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Abstract. In the present paper, we consider Stancu type generalization of Baskakov-Kantorovich operators
based on the g-integers and obtain statistical and weighted statistical approximation properties of these
operators. Rates of statistical convergence by means of the modulus of continuity and the Lipschitz type
function are also established for said operators. Finally, we construct a bivariate generalization of the
operator and also obtain the statistical approximation properties.

1. Introduction

In the last decade, some new generalizations of well known positive linear operators based on g-integers
were introduced and studied by several authors. Our aim is to investigate statistical approximation prop-
erties of a Stancu type g-Baskakov-Kantorovich operators. Firstly, Baskakov-Kantorovich operators based
on g-integers was introduced by Gupta and Radu in [14] and they established some approximation results.

Later, I. Biiyiikyazici and Atakut [5] introduced a new Stancu type generalization of g-Baskakov opera-
tors which is defined as

S iy DE(@u () 1 [k, +4a
@ p. N ey g ok g
L7 (fiq,x) = kZ:O‘ q [x],! (=x) f(qk_l [n], + B )’ 1)

where 0 <a <8, 4€(0,1), f € C[0, ).
Let {¢pn} (n=1,2,3,...), ¢» : R = R be sequence which satisfies following conditions:

(i) ¢n(n=1,2,3,...)k-times continuously g-differentiable in any closed interval [0, A], where A > 0,
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(ii) pn(0)=1, n=1,2,...),
(iii) forallx € [0,A]and (k=1,2,...; n=1,2,...), (=1)*Di(¢u(x)) 2 0,
(iv) there exist a positive integer m(n), such that

Di(u(x) = ~[n],D} " i), (k=1,2,...; n=1,2,..),

["]q =1

v) lim poy =

1854

We first start by recalling some basic definitions and notations of g-calculus. We consider g as a real number

satisfying 0 < g < 1.
For each non negative integer 1, we define the g-integer [1], as

=
[”]q:{ -’ 7# 1
n, qg=1
The g-factorial is defined as
_ | [nlyln = 1)4[n - 2],...[1];, n=1,2,..,
[nlyt = { 1, n=0.

We observe that
2 n—1 —
(1+2)! = (—xq)y = { (11 +x)(1 +gx)(1 +g7x)...1 + 9" x), Z =
Also, for any real number «, we have

. (1+x);°
(]. +X)q —m.

In special case, when a is a whole number, this definition coincides with the above definition.
The g-binomial coefficients are given by

AN [n],!
(k)q—m, 0<k<n.

The g-derivative D, f of a function f is given by
f@) - fq0)
(1-q)x

The g-Jackson integral is defined as

D,(f(x) = ,x#0.

j: f)dgx = (1= ¢)a Zf(aq”)q”, a>0.
n=0

Over a general interval [4,b], 0 < a < b, one defines

fahf(x)dqxzfobf(X)dqx_f:f(x)dqx'

Throughout the paper, we use ¢; the test functions defined by ¢;(t) := #, where i = 0,1,2. First we need the

following auxiliary result.

Let {¢,} be a sequence of real functions on IR, = [0, o) which are k-times continuously g-differentiable

on R, satisfying following conditions:
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(1) on(0)=1, n=1,2,...),
(p2) fork € No=NU{0}and n € N, (=1)*Dj(¢n(x)) 2 0, x € Ry,

(p3) there exist a positive integer m(n), such that

Di(@n(x) = =[n1,D} Py (%), (k=1,2,...; n=1,2,...),

. [n]
(P4) 1}21;10 [m(n;]q =1L

1855

Under the condition (p1) - (ps), C. Atakut and I. Biiyiikyazici [3] defined a new generalization of

Stancu type g-Baskakov-Kantorovich operators as follows

[k+1]g+qka

. = DA
L0020 = W +p) Y 2 o f() o
k=0 q- [nlg+p

wherex e Ry, n€N, 0 <a <p.
To obtain the approximation results we need the following Lemmas in what follows.

