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Abstract. In this paper, we consider the relations between Bernoulli polynomials, Legendre polynomials

and combinatoric convolution sums of divisor functions. In addition, we give examples of approximate
normal distribution derived from combinatoric convolution sums of divisor functions.

1. Introduction

Throughout this paper, N and R will denote the sets of positive integers and the field of real numbers,
respectively. Let {P,(x)} be the Legendre polynomials given by
! = iP (x)t" (It <1)
Vi-ox+e &= ‘

It is well known that (see [4, (3.132)-(3.133)], [10, pp.228-232] )

[5]

1 (r@n-2k)! 0 1 ar

— = N 2 - "
PO =5 L -l 200 2 aw ™ Y

and (1 + 1)Py41(x) = (2n + 1)xP,(x) — nP,_1(x), where [x] is the greatest integer not exceeding x, and satisfy
the following relation of orthogonality

1
2
Il Pn(x)Pm(x)dx = mémn,
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or equivalently,

1
1
fo P,(2x —1)P,,(2x — 1)dx = mémn ([15)),
where
0, m#n
Omn = { 1, m=n

is the “Kronecker delta”.

It should be mentioned that Bernoulli or Legendre identities associated with the generalization of
Bernoulli polynomials, Luo-Srivastava generalizations of Apostol-Bernoulli polynomials have been studied
by Srivastava [5] and Luo [9].

Computing Bernoulli numbers, Euler numbers, Genocchi numbers and their applications have been
studied by Qi [12] and Srivastava [6]. A few more related references are [3], [7], [8], [9], [12].

The binomial distribution is the basis for the popular binomial test of statistical significance. The
binomial distribution is frequently used to model the number of successes in a sample of size n drawn with
replacement from a population of size N. In this article, we introduce a generalized binomial distribution
derived from combinatoric convolution sum of divisor functions.

This paper consists of 5 sections. In section 2, we reconstruct relations of Legendre polynomials and
Bernoulli polynomials. In section 3, we drive the convolution sums of Bernoulli polynomials and express
Legendre polynomials by convolution sums of divisor functions. In section 4, we can see an applied model
of combinatoric convolution sums. And in section 5, we suggest more examples of example 2.6.

2. Preliminaries

Proposition 2.1. ([14, Lemma 2.1]) For n € IN, we have
n
n+k\(2k\,x — 1\k
pw= Y T
k=0
Proposition 2.2. ([11, Theorem 2.4]i) Let n € IN. Then
n

1 3 (2n + 2k + 1)!
pPan@r=1) = k;- @Rk + Di@n — 2k + 1y o2 (- @

We can easily prove that Legendre polynomials and Bernoulli polynomials have the following properties.

P,(1)=1, and )

B2u41(1) =0, 3)

where n e

Lemma 2.3. Let n € IN U {0} and p be a prime. Then we have

an+1(;%l) = kZ(; a2k+1Porv1(p)

with ZZ:O MDk+1 = 0.
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Proof. Consider the Bernoulli polynomials and Legendre Polynomials. Then we obtain

+1 . 1
Bl(p ) =aiPi(p), with a; = 5 4)

2

In (1), letx = p+1 . Then

1 B 2n + 2k + 1)! p+1
5Pz (p) = kZ_;4 (2Kk)1(2k + 1)!(2n — 2k + 1)132"“( 2 )

And if n =1, then

_ ! (3 + 2Kk)! B (p+1
‘kz_: (26)12k + 1)!(3 - 2k >\ 2 )

= 1B W+5+&&ﬁ;5 (5)

~ (3 + 2k)!
where f; = kZ:;‘ (2k)!(2k + 1)!(3 — 2k)! €

So, by (4) and (5), we get

1
poBo(F5=) = -BiPi () + 5P,

and

P+1) _ —%Pl(p)+ a

There exist y1 and y3, such that

= Ps(p).

