 − qa

1 − q
, q , 1,

[n]q! = [n]q [n − 1]q · · · [2]q [1]q ,

respectively, where [0]q! = 1 and n ∈N, a ∈ C. The q-binomial coefficient is defined by[
n
k

]
q

=
(q : q)n

(q : q)n−k(q : q)k
.

The q-analogue of the function (x + y)n
q is defined by

(x + y)n
q =

n∑
k=0

[
n
k

]
q

q
k(k−1)

2 xn−kyk.

The q-binomial formula is known as

(
n : q

)
= (1 − a)n

q =

n−1∏
j=0

(
1 − q ja

)
=

n∑
k=0

[
n
k

]
q

q
k(k−1)

2 (−1)kak.

The q-exponential functions are given by

eq(z) =

∞∑
n=0

zn

[n]q!
=

∞∏
k=0

1(
1 −

(
1 − q

)
qkz

) , 0 <
∣∣∣q∣∣∣ < 1, |z| <

1∣∣∣1 − q
∣∣∣

and

Eq(z) =

∞∑
n=0

q
n(n−1)

2
zn

[n]q!
=

∞∏
k=0

(
1 +

(
1 − q

)
qkz

)
, 0 <

∣∣∣q∣∣∣ < 1, z ∈ C.
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From these forms, we easily see that eq(z)Eq(−z) = 1. Moreover Dqeq(z) = eq(z), DqEq(z) = Eq(qz) where
Dq is defined by

Dq f (z) =
f (qz) − f (z)

qz − z
, 0 <

∣∣∣q∣∣∣ < 1, 0 , z ∈ C.

The above q-standard notation can be found in ([1], [7], [8], [11]-[18], [23]). Mahmudov defined and
studied properties of the following generalized q-Bernoulli polynomials B(α)

n,q(x, y) of order α, q-Euler poly-
nomials E(α)

n,q(x, y) of order α and q-Genocchi polynomials G(α)
n,q(x, y) of order α as follows ([18], [19]).

Let q ∈ C, α ∈N and 0 <
∣∣∣q∣∣∣ < 1. The q-Bernoulli numbersB(α)

n,q and polynomialsB(α)
n,q(x, y) in x, y of order

α are defined by means of the generating functions:

∞∑
n=0

B
(α)
n,q

tn

[n]q!
=

(
t

eq(t) − 1

)α
, |t| < 2π, (1)

∞∑
n=0

B
(α)
n,q(x, y)

tn

[n]q!
=

(
t

eq(t) − 1

)α
eq(tx)Eq(ty), |t| < 2π. (2)

The q-Euler numbers E(α)
n,q and polynomials E(α)

n,q(x, y) in x, y of order α are defined by means of the
generating functions:

∞∑
n=0

E
(α)
n,q

tn

[n]q!
=

(
2

eq(t) + 1

)α
, |t| < π, (3)

∞∑
n=0

E
(α)
n,q(x, y)

tn

[n]q!
=

(
2

eq(t) + 1

)α
eq(tx)Eq(ty), |t| < π. (4)

The q-Genocchi numbers G(α)
n,q and polynomials G(α)

n,q(x, y) in x, y of order α are defined by means of the
generating functions:

∞∑
n=0

G
(α)
n,q

tn

[n]q!
=

(
2t

eq(t) + 1

)α
, |t| < π, (5)

∞∑
n=0

G
(α)
n,q(x, y)

tn

[n]q!
=

(
2t

eq(t) + 1

)α
eq(tx)Eq(ty), |t| < π. (6)

The familiar q-Stirling numbers S2,q(n, k) of the second kind are defined by(
eq(t) − 1

)k

[k]q!
=

∞∑
n=k

S2,q(n, k)
tn

[n]q!
. (7)

It is obvious that

B
(1)
n,q(x, y) = Bn,q(x, y), E(1)

n,q(x, y) = En,q(x, y), G(1)
n,q(x, y) = Gn,q(x, y),

lim
q→1−
B

(α)
n,q(x, y) = B(α)

n (x + y), lim
q→1−
E

(α)
n,q(x, y) = E(α)

n (x + y), lim
q→1−
G

(α)
n,q(x, y) = G(α)

n (x + y).

