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Abstract. By using periodic functions from the nonnegative integers to the complex numbers, we general-
ize the generating function of the g—Apostol type Eulerian polynomials and numbers attached the character
defined in [1]. Then using this generating function, we a construct new L-type series. By using periodic
functions, we derive decomposition of the generating functions for the g-Euler numbers and polynomials.
Applying the Mellin transformation to the decomposition of the generating functions, we introduce and
investigate the various properties of a certain new family of the Dirichlet type L-series and the Dirichlet
L-function. Finally, we derive many potentially useful results involving these functions polynomials and
numbers.

1. Introduction and Main Definition

A Dirichlet Ly-series is defined by the following the form

Li(s) = ) %

7

n=1

where i, the number theoretic character, is an integer function with period k and s a complex variable
with real part greater than 1. If x; is a Dirichlet character, then Li(s) is reduces to the well-known the
Dirichlet L-function. These series are used in many branches of Mathematics. These series especially are
very important in additive number theory and in analytic number theory. These series were used to prove
Dirichlet’s theorem and also related to the modular forms, the automorphic form, the Dirichlet L—-functions,
the Lerch transcendental function, the Riemann zeta function, and the other special functions. All of these
functions are fundamentally important in Analytic Number Theory and in Complex Analysis. The family
of zeta functions are also appeared in quantum statistics (the Fermi-Dirac and the Bose-Einstein integral
functions) and quantum interference and entanglement (cf. [7], [24]).

In this paper, replacing a Dirichlet character with a periodic function from the nonnegative integers to
the complex numbers, we modify the generating function of the g—Apostol type Eulerian polynomials and
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numbers attached the character defined in [1]. Using the generating function of the g—Eulerian polynomials
attached a periodic function y, we construct a new L-type series. We get some fundamental properties of
these series and also decompose the generating functions for the g-Eulerian polynomials attached to the
periodic function. This decomposition provided us to compute the g—Apostol-type Eulerian polynomials
more easily. By using this inspiration, we derive some new decompositions for the g-Apostol-type Eulerian
polynomials and L-type series attached to the periodic function with the period f. These decompositions
are related to the period of the periodic function. We summarize our results in detail as follows;

In Section 1, we give generating function for the g-Apostol type Eulerian polynomials and numbers
attached a periodic function y. By applying the Mellin transformation to these generating functions, we
define interpolation functions for the g—Apostol type Eulerian numbers and polynomials. We also define a
family of Dirichlet type L—series related to the family of Dirichlet type zeta function.

In Section 3, we give some algebraic concepts which are related to the sets and some properties of
subgroups. By using these concepts, we decompose a family of Dirichlet type L-series which interpolate
generalized Eulerian numbers and polynomials at negative integers. We also give one example which are
related to our decomposition theorem.

Throughout this paper, we use the following standard notions:

N ={1,2,---}, No = {0,1,2,---} = N U {0} and also, as usual, R denotes the set of real number, R*
denotes the set of positive real number and C denotes the set of complex numbers.

If g € R then we assume that 0 < g < 1. If g € C then we assume that |q( < 1. Then

X

14

ifg+1
= : = 1-q~ 1y
[x] =[x :q] { cifg=1.

2. The g-Eulerian Polynomials and Numbers

Let x be a function from Ny to C. If there is a positive integer f such that x(fm + x) = x(x) and for
m,x € Ny, then y is called a periodic function with the period f. It is clear that any character with the
conductor f is a periodic function with the period f. Then by using the periodic function, we modify our
definition of the g-Apostol type Eulerian polynomials and numbers attached the character x in [1]:

Definition 2.1. Leta, b e R* (a # banda > 1), u € C\ {1}, A,q € C with |q| < 1. Let x be a function from Ny to
C with the period f.
i) The g—Eulerian numbers attached the character x:

7{l’l/}( (ul ar b/ /\/ ‘7)
are defined by means of the following generating function:
a1\ & (A" - "
|12 i [m]t — . cAeq)—
FA,q,X(tr u,a, b)_ (1 uf );)(M) b X(m) - HZ:OHM,X(uia/ b/ /\/ Q)n!/ (1)
it) The g—Eulerian polynomials attached the character x:

Hy, (0 u;a,b; A5 9)

are defined by means of the following generating function:

a1\ & (A" - ¢
1= i [m-+x]t - careq b Aeq)—
FA,q,X(t/xru/a/b) (1 uf );)(M) b X(m) nzonn,X(x/u/a/b//\/q)n! (2)
where
&bt <1
u
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Observe that
H (0;u;a,b;A59) = Hy(u;a,b; A5 9),

which denotes the g—Eulerian numbers. When g — 1 and x(m) = 1 for all m € N into (2), we have

at (o) A m (o) tn
_ Z (m+x)t _ b
(1 ”)mio(u) b = niO H,,(x,u,a,b,)\)n!