+1
=) = 71Pi(p) + v3Pa(p). (6)

Bs(~

Since, by continuous calculation of BZH+1(’%1), we easily see that can be represented by Pa.1(p). So, all
of coefficients of P;(p) are a;, respectively, then
+1 .
32n+1(PT) = Zﬂzk+1P2k+1(P)- 7)

k=0

And, by (2) and (3), we get P,(1) = 1 and By,11(1) = 0. So, if p = 1, then the left side calculation is 0 and
the right side calculation is Y ;_, a+1. Therefore, we see that Y.;_, a2¢+1 = 0, i.e, the sum of the coefficients
of (7) are zero. [

By (1), we drive that
1
Epn - Aan/
P1(p) Bl(pzl)
Ps(p) Bs(%
where %Pn = .P , B,= 3(_ ) , and

P2n-1(p) Ban1(57)
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03% 50 0 0 0
0!&%31 2!9%1! g 0 E 0
Ap =] o 23131 5 0 0 . (8)
o PR PR
O  2B312n-3) I52n-5)] ‘'* @n-d@n-23)B3 @n-2)@n-D
Then we know that
P, = A,B,.
with
P, = 4Py
dp

So, we can obtain the following lemma.

Lemma 2.4. Let n > 2. Then,
ok + 1) T Ak +1
Det(A,—1) = .
et(Ap-1) = 2n Tk | Ol

Proof. Then A, is a lower triangular matrix. So by definition of determinant of triangular matrix,

115191 - (4n — 7)!(4n — 3)!
01112131 -~ (21 — 2)!(2n — 1)!

Tk +1) ﬁ 4k +1
OISR g\

k=0

Det(A,) =

Theorem 2.5. Let a;;, i > 1 be the diagonal elements and let b;j, i, j > 1 of (8). Then,

-1
ay 01 0 0
b a, 0 0
-1 _ 2,1 e
Al = 2,2 ,
-1
bpiin buyi2 buyiz ... A1+l

and

L deH(Ary) | (2i—2)!(2i—1)!

biviis1 =07 541 = Bl G- for 1<i<n.

Proof. A, is triangular matrix. Then, we easily check that the diagonal elements of A;! are the inverse of
the corresponding diagonal elements of A,,.
And by [13], we can easily prove that

Jdet(Ain1)  det(Ai1) (20 = 2)!(2i = 1)!

det(A)  det(A) | @i-3)0

S — (i+1)+(i+1)
bl+1r1+1 a1+11+1 ( 1)

forl<i<n. 0O

Example 2.6. Using (8), Lemma 2.4 and Theorem 2.5, we suggest examples.
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n Ay A Det(A,)
0 (ﬁ) 01%51! ) 1
1 10 1 0 115!
1 10 - % 11_0 012131
1 0 0 1 0 0
1 1 15191
2 } ;8 12 6 _11_0 1_01 (1) 0!1}2?3?4!5!
21— 18 126
1 0 0 0 1 0 0 0
3 110 0 0 - % % 0 0 1!5!9!13!
1 70 126 0 = —% %g 0 0213141516171
1 119 1
1 252 2310 1716 —% 1085 —i% TE

In appendix, we suggest more examples (n = 4,5,6,7, 8).

Remark 2.7. It is also interesting to note that the binomial identities involving harmonic numbers and their appli-
cations have been studied by W. Chu [3].

3. Legendre Polynomials, Bernoulli Polynomials and Divisor Functions
Proposition 3.1. ([1, Proposition 1]) Let n > 2 and k > 1. Then

— n—-1

Z(Zs N 1)m_1 O2k-25-1,1(11; 2)02511,1 (n — m; 2) = iazmo(n 2) + 2k 1 Z 2k+1(d;_l)-
doid
In particular, if n is an odd integer, then
© % d+1
(2K + 1)2(2 N 1) - oakena (1,200 =) = 2 ;Bzml( . ) ©)

Ifn =2% then

k-1 n—1
1 (22k+1)u+1 -1
;(25 " 1) 02k—25-1,1(1; 2)02s41,1(1 — 1m1;2) = Z(W .