From (2), (4) and (6), it is easy to check that

B
(α)
n,q(x, y) =

n∑
k=0

[
n
k

]
q
Bn−k,q(x, 0)B(α−1)

k,q (0, y),
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E
(α)
n,q(x, y) =

n∑
k=0

[
n
k

]
q
En−k,q(x, 0)E(α−1)

k,q (0, y),

G
(α)
n,q(x, y) =

n∑
k=0

[
n
k

]
q
Gn−k,q(x, 0)G(α−1)

k,q (0, y),

B
(α−m)
n,q (x, y) =

n∑
k=0

[
n
k

]
q
B

(α)
n−k,qB

(−m)
k,q (x, y).

In this work, we give some identities for the q-Bernoulli polynomials. Also, we give some relations
between the q-Stirling numbers S2,q(n, k) of the second kind, q-Bernoulli polynomials and q-Euler polyno-
mials. Furthermore, we give a different form of the analogue of the Srivastava-Pintér addition theorem.
More precisely, we prove the following theorems.

2. Main Theorems

Theorem 2.1. There is the following relation between for the Bernoulli polynomialsB(α)
n,q(x, y) of orderα and q-Stirling

numbers S2,q(n, k) of the second kind

B
(α−k)
n,q (x, y) =

[n]q! [m]q!

[m + n]q!

n+m∑
k=0

[
n + m

k

]
q
S2,q(k,m)B(α)

n+m−k,q(x, y). (8)

Proof. The equation (7) may be rearranged as(
eq(t) − 1

t

)k 1
[k]q!

=

∞∑
n=0

S2,q(n + k, k)
tn

[n + k]q!
. (9)

∞∑
n=0

B
(α−k)
n,q (x, y)

tn

[n]q!
=

(
t

eq(t) − 1

)(−k) ( t
eq(t) − 1

)(α)

eq(tx)Eq(ty).

If we carry out the necessary operations,

=
1
tk

[k]q!
∞∑

n=0

S2,q(n,m)
tn

[n]q!

∞∑
n=0

B
(α)
n,q(x, y)

tn

[n]q!

=

∞∑
n=0

 [m]q! [n −m]q!

[n]q!

n∑
k=0

[
n
k

]
q
S2,q(k,m)B(α)

n−k,q(x, y)

 tn−m

[n −m]q!
.

If we make mathematical operation, comparing the coefficients of tn

[n]q! , we have (8).

Theorem 2.2. The following relation is true:

n∑
m=0

[
n
m

]
q
S2,q(m, k)(x + y)(n−m)

q =
[n]q!

[k]q! [n − k]q!
B

(−k)
n−k,q(x, y). (10)

Proof. From (7), we write as

∞∑
n=k

S2,q(n, k)
tn

[n]q!
=

(
eq(t) − 1

t

)(k)

eq(tx)Eq(ty)
tk

[k]q!
1

eq(tx)Eq(ty)
,
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∞∑
n=0

S2,q(n, k)
tn

[n]q!
eq(tx)Eq(ty) =

∞∑
n=0

B
(−k)
n,q (x, y)

tn

[n]q!
tk

[k]q!
,

∞∑
m=0

S2,q(m, k)
tm

[m]q!

∞∑
n=0

(x + y)n
q

tn

[n]q!
=

1
[k]q!

∞∑
n=0

[n + k]q!

[n]q!
B

(−k)
n,q (x, y)

tn+k

[n + k]q!
.

Using the Cauchy product, comparing the coefficients of tn

[n]q! , we obtain the result.

Theorem 2.3. There is the following relation between the q-Euler polynomials E(α)
n,q(x, y) and the Stirling numbers

S2,q(n, k) of the second kind:

E
(α)
n,q(x, y) =

∞∑
j=0

(
−α

j

)
1
2 j

[
j
]

q!S2,q(m, j)
n∑

m=0

[
n
m

]
q

(
x + y

)n−m
q (11)

where q ∈ C, α, j, n ∈N and 0 <
∣∣∣q∣∣∣ < 1.

Proof. We write the following identity,

(
2

eq(t) + 1

)(α)

=

(
1 +

eq(t) − 1
2

)(−α)

=

∞∑
j=0

(
−α

j

) (
eq(t) − 1

2

)( j)
.

From this last identity and two variable q-Euler polynomials E(α)
n,q(x, y), we can write as

∞∑
n=0

E
(α)
n,q(x, y)

tn

[n]q!
=

(
2

eq(t) + 1

)(α)

eq(tx)Eq(ty)

=

∞∑
j=0

(
−α

j

)
1
2 j

[
j
]

q!

(
eq(t) − 1

) j[
j
]

q!
eq(tx)Eq(ty),

=

∞∑
j=0

(
−α

j

)
1
2 j

[
j
]

q!
∞∑

m=k

S2,q(m, k)
tm

[m]q!

