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Abstract. Mahmudov in ([16], [17], [18]) introduced and investigated some g-extensions of the g-Bernoulli

polynomials Bf,”’i; (x, y) of order a, the g-Euler polynomials 85,“,; (%, y) of order a and the g-Genocchi polyno-

mials g(n“; (%, y) of order a. In this article, we give some identities for the g-Bernoulli polynomials, g-Euler

polynomials and g-Genocchi polynomials and the recurrence relation between these polynomials. We give
a different form of the analogue of the Srivastava-Pintér addition theorem.

1. Introduction, Definitions and Notations

In the usual notations, let B, (x), E, (x) and G, (x) denote, respectively, the classical Bernoulli, Euler and
Genocchi polynomials of degree # in x, defined by the generating functions;

= #n oy
E By (x) = = ——=¢€", |t| < 2m,
e n!' ef—-1

iE (x)tn— 2 &M<
o T T et 1 !
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Also let

B, =B, (0), E, := E, (0) and G, := G, (0)
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where B, E, and G, are, respectively, the Bernoulli, the Euler and the Genocchi numbers of order n.
Carlitz was the first to extended the classical Bernoulli polynomials and numbers, Euler polynomials and
numbers. Carlitz gave some recurrence relations between g-Bernoulli polynomials and g-Euler polynomials
([3], [4]). Choi et. al. [8] defined g-Eta polynomial and proved some relations between g-Eta functions
and g-Eta numbers and g¢-Stirling numbers of the second kind. Choi et. al. [7] defined and investigated

the Apostol-Bernoulli polynomials Bf{”) (x,A;q) of order n € N and Apostol-Euler polynomials E,((") (x, A;9)

of order n € IN . He proved some relations the Apostol-Bernoulli B]((") (x,A;q) of order n and the multiple
Hurwitz-Lerch zeta function ®,(z,s,a). Luo [14], Luo et. al. ([15], [16]) defined the g-Bernoulli polynomials

Bl(ca) (x,A;9) of order a in g* and the g-Euler polynomials EI(C“) (x,A;q) of order a in g*. They proved some
explicit relationships between the g-Bernoulli and g-Euler polynomials. Srivastava et. al. [23, In Chapter
9] gave basic knowledge for g-Analysis. Cenkci et. al. [5] defined and investigated (i, 4)-Bernoulli numbers
and (i, g)-Euler numbers.

Firstly, Mahmudov ([17], [18]) and Mahmudov et. al. [19] defined and studied the properties of the

generalized g-Bernoulli polynomials B )(x y) of order a, g-Euler polynomials e (x y) of order @ and

g-Genocchi polynomials g(“’ (x,y) of order &«. Mahmudov extended the Addition theorems of Srivastava-
Pintér for two variables g- Euler polynomials &, (x,y). Kim et. al. [11] gave two identities and two

recurrence relations for g-Bernoulli polynomials B(O‘) (v, y) and g-Euler polynomlals 8(“) (%, y). Kurt[13] gave
new identities and relations between the g-Bernoulli polynomials B (x y) and g-Genocchi polynomials

n,q (X, Yy )
Throughout this paper, we always make use of the following notation: IN denotes the set of natural
numbers and C denotes the set of complex numbers.
The g-numbers and g-factorial are defined by

_q
[a], = ,g+1,
171 q

[n]q! = [n]q [1’1 - 1]q e [Z]q [1]q s
respectively, where [O]q! =1landn € N, a € C. The g-binomial coefficient is defined by
[ n ] _ (q 5])71
kol @ ui(q:ak

The g-analogue of the function (x + y); is defined by

" 1 n KD
(x+y)q=Z[k]q2 .
q

k=0

The g-binomial formula is known as

n-1 n
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The g-exponential functions are given by

1
(@) = Z[]q H(l T k< E e

and

Eq(Z)ZZSqn(HZ_U[;_]nq! = g(1+(1—q)qk2),0< |q( <1l,zeC.
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From these forms, we easily see that ¢;(z)E;(-z) = 1. Moreover Dye,;(z) = e,(z), DyE4(z) = E4(qz) where
D, is defined by

D,f(2) = f—(qqz; /e

The above g-standard notation can be found in ([1], [7], [8], [11]-[18], [23]) Mahmudov defined and
studied properties of the following generalized g-Bernoulli polynomials B( 2(x,y) of order a, g-Euler poly-

,0<lgl<1,0%zeC.

nomials 8(“) 2(x, y) of order a and g-Genocchi polynomials Q(“) (x,y) of order « as follows ([18], [19]).