(cf. [22],[18], [19]). Settinga = A = 1 and b = e into the above equation, we arrive at the generating function
for the Frobenious-Euler polynomials, H,(x; 1) = H,(x;u;1,¢;1)

n

1- - t
ot = ZHn(x; u)ﬁ.

t_
e u =

Setting u = —1 into the above equation, we have generating function for the classical Euler polynomials

2 - #n
et + 1etx - Z E”(x)ﬁ
n=0 :

which of course E,(0) = E,,, denotes the classical Euler numbers (cf. [1]-[23]).
By using the period f of x with x(f) = 1 and combining with F, 4(t, x, u,a,b), we modify (1) and (2),
respectively as follows:

1 ,
AV .
FA,'J,X(t/ u,a, b): (_) X(I)FAf,qf (t[f], i,uf,ll, b)
im0 U4 f
and
1 .
AV i+x
Fgxt,x,u,a,b)= ,;‘ (E) X)F s o6 ([f]t, T, ul,a, b). 3)

We also note that Equation (1) is the unique solution of the following a g—difference equation:

A s A\ AV
Frg(t,1,a,b)= (1—7) Y (%) xompis (2] oUVEL, (0, 17).

m=0

On the other hand, we get
Froo(tx, 1,0, b)= i (&)mx(m) (e([m+x]1nb)t _ le([f]lna+[m+x]1nb)t).
X \br Ay B By —~ u Mf

Therefore, by using the expression of expansional function in the above equation, we have

iHn,X(X;u;a,b;A;q)% = ii(%)mx(m)
n=0

m=0 n=0
n

(([m +x]Inb)" - % ([f]Ina + [m + x] 1nb)”) !

E.

tn
nl

Comparing the coefficient of 5 on both sides of the above equation, we arrive at the following theorem:
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Theorem 2.2. Leta, b € R*, u € C\ {1}, A, q € C such that )q| <1,
n,

%) < 1,a # banda > 1. For positive integer

(o)

Hy(uwabAg) =Y (%) (m) (([m +x]Inb)" - % ([f]Ina + [m + x]1n b)"). @)

n=0

Leta, b € R¥, u € C\ {1}, A,q € C such that |q| < 1,
following generating function:

at\ o (A" - ¢
FA,q(t/x/ u,a, b) = (1 - _)Z (_) b[erX]t = ZHm,A,q(x; u,a; b)% (5)

/\be| < 1,a # band a > 1. From [18], we recall the

u u
m=0 m=0

By applying the Mellin transformation to the generating function in Equation (5), we get the following
integral representation of the family zeta functions:

Crg(s,x,u,a,b) = % fo ) t T Faq(—t,x, u,a,b)dt (min {R(s), R(x)} > 0), (6)

where the additional constraint R(x) > 0 is required for the convergence of the infinite integral occurring
on the right-hand side at its upper terminal.

By using the above integral representation, we are ready to define the following definition of the
Hurwitz-type zeta function:

Definition 2.3. Let a,b € R* witha # b(a > 1),u € C\ {1}, A,q € C such that |q| <1and |§( < 1. We define the
Hurwitz-Lerch type zeta function

(9]

Ay 1 1
Cralerab) =) (H) (([m T xInby  w(na+ [m+x] lnb)s)‘ @)

m=0

Setting x = 0 in (7), we obtain the Riemann type zeta function as follows;

(o9

A 1
st =Y (5) (([m] by u(na + [m] lnb)s)’ N

m=1

By applying the elementary series identity (cf. [23]):

-1

Y A=Y Y AG+fm) (feN). 9)

n=0 j=0 m=0

It is not difficult to derive the following alternative form of the definition (8). That is, by the following
theorem, we give a relation between the function C, 4(s, x, 1, 4, b) and the function Cj 4(s, u, 4, b):

Theorem 2.4. For an integer d and s € C, we have

1\ & (A iy e
CA,Q(S/ u,a, b) = (m) Z(;) C/\d,qd (S, E,Md,ﬂw,b )

i=0
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Proof. By applying (9) to (8), we get

)

d-1

A nd+i 1 1
Crqls,u,a,b) (E) ( [nd +i]Inby  u(na+ [nd + ] lnb)s)

1 s d A i ; ﬂ Ny
(m) Zi:o (;) C/\d,qd (S, E,ud,a @ b )

Thus we complete the proof. [
When x(f) = 1, by applying the Mellin transformation to (3) and using (6), we obtain

f_l i 00 .
A ! s i+x
Lag(s,x,u,a,b) = E (E) X(l)ﬁs)‘f; t 1FAf,qf([f]t,T,uf,a,b)dt (10)
=0

(min {R(s), R(x)} > 0).