∞∑
n=0

(x + y)n
q

tn

[n]q!
.

∞∑
n=0

E
(α)
n+ j,q(x, y)

tn

[n]q!

=

∞∑
n=0


n∑

m=0

[
n
m

]
q

∞∑
j=0

(
−α

j

)
1
2 j

[
j
]

q!S2,q(m, j)
(
x + y

)n−m
q

 tn

[n]q!
.

Comparing the coefficients of tn

[n]q! in both sides, we have the result.
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3. Explicit Relations Between the q-Bernoulli Polynomials, q-Euler Polynomials and q-Genocchi Poly-
nomials

In this section, we prove the interesting relations on the q-Bernoulli polynomials B(α)
n,q(x, y) of order α,

q-Euler polynomials E(α)
n,q(x, y) of order α and q-Genocchi polynomials G(α)

n,q(x, y) of order α.

Theorem 3.1. The following relation is true:

G
(α)
n,q =

mk−n

2 [n + 1]q

n+1∑
k=0

[
n + 1

k

]
q
Gn+1−k,qmk

{
G

(α)
k,q

( 1
m
, 0

)
+G(α)

k,q

}
. (12)

Proof. From (5);
∞∑

n=0

G
(α)
n,q

tn

[n]q!
=

(
2t

eq(t) + 1

)α eq( t
m ) + 1

2t
m

2t
m

eq( t
m ) + 1

,

=
m
2t

( 2t
eq(t) + 1

)α
eq(

t
m

)
2t
m

eq( t
m ) + 1

+

(
2t

eq(t) + 1

)α 2t
m

eq( t
m ) + 1

 ,

=
m
2t

 ∞∑
n=0

G
(α)
n,q

( 1
m
, 0

) tn

[n]q!
+

∞∑
n=0

G
(α)
n,q

tn

[n]q!

 ∞∑
n=0

G
(α)
n,q

tn

mn [n]q!
,

=
m
2t

∞∑
n=−1

 1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q
Gn+1−k,qmk−n−1

(
G

(α)
k,q (

1
m
, 0) +G(α)

k,q

) tn

[n]q!

 .

Comparing the coefficients of tn

[n]q! in both sides, we have the result (12).

Theorem 3.2. The q-Bernoulli polynomials Bn,q(x, y) satisfy the following relation

B
(α)
n,q(x, y)

=
1

[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

 k∑
j=0

[
k
j

]
q
B

(α)
j,q (x, 0)m j−k

− B
(α)
k,q (x, 0)

Bn+1−k,q(0,my)mk−n.

(13)

Proof. From (2)

∞∑
n=0

B
(α)
n,q(x, y)

tn

[n]q!
=

(
t

eq(t) − 1

)(α)

eq(tx)Eq(ty),

=

(
t

eq(t) − 1

)(α)

eq(tx)
eq( t

m ) − 1
t
m

t
m

eq( t
m ) − 1

Eq(
t
m

my),

=
m
t

 ∞∑
n=0

B
(α)
n,q(x, 0)

tn

[n]q!

∞∑
n=0

tn

mn [n]q!
−

∞∑
n=0

B
(α)
n,q(x, 0)

tn

[n]q!

 ∞∑
n=0

Bn,q(0,my)
tn

mn [n]q!
,

= m
∞∑

n=−1

 1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

 k∑
j=0

[
k
j

]
q
B

(α)
j,q (x, 0)m j−k

− B
(α)
k,q (x, 0)


× Bn+1−k,q(0,my)mk−n−1

} tn

[n]q!
.

Comparing the coefficients of tn

[n]q! , we have (13).
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Theorem 3.3. The q-Genocchi polynomials G(α)
n,q(x, y) satisfy the following relation

G
(α)
n,q(x, y)

=
1
2

1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

 k∑
j=0

[
k
j

]
q
G

(α)
j,q (0, y)m j−k +G(α)

k,q (0, y)


×Gn+1−k,q(mx, 0)mk−n.

(14)

Proof. From (6)

∞∑
n=0

G
(α)
n,q(x, y)

tn

[n]q!
=

(
2t

eq(t) + 1

)(α)

eq(tx)Eq(ty),

=

(
2t

eq(t) + 1

)(α)

Eq(ty)
eq( t

m ) + 1
2t
m

2t
m

eq( t
m ) + 1

eq(
t
m

mx),

=
m
2t

 ∞∑
n=0

G
(α)
n,q(0, y)

tn

[n]q!