Letge C,ae Nand 0 < (ql < 1. The g-Bernoulli numbers B,(f‘,; and polynomials 8,(1“,; (x,y) inx, y of order
a are defined by means of the generating functions:

oo ()

égn,q [n]q! - (eq(t) — 1) , |t| < 271, (1)
), Bt y)[ 1! (e(t);—l) ey(F0)Eq(ty), 1 < 27, @
n=0 q

The g-Euler numbers 851“,; and polynomials 8(“)(9( y) in x, y of order a are defined by means of the
generating functions:

Z [l,! (eq(t)+1) < (3)

=0

2

q(x Dol [n] r (eq(t) + 1) eq(tX)Eq(ty), It < 7. 4)

n=0

The g-Genocchi numbers gﬁf}, and polynomials gﬁ;f},(x, y) in x, y of order a are defined by means of the
generating functions:

ZQ“” P (=2} < (5)
A n]q ey +1) 7 !
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[n] o \eg(h+1) 1 (A
The familiar g-Stirling numbers S; 4(11, k) of the second kind are defined by
eq(t) -
k] Z Sa,(n, k) )

q°

It is obvious that
BN, Y) = Bug(x, ), Eny(x, y) = Eng(x, ), Goa(x, Y) = Gug(x, y),
lim B30 y) = By (x + y), im &0 y) = EP(x + ), im Gl ) = G (x + )
q—1=

From (2), (4) and (6), it is easy to check that

n
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q

k=0
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ED(x,y) = ] Enntg(x, 08 (0, ),
q

n
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n
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m - n
B y) = | 0 } B, B ).
k=0

In this work, we give some identities for the g-Bernoulli polynomials. Also, we give some relations
between the g-Stirling numbers S, 4(1, k) of the second kind, g-Bernoulli polynomials and g-Euler polyno-
mials. Furthermore, we give a different form of the analogue of the Srivastava-Pintér addition theorem.
More precisely, we prove the following theorems.

2. Main Theorems

Theorem 2.1. There is the following relation between for the Bernoulli polynomials B (x y) of order o and q-Stirling
numbers Sy 4(n, k) of the second kind

| n+m

Z[ mem ] Saqlk,mB, (5,y). ®

[n],! [m],!

By ) = [m + n],!

n,q

Proof. The equation (7) may be rearranged as

eq(t)_lk 1 _00 "
(T) [k_]q' = ZSz,q(Tl +k’k)[1’l+—k]q' (9)

n=0

i) ¢ (=k) ¢ (a)
ZB <"y>[]'=(eq(t)_1) (eq(t)_l) eq(EX)Eq(ty).

If we carry out the necessary operations,

1K, ZSZM M ZB o
= [ [l = m),! o
Z{ 7 o Z[ Lqu(k mB, (x, y)}m.

n q° k=0 9

If we make mathematical operation, comparing the coefficients of =+, we have (8). O

[]l/

Theorem 2.2. The following relation is true:

z [1],

mzzo[ ] So4(m, k) (x + y)(" m _ [k]q! [—n = k]q!Bi__kk),q(x, Y). (10)
Proof. From (7), we write as

i eq(t) —1\® 1
Zszq(” k) ( ) etE ) gy [k]q' m
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; So4(n, k)[n—hl!eq(tX)Eq(ty) = ; B (x )WW,

1 [+l prok
Zsmnk) Z( q[],: k]'Za [],qs (vt

m=0

Using the Cauchy product, comparing the coefficients of ——, we obtain the result. [

[n] 1

Theorem 2.3. There is the following relation between the g-Euler polynomials 8(“) 2(x, y) and the Stirling numbers
S24(n, k) of the second kind:

SHONEDY (‘].“)% [seam Y| ] ()" (1
j=0 m=0

wherequ,a,j,ne]Nand0<|q|<1.