By using the above integral representation, a relationship between the functions L (s, x,u,a,b) and
Crq (s,x,u,a,b) is provided by Theorem 2.5 below.

Theorem 2.5. Lets € C. Also let x be a periodic function from INg to C with the period f and x(f) = 1. Then
f-1
A i+x
Ligals,%1,0,0) = 2 Z( ) X0 (s =x uf,a,b). (11)

Consequently, combining Equation (7) with Equation (11), we are ready to define a two-variable L-series
as follows:

Definition 2.6. Let a, b € R*, u € C\ {1}, A,q € C such that |q(
following two-variable L-series

(e8]

A\ 1 1
Lagls, % u,0,0) = mZ (E) xm) (([m +x]Inby  uf ([f]Ina + [m +x]In b)S)' (12)

=0

Substituting x = 1 into Equation (12), we get one-variable L—series
LA,q,)((S/ u,a, b) = L)\,q,)((sl 11 u,a, b)
by

(9]

Ay 1 1
Lagu(s,u,0,b) = mZ‘ (H) X(m)(([m] by o ([f]Ina + [m]In b)S)'

=1

As asserted by Theorem 2.7 below, the L-series L, 4, (s, x, 1, a, b) can be used to interpolate the generalized
Eulerian polynomials H,, ,(x; u;a,b; A;q) defined by the generating function in (3) attached to any periodic
function from INj to C with the period f.

Substituting s = —n (n € IN) into Equation (12), we get Theorem 4. This result gives us the proof of the
following Theorem.

Theorem 2.7. Let n be an positive integer. Then we have

Lagx(=n,x,u,a,b) = Hy, (x;u;a,b; A;q).
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3. Decomposition of the Generating Function and L-Functions

In this section, our aim is to decompose L-function attached to any periodic function x from INj to
C with the period f. Here we use the notations Icm(x, y) for the least common multiple (gcd(x, y) for the
greatest common divisor) of x and y and we also need the following notations otherwise stated;

i)xA = {xa : a € A} for any subset A € Ny and x € INo.

ii)A, = UL, (dpiNo) where d € IN, p; is a prime number such that gcd(dp;, dp;) = d for all i, j € {1, ...,n} and
i# ],

ii)An0 = dp1, .., dpa),

i0)Ay; = {lem(a,b) : a,b € Ayi-1)}.

We start to recall the fact that

xINo N yNp = Iem(x, y)INg

for a positive integers x and y. In particular, we get xINg N yINy = xyINo whenever x and y are distinct prime
numbers. We recall the following result from [1, Theorem 3.1] with the modified proof .

Theorem 3.1. With the above notations, we get

n—1
Z F(i) = Z(—l)f Z Z F(). (13)
0

i€A, j: ZGAV,/' i€lNg

Proof. For the proof of this Theorem, we use the induction method.
Fori,j € {1,..,n},itis clear that [cm(dp;,dp;) = dpp; since gcd(p;, p;) = 1.
If n = 2in (13), then Ay = {dp1,dp>} and Ay = {dp1p,}. We have

1

ZP(i) = Z(—w‘ Z Z F(i). (14)

i€Ay j=0 leAy; i€lNp

If n = 3in (13), then A3y = {dpy,dps, dps} = Az U {dps}, As1 = psAag U Az = {dp1p2, dpips, dpops} and
Az = p3Ao1 = {dpipaps}. By using the De-Morgan’s law of sets, we get the following equality

(dpsNo) N Ay = UL (dpsINo N dpiINo) = p3As.

Then

1

Y, Fo=).-1 ), Y Fo. (15)

i€UZ dpspilNo j=0 lepsAzj i€lNy
By combining Equation (14) with (15), we get

ZF(i) Z FG) + ZF(:’) - Z F(i)

i€As iep3dNg i€Ap ieuledmﬁx‘No

- F(i)+[§(_1)12 y F(i)]—[;(—l)j 2 ) F(i)]

i€p3dN0 IEAZ/' i€llNg lEpgAz/ i€llNg

- ZZF(i)—[Z Y R+ Y ZF@}* Y, ) EO)

leAszp i€lNp l€eAy i€lNy lEp3A20 i€llNg lEp3A21 i€llNy

= Y Y- Y ro+ Y Y Eo)

leAszp i€lNp leA3; i€lNg leA3; i€lNy
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Now we assume the hypothesis is hold for n — 1, and construct the following sets