m=1
Lemma 3.2. Let p be an odd prime integer and x = %. Then
k-1

-1

1 IR 21+ 2k +1 2%k \ N\ O2-25-11(152) G211 (p — 1;2)

gPan®) =3 = ; (Zk 2% 2n—2k+ 1)2;4 (25 + 1)21 22— gzl
= S=l m=

Proof. By Proposition 3.1, in particular, 7 is an odd prime. Then

k-1 n-1
2k 2%k p+1
SZ:(; (25 N 1) Z{ O2k—2s-1,1(1M; 2)02s41,1(p — m;2) = T sz+1( > )

m=

Dividing both sides by 2%, then

k-1 n-1
02%-25-11(M;2)  O2sp12(p—m;2) 1 p+1
2, (25 + 1)2 2%-2-1 22541 = %+1l 2w 2 ) (10)

S=l




D. Kim, K. Lee, G.-S. Seo / Filomat 30:7 (2016), 1811-1821 1816
And, by Proposition 2.2,

(2n + 2k + 1)!
P (2x=1) = Z(Zk)'(2k+l)'(2n 2%+ 1)!

Bogs1(x)

_Z (2n + 2k + 1)! 1 B
2!12k)!2n -2k + 1)1 2k +1 2k+1

3 2n + 2k + 1)!
- kz; QRN 20)!2n — 2k + 1)1 2k + 132’“1( ) = Bi).

So,

Boks1(x).

1 Z 2n + 2k +1 1
§P2n+1(2x —1)-Bi(x) = Z (2k 2k 2n -2k + 1)2k +1

In particular, 7 is an odd prime and x = ’%1. Then

1 - 2n+2k+1 1 +1
S P2 (p) = g = kZ( ’ ) sz+1(p ) (11)

—~ 2k 2k 2n—-2k+1)2k+1 2
Equating (10) and (11),
n k=1 p-1
1, p 2n+2k +1 O2k-25-11(1;2)  O2s41,1(p —1m;2)
P2 =3 ‘Z:; 2k 2k 2n-2k+1) & 25+1 e 22+

Hence we obtain our result. [

Theorem 3.3. For all n > 1 and any positive prime integer p. We obtain an equation,
n k-1 p—1
2n+2k+1 2k 092f—2s—1 1(m; 2) 02541 1(p —m, 2)
P = - . - .
2is1(p) ; (Zk ok 21 -2k + 1) ; (25 + 1) ; 2521 2 (mod p)

4. Application of Combinatoric Convolution Sums

If the random variable X follows the binomial distribution with parameters n and p, we write X ~ B(n, p).
The probability of getting exactly k successes in # trials is given by the probability mass function:

fln,p)=P.(X=k) = (Z)Pk(l —p)*

fork=0,1,2,...,n

The formula can be understood as follows: we want k successes (p¥) and 1 —k failures (1-p)"*. However,
the k successes can occur anywhere among the # trials, and there are (}) different ways of distributing k
successes in a sequence of  trials.

In this section, we suggest a new type binomial distribution derived from combinatoric convolution
sum of divisor functions.

Let

D L oo 11(771 2)02s+1,1(1n — m;2)

DB(n, k, t) = —
1o210012) + 5257 ¥ d Baknt (T)
d odd




Consider the values of DB(n, k,t). Out of the result from k = 30,n = 2 ~ 25, we can see that the values
of DB(n,k, t) approximate normal distribution. When the form is s = 14, s = 15, the maximum value
appears 0.198538 and shows the result of bilateral symmetry. Forms of bilateral symmetry are almost same,
but in case that they are much distant from the maximum, the result will be slightly different. So we
have 6 different shapes of forms that are similar to normal distribution (They are almost same, in fact.).
Considering the differences of each point among the 6 cases, the result is as follows when ND1 is the criteria.
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In particular, if n = 2% or n = p, then the formula DB(#, k, t) is very simple.