Lemma 1.1. [5] L be defined by (1). Then the following identities hold

L8P (eo;q,%) =1,

n
LP(er;9,%) = [ngq]_zﬁx+ [n]:;ﬁ,
nl,[mn n],2a+1 2
Lﬁza’ﬁ)(ez;q, x) = ;([]ZL J(rﬁ)lz x>+ [([]Z](q ~ ‘8)2)x + ([n];er R
Lemma 1.2. [3] The following relations are satisfied:
b 1
(o) Tl +
Lt [2],[K], + g*(1 + 20)
(S5) T 2Lyl + B
SR BLIKE + ghTKL (1 + 3a)[2], + 1) + (1 + 3 + 3a%)g

q

[314([n)y + B

[klg+q*1a
q( [nlg+p

Lemma 1.3. [3] Lete; = #, wherei=0,1,2. Forallx e R, n € N, a, B=0and 0 <gq <1, wehave

L;(a/ﬁ)(eo; q’ x) = 1,
" [n] q(1 + 2a)
(@B, . — 1
LA = G R, + )
* [l ()l , [l Bl +a((+ 30021y +1)] (1 +3a +30)
@p),, . _ 152
Lo 2) = i+ 31,0l + B7 TBL, B
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Remark 1.4. From Lemma (1.3), we have

[n], ~ ) gn(1 + 2a)
i+ )T 2L, )
([n]q[m(n)]q 1 2[n], ]x2

an(¥) = LDt - x;9,0) = (

5u(x) = LY ((t = )% 9,%) =

q([nl, + B)? [n]; + B
. ([”]q[[3]q + ‘1((1 +3a)[2], + 1)] ~29(1+20) )x N (q2(1 +3a + 30(2))
(Inl, + B)*13], [21,([nl; + B) [3,([nl, + B /

Remark 1.5. If we put g=1, we get the moment of Stancu type Baskakov-Kantorovich operators as

) _n (1+2a)
-1 — +
‘En (81/ s x) (Tl " ‘B)x 2(11 n ‘B) ,
(¢ 2 1 2
‘£n( Xﬁ)(@z,’ 1, .X') — n m(n) 2 Tl(O( + ) 1+ 3a + 3«

wrpr T mr PR Bt py
) ) _ n (1+2a)
-En (t—x,l,x)—((n—_'_ﬁ)—) 2(}’l+ﬁ),
nm(n) 2 » [2n(1+a)  (1+2a) (1+3a +3a?)
e (”+ﬁ)Jx+((n+ﬁ)2 Wﬁ))“[ 30+ P J

L =%, = (

2. Korovkin Type Statistical Approximation Properties

The idea of statistical convergence was introduced independently by Steinhaus [31], Fast [11] and
Schoenberg [32]. The study of the statistical convergence for sequences of linear positive operators was
attempted in the year 2002 by A.D. Gadjiev and C. Orhan [12]. Recently the idea of statistical convergence
has been used in proving some approximation theorems. It was shown that the statistical versions are
stronger than the classical ones. Authors have used many types of classical operators and test functions
to study the Korovkin type approximation theorems which further motivate to continue the study. In
particular, Korovkin type approximation theorems [15] was proved by using statistical convergence by
various authors, e.g. [4, 10, 13, 16-18, 33]. In the recent years, Stancu type generalization of the certain
operators and trigonometric approximation of signals by different types of summability operators have
been studied by several other researchers, we refer some of the important papers in this direction as ([19]-
[30]) etc.

Korovkin type approximation theory has also many useful connections, other than classical approximation
theory, in other branches of mathematics (see Altomare and Campiti in [1]).

Now, we recall the concept of statistical convergence for sequences of real numbers which was introduced
by Fast [11] and further studied by many others.

Let K€ Nand K, = {j <n:je K}. Then the natural density of K is defined by 6(K) = liin n71K,| if the

limit exists, where |K,| denotes the cardinality of the set K.
A sequence x = (x;);>1 of real numbers is said to be statistically convergent to L provided that for every
€ > 0 theset {j € N : |x; — L| > €} has natural density zero, i.e. for each € > 0,

lim%I{jS n:lxj— Ll > €}l =0.