Aw = {dpy, ..., dpu} = {dpn} U Ao
Ani = Ap-1i Y PrAp-1)i-1)

forall0 <i<n—1and An(n—l) = pnA(n—l)(i—Z)- It is clear that pnA(n_l)({_l) N A(n_l)j = @ for all i. Moreover, we
have

(dPnNO) NA,1 = PnAn—L

By the induction on 11, we get

Y, F<z>—2< Y Y Fo), (16)

€A1 IEA(,H)/ i€llNg
n-2 )
Z F(i) = Z(—l)f 2 Z F(i). 17)
iEp,,Ay,_l ]=O IEP,,A(n_l)/' i€lNg

By using Equation (16) and (17), we have

n-2
IIUEEEDY F<i>+[Z<-1>f Y. ZP@]— 2, o
j=0

€A, iep,dINp leAu-1y; i€lNg i€ppAna

= Z ZF(i)—[ Z ZF(i)+ Z ZP(i)}+
[€A, i€lNp l€A(u-1)1 i€Np lepnAgu-1)o i€lNg
-2
[nZ(—l)f Y, ZF@] [Z( oy, ZF(z‘)]
j=2 leA-1)j i€Np lepuA-1)j i€lNg

- Tewy v

leA,j i€lNg

The proof is completed. O

Let f = H p "where p; is a prime number fori € N and t;,n € IN. Then it is easy to prove that Ny = CUA,
i=1
and CN A, = @ where A, = UL, (pilNo) and

C={leNp:gcd(f,]) =1}

Therefore, we get the following equation in [1, Theorem 3.4];

Z F(i) = Z FG) + Z F(i). (18)

i€lNp ieC i€A,

Now to decompose our generating function, we define the following two periodic functions.
i) Let f = df; for some positive integer d and f;. Then we define the function

Xxa(n) := x(dn).
Then for m € INy,

Xa(x) = x(dx) = x(fm + dx) = x(fadm + dx) = x(d (fam + x)) = x4(fam + x).
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Thus its period is f;.
ii) We define the function

() = { x(n) if ged(n, =1

0 otherwise

It is clear that its period is f.
We are ready to obtain two decompositions of the generating function for the g-Eulerian polynomials
attached to the periodic function x by the following theorem.

Theorem 3.2. With the above notations. Then

Frg et x,1,a,b) = Z( DY P, (15060509 +F 03,00, (19)
deA,;
n—1
Frgxt,x,u,a,b) = Z( 1)/ Z Fragi ([d]t u a, b)+FA,“D(t x,u,a,b). (20)
=0 deA,;

Proof. We note that f = df; for some positive integer d and f; and observe that

Z (%)n b["”]t)((n) _ Z (%)dn b[d””]t)((d”)

nedNy nelNy
d(nfd+1) )
— Z Z( ) b[d(nfd+z)+x]t)((d(nfd + l))
nelNy =0
d\nfati d
=) Z( ) At 1)
ne€lNy i=0
d i
= X (5) .
i€Np u
By using the above equation, we get
a[f]t) A\ [d][fd]th Ad i et
1=57) X (3) e (57) #r s e

Then the Equation (21) equal to both Fa i (¢, 3, u?,al¥l 4Dy and F oAl 3, u,a,b). Hence combining
Equation (18), Equation (13) and Equation (21), we obtain

] [ o
[f]t /\ " m+x|t A " m+x
(1—%)[;‘:(;) bl ])((m)+";‘n(;) bl ”x(m)]
n-1 i
Frgo(t, %, 10,,b) + ;(—1)1' y [(1—%) Y (5) b[“x]t;((i)].

qEA,,]’ iEqNg

F)\,q,x(t/ X, U,a, b)

Therefore, we obtain Equation (19). Proof of Equation (20) is similar to that of Equation (19), we omitit. [
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We also obtain the decomposition of the generating function Fj 4, (t, u,a, b) by substituting x = 0 in to
Equation (19). Moreover, using Equation (19), we have

oo n—1
Fagx(t,x,u,a,b) = ZZ( 1)/ Z‘Hmw( suds gl pll, )\d,qd)
m=0 j=0 deA,;

+ZHmXD(x u;a,b;A; q)

After some elementary calculations in the above equation, we arrive at Equation (23). Similarly from
the Equation (0), we arrive at Equation (22). Therefore we get the following theorem:

Theorem 3.3. Leta, b e R*, u € C\ {1}, A,q € C such that |q)
m, we have that

Hoa(51650,55050) = Y (<1 Y 01" H, (3,650,047 ) + Hon 35630, b i) (22)
j=0 deAn;’
and
Hy (xu;a,b;A;q) = Z( 1y Z med( u?; al¥, pll; A2, qd)+HmXD(x u;a,b; A; q). (23)
deA,;

Theorem 3.4. For s € C, we have

n-1

Lgn(s,x,u,a,b) = Z(—l)f Z Ly gy, (s, g,ud,a['ﬂ, b[d]) + Lag (s, x,1u,a,b) (24)
=0 ded,
and
n-1
LA/‘?/X(S/ X, u,a, b) = ;(_1)] d; [d] L/\d '1 Xd (S’ E’ u-,a, b) + L/\,Q,XD(S/ X, u,a, b) (25)

Proof. By applying the Mellin transformation to Equation (19) and Equation (20), respectively and using
similar method in (6) and in (10), we easily arrive at the desired results (24) and (25) asserted by Theorem
3.4. So we complete the proof. [

If the period of x is prime then we obtain the following theorem.

Theorem 3.5. Let period of x be a prime integer p with x(p) = 1. Then we have

Lagx (s,x,u,a,b)=Lj4,,(s,x,u,a, b)+[1] Cargr (s ; u”,a,b). (26)
p

Proof. Wenote that n = 1in Equation (24) and xp(m) = x(m) whenever gcd(m, f) = 1and x(mp) = x,(m) =1
for all positive integer m. Therefore, we get that

LAlq,X(S,x,u,a,b) = Z LMq Xd( a[d] bd])+LAqXD(s x,u,a,b)
deArzO

X
= Lyga (s, };, wP,al?!, b[p]) + Lgxo(s,x,u,a,b).
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By Equation (12), we have

0 )\P m
LA'q’X(S' x U4, b) = L/\/quD (S/ X, u,a, b)+ Zmzo (E)

1 1
([m + %]qp In b[p])s ) up (lna[”] + [m + i]qn In b[”])s

1 0 AP \™
= Lun@ruabres Y (5)

1 1
m+ % lnbs uPlna+|m+ %[ Inb
plgr plgr

1 X
= Ligxo(sxu,a,b)+—Cu g s,;,up,a,b .

[pI

s

O

Let x be a periodic function with a period f and x(f) = 1 where f = pip, for some prime integers
p1 and p,. Then the period of x,, is p> and x,, (i) = x(p1i) for alli € {1,...,p> — 1} and xp, (p2) = x(p12) where
p12 = p1p2- Therefore, it follows that

x x
Ly gy, , (s, o’ ubz, glpe]) b[Plz]) = gz (s, o w2 glpe] b[plz])
12 12

since x(p1p2) = 1. On the other hand, by using Equation (24), we get

X X
Lugx@ 5 uab) = Linguy, (S, X ol b[m]) +Lingogs (S, X ol b[pz])
1 2

X
—C)\mz,qmz (S, p—, Mplz,ll[pu], b[pu]) + LM],XD (S, X, u,a, b)
2

Moreover, by using the same argument, one may obtain some different decompositions for the L-type
function.

Example 3.6. Let the period of x be pt f2p!5 for prime integers p; and t; € IN. Then we construct the following sets
p p P1P; P3 p gers p g

Aszo = {p1, P2, p3), Azt = (P12 = p1p2, P13 = p1ps, P23 = paps} and Asy = {p12s = p1paps}. Then by using Equation
(23), we decompose the qg—Eulerian number attached the periodic function x :

3
Hunx(5,;4;9) = Huyop (;3,b;A:9) + ) Ho e, (u?;alP, 600 7% 7
i=1

3
—H,, N (upz3 . a[l’z:«;] b[pZS]. AP qus) _ Z H,, o (upn. a[Pu] b[pli]. AP qpu')
Ar23 ’ 4 4 ’ /Xpqi ’ ’ ’ 7

i=2
+Hm . (uP123 . a[Plzs] b[PlZB] . /\Plza . qplzs)
1AP123 7 4 4 7 .
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By using Equation (22), we obtain a different decomposition for the g—Eulerian number attached the periodic function

X:

3
Hyy(u;a,b;;9) = Hm,XD(u;a,b;A;q)+Z[pil’"Hm,sz(u”l’;a,b;/\”';q”')
i=1

3
—[p2s]"Hux,,, W'?;a,b; AP?; g) — Z[pu]’”Hm,Xpu " a,b; APY; g7
i=2

+[p123]"Hy, UP=;a,b; AP, gPi),

1Xp123
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