We use the following notations:

ND1
ND5

ND2
NDé6

:= DB(2,30,1), ND2:= DB(6,30,3), ND3:= DB(10,30,5), ND4 := DB(14,30,7),
:= DB(18,30,9), ND6 := DB(22,30,11),
:= ND2 - ND1, ND3:= ND3-ND1, ND4 := ND4 - ND1, ND5 := ND5 - ND1,
:= ND6 — ND1.
| values | ND1 ND2 ND3

s=1 | 593622x10 7 | +0.21986 x 10~ | +0.04749 x 10~ %

s=2 | 9.47421 x 1072 | +0.03899 x 10712 | +0.00303 x 10712

s=3 | 6.69962x 10~ | +0.00307 x 10~ | +0.00009 x 10~1©

s=4 | 256447 x 10° | +0.00013 x 1078 0

s=5 | 59449 x 107 | +0.00003 x 10~/ 0

s=6 | 896308x10° 0 0

s=7 0.000092277 0 0

s=38 0.000671723 0 0

s=9 0.00354717 0 0

s=10 0.0138508 0 0

s=11 0.0405671 0 0

s=12 0.0900589 0 0

s=13 0.152664 0 0

s=14 0.198538 0 0

s=15 0.198538 0 0

s=16 0.152664 0 0

s=17 0.0900589 0 0

s=18 0.0405671 0 0

s=19 0.0138508 0 0

s=20 0.00354717 0 0

s=21 || 0.000671723 0 0

s=22 | 0.000092277 0 0

s=23 | 896308 x 10° 0 0

s=24 || 59449 x 107 | +0.00003 x 10~/ 0

s=25 || 256447 x 10~ | +0.00013 x 1078 0

s=26 || 6.69962 x 1010 | +0.00307 x 10~ | +0.00009 x 10~ 1©

s=27 | 9.47421 x 102 | +0.03899 x 10~ | +0.00303 x 10~ 12

s=28 | 593622 x 10 ¥ | +0.21986 x 10~ ¥ | +0.04749 x 10~ &

s=29 | 1.04083 x 1071 | +0.34695 x 10~® | +0.20817 x 10~

Table 1. The values of ND1, ND2 and ND3.




D. Kim, K. Lee, G.-S. Seo / Filomat 30:7 (2016), 1811-1821

’ values H ND4 ‘ ND5 NDé6
s=1 +0.01731 x 107 | +0.21986 x 10~ ¥ | +0.04749 x 10~
s=2 +0.00057 x 1072 | +0.03899 x 10~ | +0.00303 x 102
s=3 +0.00001 x 1071 | +0.00307 x 10~° | +0.00009 x 1010
s=4 0 +0.00013 x 1078 0
s=5 0 +0.00003 x 1077 0
s=6 0 0 0
s=7 0 0 0
s=8 0 0 0
s=9 0 0 0
s=10 0 0 0
s=11 0 0 0
s=12 0 0 0
s=13 0 0 0
s=14 0 0 0
s=15 0 0 0
s=16 0 0 0
s=17 0 0 0
s=18 0 0 0
s=19 0 0 0
s =20 0 0 0
s=21 0 0 0
s=22 0 0 0
s=23 0 0 0
s=24 0 +0.00003 x 107 0
s=25 0 +0.00013 x 1078 0
s=26 || +0.00001 x 10~ | +0.00307 x 10~1° 0
s =27 || +0.00057 x 1072 | +0.03915 x 10~ | +0.00006 x 1012
s=28 || +0.01731 x 107™ | +0.22801 x 10~ ™* | +0.00446 x 10~
s=29 || +0.14869 x 107T | +0.4626 x 1071® | +0.09463 x 10~1°

Table 2. The values of NT)Z, ND5 and NDé.

Figure 1: The graphs of ND1 and ND2

1818
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k%) D8 nx,) 08

Figure 2: The graphs of ND3 and ND4

Figure 3: The graphs of ND5 and ND6

Remark 4.1. Let u and Var is a mean and standard deviation, respectively. (See [2, pp.192].) Using Lemma (3.2),
we can find the generalized binomial distribution derived from combinatoric convolution sum of divisor functions. So
we can easily find that following formula of ND1 := DB(2,30, 1). We note that

o (s — p)y?
foB(kn(8) = \/z_nVarexp [ 2Var? 0’
where

w = 0.0344827278547721, Var:=0.061835972, m :=3.1416, e:=2.7183.