It is denoted by st — limx,, = L.
We consider a sequence g = (4,), 4 € (0, 1), such that

lim g, = 1. 3)

n—o0
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The condition (3) guarantees that [1],, — o0 asn — co.
Now, let us recall the following theorem given by Gadjiev and Orhan [12].

Theorem 2.1. If the sequence of linear positive operators A, : Cpla, b] — Cla, b] satisfies the conditions

st —lim|[|A;(ey; ") — ev”C[a,b] =0, el(t) = i‘VfO}’ v=0,12, 4)

then, for any function f € Cyla, b], we have
st = lim |4, (f;) = fllcas = 0,

where Cpila, b] denotes the space of all functions f which are continuous in [a, b] and bounded on the all positive axis.

In [6] Dogru and Kanat defined the Kantorovich-type modification of Lupas operators as follows:

[k+1

P “ b —k k=112 (] — )R
Ru(fig;x) = hHl]Z(f[; 1 f(t)dqt)( " ) g *g D2k (1 - x) 5
k=0

] (1—x+qx)~--(1_x+qn—1x)'

Dogru and Kanat [6] proved the following statistical Korovkin-type approximation theorem for operators

®).
Theorem 2.2. Let q :=(g,), 0 < q <1, be a sequence satisfying the following conditions:

st—limg, =1, st—limqﬁ:a(a<1)andst—lim%:0, (6)
n n n q

then if f is any monotone increasing function defined on [0, 1], for the positive linear operator R,(f; g; x), then
st — hin ”Rn(f/ q; ) - fHC[O,l] =0
holds.

In [7] Dogru gave some examples so that (g,) is statistically convergent to 1 but it may not convergent to 1
in the ordinary case.

Theorem 2.3. Let L;(a”g ) be the sequence of the operators (2) and the sequence q = (qy) satisfies (6). Then for any
function f € C[0,A] c C[0, o), A > 0, we have

st~ lml|L, " (f:,) - fll =0, 7)
where C[0, A] denotes the space of all real bounded functions f which are continuous in [0, A].
Proof. Lete; = #, wherei = 0,1, 2. Using L,:(a’ﬁ )(1;q,,,x) =1, it is clear that
st = lim £, (1; g, %) = 1 = 0.

Now by Lemma (1.3)(ii), we have

[n], g(1 + 2a) B B g(1 + 2a)
L+ B 21,0, + P XH T, +p 2,0, P

For given € > 0, we define the following sets:

. () (4. —xll =
gl_I};lolan (f,%/x) X” - H[n

S =k 1L Pt g, x) — 2l =€),
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and

, ). B q(1 + 2a)
S = {k. [k]q+ﬁx+ 21,4, + p) Ze}.

It is obvious that S C &/, it can be written as

5Ukﬁnﬂwfwﬁwbm—xuzd)séGkSn: i 10+ 2 ﬂ

K, TR =€

By using (6), we get
(B 9(1+ 20) )
o h?(mh+ﬁx+[mﬂmh+ﬁ>

B (1 + 20) ~
6({k <n: @, +‘Bx + 21,0k, + ) > e}) =0,

So, we have

then
spJTmzf@UWWw—xn=0

Similarly, by Lemma (1.3)(iii), we have

[n],lm(m)]; . [”]q[[?)]q + L]((l +3a)[2]; + 1)] 71 +3a+3a%)

“(@f) 2. 2 _
e ) == g g B31,([1], + B2 B, + R
[n]q[m(n)]q sz [n]q[[3]q +q((1 + 3a)[2]q +1)] ‘A N q2(1 +3a + 3052)
= |1, + p2 Bl ([, + P2 Bl, ([, + 2

<

2 ((1 _ 1) + ([n]q(z + 30() + [n]q(q - (1 + 36{))) N qz(l +3a + 30(2))
9 (nly+ g~ [Bly(lnl; + ) Bl,(nl, + B2 )’

where u? = max{A? A, 1} = A%
Now, if we choose

o, = (1 - 1),
q
b= [n]4(2 + 3a) . [n],(g — (1 +3a))
! ([n]q + ﬁ)z [3]q([7’l]q + ﬁ)z ’
_ ¢*(1+3a +3a?)
Y Bl + PR

then by (6), we can write

st — lim a, =0 = st — lim f, = st — lim y,,.
n—oo n—oo n—oo
Now for given € > 0, we define the following four sets