∞∑
n=0

tn

mn [n]q!
+

∞∑
n=0

G
(α)
n,q(0, y)

tn

[n]q!

 ∞∑
n=0

Gn,q(mx, 0)
tn

mn [n]q!
,

=
m
2

∞∑
n=−1

 1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

×

 k∑
j=0

[
k
j

]
q
G

(α)
j,q (0, y)m j−k +G(α)

k,q (0, y)

Gn+1−k,q(mx, 0)mk−n−1

 tn

[n]q!
.

Comparing the coefficients of tn

[n]q! in both sides, gives the result.

Theorem 3.4. There are the following relations between q-Euler polynomials E(α)
n,q(x, y) of order α and q-Berboulli

polynomials B(α)
n,q(x, y) of order α:

E
(α)
n,q(x, y) =

1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

 k∑
j=0

[
k
j

]
q
E

(α)
j,q (x, 0) − E(α)

k,q (x, 0)

Bn+1−k,q(0, y), (15)

E
(α)
n,q(x, y) =

1
[n + 1]q

n+1∑
k=0

[
n + 1

k

]
q

(
E

(α)
k,q (1, y) − E(α)

k,q (0, y)
)
Bn+1−k,q(x, y), (16)

E
(α)
n,q(x, y) =

1
[n + 1]q

n+1∑
m=0

[
n + 1

m

]
q

 m∑
k=0

[
m
k

]
q
E

(α)
k,q (1 + y)m−k

q − E
(α)
m,q(y, 0)

Bn+1−k,q(x, 0). (17)

Proof. Proof of (16): From (4),

∞∑
n=0

E
(α)
n,q(x, y)

tn

[n]q!
=

(
2

eq(t) + 1

)(α)

eq(tx)Eq(ty),

=

(
2

eq(t) + 1

)(α)

Eq(ty)
eq(t) − 1

t
t

eq(t) − 1
eq(tx),
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=
1
t

 ∞∑
n=0

E
(α)
n,q(1, y)

tn

[n]q!
−

∞∑
n=0

E
(α)
n,q(0, y)

tn

[n]q!

 ∞∑
n=0

Bn,q(x, 0)
tn

[n]q!
,

=

∞∑
n=0

 1
[n]q

n∑
k=0

[
n
k

]
q

(
E

(α)
k,q (1, y) − E(α)

k,q (0, y)
)
Bn−k,q(x, 0)

 tn−1

[n]q!
.

Comparing the coefficients of tn

[n]q! in both sides, we have (16).
The proof of equation (15) and (17) are similar. We omit it.

Theorem 3.5. There are the following relations between q-Bernoulli polynomialsB(α)
n,q(x, y) of order α and q-Genocchi

polynomials G(α)
n,q(x, y) of order α:

B
(α)
n,q(x, y)

=
1

2 [n + 1]q

n+1∑
j=0

[
n + 1

j

]
q

 j∑
k=0

[
j
k

]
q
B

(α)
k,q × (

1
m

+ y) j−k
q +B(α)

j,q (0, y)

Gn+1−k,q(mx, 0)m j−n.

(18)

Proof. Proof of (18), from (2):

∞∑
n=0

B
(α)
n,q(x, y)

tn

[n]q!
=

(
t

eq(t) − 1

)(α)

eq(tx)Eq(ty),

=

(
t

eq(t) − 1

)(α)

Eq(ty)
eq( t

m ) + 1
t
m

t
m

eq( t
m ) + 1

eq(
t
m

mx),

=
m
2t

 ∞∑
n=0

B
(α)
n,q

tn

[n]q!

∞∑
n=0

( 1
m

+ y
)n

q

tn

[n]q!
+

∞∑
n=0

B
(α)
n,q(0, y)

tn

[n]q!

 ∞∑
n=0

Gn,q(mx, 0)
tn

mn [n]q!
,

=
m
2t

∞∑
n=0

n∑
j=0

[
n
j

]
q


j∑

k=0

[
j
k

]
q
B

(α)
k,q ×

( 1
m

+ y
) j−k

q
+B(α)

j,q (0, y)

Gn− j,q(mx, 0)m j−n tn

[n]q!
,

=
1
2

∞∑
n=−1


n+1∑
j=0

[
n + 1

j

]
q

 j∑
k=0

[
j
k

]
q
B

(α)
k,q ×

( 1
m

+ y
) j−k

q
+B(α)

j,q (0, y)

Gn+1− j,q(mx, 0)m j−n

 tn

[n]q!
.

Comparing the coefficients of tn

[n]q! in both sides, we have (18).
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