Proof. We write the following identity,

2 (@) eq(t)—l (~a)
(eq<t>+1) - (“ 2 )

B

j=0

From this last identity and two variable g-Euler polynomials & (x Y), we can write as

Zafzq(x y)
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Comparing the coefficients of [rf—']l, in both sides, we have the result. [
K
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3. Explicit Relations Between the g-Bernoulli Polynomials, g-Euler Polynomials and g-Genocchi Poly-
nomials

In this section, we prove the interesting relations on the g-Bernoulli polynomials B,(ff;(x y) of order a
g-Euler polynomials 8,(10,‘,;(36, y) of order @ and g-Genocchi polynomials G (x y) of order a
Theorem 3.1. The following relation is true:

k—n n+1

o=y | | o 611G ) )

(12)
Proof. From (5);

oo t 2t
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Dol [ ) PO e
Comparing the coefficients of # in both sides, we have the result (12). O
'
Theorem 3.2. The g-Bernoulli polynomials B, 4(x, y) satisfy the following relation
By y)
1 n+l | v .
e, Z[ ] [Z[ } B e, 0™ = B, 0) | Braa-ig (O, my)m*™
9\ j=0
(13)
Proof. From (2)
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00 L ; (a)
ZB( (x, }/)W = (eq(t)——l) eq(tx)Eq(ty),
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Comparing the coefficients of ] 7, we have (13). [
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Theorem 3.3. The g-Genocchi polynomials Q(a)(x y) satisfy the following relation

(“)(x y)
1 1 n+1 41 k X ~ :
T 2[n+1] Z[ " } Z[ ] g;-,q)(O, y)ymi~* + Q,(Q;(O, )
q k=0 q ]:0

xQnH—k,q (mx, 0)711 ;
(14)

Proof. From (6)

@ ot (@)
Z pe y)m,— ca1) AEY,

(@) t 2t
2t G +1 5 t
= (—) E,(ty) 1 eq(amx),

eq(f) +1 % eq(%) +1

z%zg(y%w ZQ(W—%ZFMW "%g
0 1 n+1 1
iRl

k n
X [Z[ ’; L GO ym ™+ G0, y)]§n+1_k,q(mx, O)mk‘"‘l} s

= [n],!

Comparing the coefficients of # in both sides, gives the result. [J
!

Theorem 3.4. There are the following relations between q-Euler polynomials Sff;(x, y) of order o and g-Berboulli
polynomials B (x y) of order a:

n+lr 7 k
" 1 n+1 a o
Engv,y) = [Hh; v J;[]é’, ~ E0(06,0) | B0, y), (15)
=0 b - J=
n+l r 7
. 1 n+1 . .
D= G |k _q(a,i,;u, 1) = 800,1)) B 1y, (16)
a 1 o [ + 1 ] - o m—, a
E(x,y) = [n +1]qz_:4)» i l, g[ % ] ELL+ )™ = ENLY,0) | Bri1kg(x, 0). (17)

Proof. Proof of (16): From (4),
@ ) (@)
ZS q(x ]/) n] [ (W) eq(tx)Eq(ty),

2 @ eq(t) t
:(W) Eq(ty) eq(t)——le"(tx)’
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:% ia(a)( y) Zg o, y)[ K ZB,q(xO) ],,

n=0

tn—l

i [n]qZ[ ](&a)(l )= E00,1)) Bt 0 e

n=0 k=0

Comparing the coefficients of 7 in both sides, we have (16).
q7°
The proof of equation (15) and (17) are similar. We omitit. [J

Theorem 3.5. There are the following relations between q-Bernoulli polynomials B,(f‘,; (x, y) of order e and q-Genocchi
polynomials g (x y) of order a:

CACRY
1 v n + 1 ] ‘ () 1 j—k (o) j—n
- 2[n—+1]q Z Z Bk’fi x (Z T BM 0 ) | Gt (mx, O)m"
=0 7\ k=0 q

(18)
Proof. Proof of (18), from (2):

(@)
ZB(Q)(X ]/)_ = (eq(t);—l) eq(tx)Eﬂ(ty)r

(@) t
— ’i(m) m t
- (eq(t) - 1) Ealty) L eq(%) TG
_mN g oy (] @
2 ;Bnﬂ[n]q!;( ) [n], '+ZB ©, y) Zg”/q(mx 0 n[ 1,

o n ] . i—k n
_m n i g (L. Y @ , jon b
_ny |]} z[kLBk,qX(m+y)q + B10.9) G, O

9 \ k=0

n

1 (G n+1 ] (& 1k e
; [ . } Z| ] ] 8 X(E +y) + B0, ) | Guerzjgmx, Oym ™ e
J 7\ k=0 q q q

n=-1| j=0

Comparing the coefficients of # in both sides, we have (18). O
!
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