U=tk 112D (5 g0 0) — 2l 2 €),

Uy =k > —),

1858
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€
U2={k3 kZ _}/
AB 3[.12

€
Uz ={k:ye > —}
s=1{k:yr > 3,”2}
It is obvious that U € U; U U, U Us. Then, we obtain
otk < n: 1L P, 0 - 2 > €}
€

S(S({kSn:akzﬁ})+6({ks;«ﬁk2

Using (9), we get
st = lim 1,7 (#; g, %) — 23| = 0.

Since,

LD Fr G 20) = FIl S NLEPE g ) = PN+ 1LEP 8 g %) = 2]+ 1LP 05 0, 0) - 1],

we get

st = lim L3P (f; g, x) = I

IA

st — lim 1L PUE; g, %) = 2]
+ st = lim 1., (¢ 4., %) -
+ st = Tim 1L (1.4, %) - 11
which implies that

st = lim L£;*P(F; g0, 2) = fil = 0.

This completes the proof of theorem.

3. Weighted Statistical Approximation

Let B,2[0, o) be set of all function f defined on [0, ) and satisfying the condition | f(x)| < My p(x), My
being a constant depending on f and p(x) = (1 + x?) > 1 is called weighted function, it is continuous on
the positive real axis and lim p(x) = co. By C,2[0, o), we denote the subspace of all continuous function

belonging to B,2[0, ®). Also, C, [0, ) is subspace of all function f € C,2[0, o) for which lim 1fix;2 s finite.
The norm on C%,[0, o) is |f|l,2 = sup |f ()l .
< x€[0,00) 1+x2

Theorem 3.1. Let q = (g,) be a sequence satisfying (6) for 0 < q, < 1. Then, for all non decreasing functions
f € C,,[0, o), we have

st = lim 1L, (f34u,) = fll = 0. (10)

Proof. By Lemma (1.3)(iii), we have £.“”(t2; g,, x) < Cx?, where C is a positive constant, £, " (f; g, x) is a
sequence of positive linear operator acting from C;,[0, %) to B,2[0, ).

Using L;(a”g )(1 ;qn,x) =1, it is clear that

st = im 1.2, (1; 4., %) = 1l = 0.
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Now, by Lemma (1.3)(ii), we have

WPt Gy x) — 1+2
1L 0 -l = sup D P A2

xe[0,00) 1+x2 T+ g 21l + B)
Using (6), we get
iy B gl +2a) \
st ( 0+ 6 2L+ )
then

st = lim 1L, (£ 4., %) = xle = 0.

Finally, by Lemma(1.3)(iii), we have

[n]q[m(n)] x?
“ap) 12, 42 1 7_
1L (85 G, ) = Pl < ( [l + BP 1)3(2[1350) T+ .2
.\ [n]q[[?’]q + ‘7((1 +3a)[2], + 1)] X (q2(1 +3a+ 3a2))
[31¢([nlq + B)? xel0,e0) 1+ 2 [314([nlq + B)?
3 ([n]q[m(n)]q ) 1) . [n1,[[3], + q((1 + 3a)[2], +1)] . (q2(1 +3a+ 3a2))
~\(Inlq + ) [Bl4([nlq + B)? [31¢([nlq + B)?

(l B 1) N ([n]q(Z +3a) .\ [n]q(q -(1+ 3a))) . (qz(l +3a 4+ 30(2)).
n (nlg +B7 — [Bly(lnl; + B)? [31,(In], + )2

If we choose

a, = (l - 1),
In
_ @2 +30) (g - (1+3a)
T+ p? | Bl + 2
_ A1 +3a +3a?)
" B, + PR

then by (6), we can write

st — lim a, =0 =5t — lim B, = st — lim y,,. (11)
n—oo

n—oo n—oo
Now for given € > 0, we define the following four sets:

S = {k: 1LP (g1, x) - Pl > €,

Slz{kiakZ

}I

»
N
[
=
=
kS
v

Wln WIn wln

wn
»
[
=
<
A
v
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It is obvious that S € S; U S, U S3. Then, we obtain
(< n LD gn,x) - 22l 2 €})
€

sé({kSn:akzg})+6({k$n:ﬁk2g})+6({kSn:yk>f}).