5. Appendix

Using (8), Lemma 2.4 and Theorem 2.5, we suggest more examples(n = 4,5, 6,7, 8).
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1 0 0 0
1 10 0 0 0
Ay 1 70 126 0 0
1 252 2310 1716 0
,,,,,,,,,,,,,,,,, 1 660 18018 60060 24310)
1 0 0 0 0
B o 900
S 8 1
20 1980 468 1716
1 _ 236 4 7 _1_
,,,,,,,,,,,,,,,,, U__2us  d5  TRe OBUL - - _ .
Det(A4) OI1213141516/718197
1 0 0 0 0 0
1 10 0 0 0 0
A 1 70 126 0 0 0
5 1 252 2310 1716 0 0
1 660 18018 60060 24310 0
|- _\1 1430 9009 816816 1385670 352716)
1 0 0 0 0 0
1 1
AL L8
Ag ! _2 1L L]98 _12& L 0 0
i Y Ly A S
11 2145 195 48762 24310
_ 691 359 3223 217 _ 1 _1
,,,,,,,,,,,,,, 2730 070 - Theeor - R3S TGS 7L - - - - _ .
Det(As) OM113141516!718191 0111
1 0 0 0 0 0 0
1 10 0 0 0 0 0
1 70 126 0 0 0 0
Ag 1 252 2310 1716 0 0 0
1 660 18018 60060 24310 0 0
1 1430 90090 816816 1385670 352716 0
R 1 2730 340340 6651216 29099070 29745716 5200300)
1 0 0 0 0 0 0
1 1
- 11—0 1—01 (1) 0 0 0 0
L T A TS
Ag —3% 19 I8  T% 0 0 0
L _2 40 7 1 0 0
11 2145 195 4862 24310
_ 691 359 _ 3223 217 __1 1 0
o m R W gE Wp
,,,,,,,,,,,,,,, 1020_ _ 4520 366, 27370_ __675300. _50MML _ _ _
Det(Ae) 0'1'2|3g?§é§g?79%%51"1z-13'
T 0 0 0 0 0 0 0
1 10 0 0 0 0 0 0
1 70 126 0 0 0 0 0
A 1 252 2310 1716 0 0 0 0
7 1 660 18018 60060 24310 0 0 0
1 1430 90090 816816 1385670 352716 0 0
1 2730 340340 6651216 29099070 29745716 5200300 0
1 4760 1058148 38798760 350574510 892371480 608435100 77558760
A e | R o R ) R ¢ R | s R RN
—1%0 ]iq ? 0 0 0 0 0
noF om0 : :
A-l % 10 "8 6
_e 00 _gps a7 oL 1 0 0
0 e, e U qiss - 327je 1
1 —1p0 220  TI566 a0 670 5200300 0
Ce17 o BEly  dpe T 11 Bk 1
,,,,,, — _ _“_ 680_ _ 116280_ _ 23256 _ 54‘19@1291,13T17'12516‘42 1791 116280 _ _ 8617640 _ 775587607 _ _ _
Det(A7) OM203141516718191101 111211311 4115!
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T 0 0 0 0 0 0 0 0
110 0 0 0 0 0 0 0
170 126 0 0 0 0 0 0
1 2% 2310 1716 0 0 0 0 0
Ag 1 660 18018 60060 24310 0 0 0 0
11430 90090 816816 1385670 352716 0 0 0
1 2730 340340 6651216 29099070 29745716 5200300 0 0
1 4760 1058148 38798760 350574510 892371480 608435100 77558760 0
1 7752 2848860 178474296 2921454250 14915351880 24702465060 12021607800 1166803110,
e e T T T T 0T T T 0T T T T T T T T T T T T T T TN
—1%0 1lq (11 0 0 0 0 0 0
- -k g 0 0 0 0 0 0
-2 1950 ~ 168 v 0 0 0 0 0
A7l 1j ’iés E ’Lz pron 0 0 0 0
8 _th 349 B Vi 0 1 0 0 0
R B S T . O
ISV <. S | GG 7 >0 1
oy DRl a2 33 A Ui s 1
,,,,,, N\ _ ZR05 _ _MI965 _ Z20eds o 217 MR D0ers . T 75077er _ TISGRSIOL -
A 11519113117121125129133!
Det(As)

01112!3141516!7!8!9110111112!13!14!15!16!17!
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