Using (11), we get
T Ha,B) 2. 2.
St ;}g{}o”‘ﬁn (t /qn/x) X ”x2 - 0

Since

1L (F: g0, %) = flle
Hap) 2. 2 Hap) ;. _ “@h) 1. _1
< 1L 40, 0) = Pl + LD 6 G, 2) = xllz + 1LYP 0 g0, %) = 1le,

we get

IA

st = im 1L, D (F500,0) = flle < st = lim L5752 - 2l

+ st = lim 1,40, %) - xlle
+ st = lim 1.5, (140, %) - 1,
which implies that

st = lim 1.L3"7(f3 0, %) = flle = 0.

This completes the proof of the theorem.

4. Rates of Statistical Convergence

In this section, using the modulus of continuity, we study rates of statistical convergence of operator
(2) and Lipschitz functions are introduced.

Lemma4.1. Let 0 < g <1landa €|0,bq], b > 0. The inequality

b b
f |t = xld,t < (f |t—x|2dqt)

is satisfied.

1/2 1/2

([ 4 "

Let Cg[0, o0), the space of all bounded and continuous functions on [0, o) and x > 0. Then, for 6 > 0, the
modulus of continuity of f denoted by w(f; 0) is defined to be

w(f;0) = sup |f(t) — f(x)l, t €[0, ).

|t—x|<6

It is known that %ir% w(f;0) =0 for f € Cp[0, o) and also, for any 6 > 0 and each ¢, x > 0, we have

£() = F0l < w(f; 6) (1 + 't;x'). (13)
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Theorem 4.2. Let (g,) be a sequence satisfying (6). For every non-decreasing f € Cp[0,0), x > 0 and n € N, we
have

LD (f3 0,3 — £ < 20(f; V6 ),

where

(Il 20,
o) = [qn([n]q,,+ﬁ)2+1 lnlwﬁ]x

[0, [ (35, + 3u((1 +30)[20y, + D] 24,(1 + 2a)
+ -—
(Inlg, +B)*131, [2]5,(Inlg, + P)
(1 +3a + 302
+(q (1+3a+ a2>)_ "
[S]qn([n]qn + ﬁ)
Proof. Let non-decreasing f € Cp[0, ) and x > 0. Using linearity and positivity of the operators £ # and
then applying (13), we get for 6 > 0 and n € IN that

LD fs %) = FOO

IA

LP(1f6) = F@) 90, x)

*(a, 1 . a
o(f, L 0,2+ 5L = x4, )

IN

[k+1],+q"a
Pﬂ:*ﬁ , wWe can

Taking L( (1,44,x) = 1 and then applying Lemma (4.1) with a = q( [kt ﬁa) db=
write

" e n(4)
LD Figu,0) = F@ < alf )1 + %([n]q +p) Y g Difouts
k=0

k
Y
[k+1lg+a 1/2 [k+1]g+qka 1/2
[nlg+B k41 2 [nlg+p
X f e lg™ = xl dyt f e dgt }
q( [nlg+p ) ‘7( [nlg+p )
oo [k+1]g+ka 1/2
1 _ qbn( )) [nlg+p _ 2
<o(f;0){1+5((nly + ) Y g2 (0 [ g =
N R e
= qu+

! [klg+q<-1
el (%

<w(fiof1+ 5 (L‘“ﬁ’«t ig0,9) (LW qn,x>) g}

> k+1lg+¢ka

Taking g = (qx), a sequence satisfying (6), and using 6,(x) = L;(a”g )((t = %)% qn, x) and then choosing 6 = 0,(x)
as in (14), the theorem is proved.
Observe that by the conditions in (6), st — lim 6, = 0. By (13), we have

st —limw(f;0,) =0

This gives us the pointwise rate of statistical convergence of the operators P (f; qn, x) to f
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Now, we will study the rate of convergence of the operator .E:,(”’ﬁ ) with the help of functions of the
Lipschitz class Lipai(a), where M > 0 and 0 < a < 1. Recall that a function f € Cg[0, o0) belongs to Lippm(a) if
the inequality

[f(t) = fI < Mlt = xI%; V t,x € [0, 00) (15)

holds.
Now, we have the following theorem.

Theorem 4.3. Let the sequence q = (qy) satisfy the condition given in (6), and let f € Lipy(a), x 2 0with0 <a <1
and M > 0. Then

LD (fr gn ) = F0) < MO (), (16)
where 0,(x) is given as in (14).

Proof. Since L;(a'ﬁ)( f:qn, x) are linear positive operators and f € Lipp(a), on x > 0 with 0 < a < 1, we can
write

1L (F5gn, ) = FOOL < LEPAFE) = FR)L; 4, 0)
< MLt - 1% gy, ).

Now, we take p = 2, g = 5%, applying Lemma 4.1 and Hélder’s inequality, we obtain

(e8] Dk "
|L#ﬁqmmm—fansm&mh+m§:¢wwu;ﬁifﬁﬁ "
k=0

!
[k],!
k+llg+ika a/2 kol ke (2-a)/2
[nlg+p 2 [nlg+p
—k+1
X f Kg+e-la g™t = dgt f Kg+e-a dyt }
‘7( Tnlg+F ) ‘7( Tnlg+F )

[k+1]q+qku g/Z

= Dk(q)n(x)) [nlg+p 2
k(k-1)/2 4 Ak —k+1y
< f{nly 4 Y 0= o / ()17 )
e DE(u(x)) b o
— q
X (([n]q +B) kzz(; qk(k 1)/2[k—M (—x)f fq ( o dqt) }

a
[nlg+p

<M1+ L (-0 1 0) (£ Wg0,0) .

Taking 6,(x) = (L;(a’ﬁ )((t - x)%; Gns x)), as in (14), we get

1P (f; %) = FOO < MO ().

Thus, the proof is complete.

5. The Construction of the Bivariate Operators of Kantorovich Type

The aim of this part is to construct the bivariate extension of the operator (2), introduce the statistical
convergence of the operators to the function f and show the rate of statistical convergence of these operators.

f: C([O, 00) X [0, oo)) — C([O, o0) X [0, oo)) and 0 < gy, qu, < 1, let us define the bivariate case of operator
(2) as follows:
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LD Qs Gy, x,y) = (mly,, + )2l + ﬁ)

Ky (ki —1 %1 (o (x ky kz(kz 1)/2 qﬂz(¢”2 ke
xZZ ) g AL

kl Okz [k ]q’zl : [k ]q”Z
lky H]th +qu] a [k2+1]flnz +‘7‘:122“
[y lgny +f 121y +B k
=i 1+1 —ko+1 )
x f algn +h Balany *h @ f (q’“l t G s)dg,, b dg,,S- (17)
I [11Jgny +B Tny lnplgn, +B

In [9], Erkus and Duman proved the statistical Korovkin type approximation theorem for the bivariate
linear positive operators to the functions in space H,, .

Recently, Ersan and Dogru [8] obtained the statistical Korovkin type theorem and lemma for the
bivariate linear positive operators defined in the space H,, as follows

Theorem 5.1. [8] Let Dy, », be the sequence of linear positive operator acting from H,,(R2) into Cp(Ry), where
R, = [0, 00). Then, for any f € H,,,
st = lim [D,,,(f) — fll =

Lemma 5.2. The bivariate operators defined in [8] satisfy the following :

(D) Dy ny (fo; Gy Gnar X, Y) = Gy Ginas

.. [nl]qnl X
(i) Doy, (13 Gy Gz X, Y) = %%ml Y
[”2]%2 y
(i11) Doy, (25 G s Gy %, Y) = Gy l]nzmm,
[nllq [ - 1]q x2 [nl]q b
. . _ 3 ny ny ny
(lv) Dn1,r’l2(f3/ Anyr Gnys X, ]/) = Jn,Gn, [Vl T 1]2 (1 T x)(l + G, x) + GnGn, [7’[ T 1]2 (1 + x)
5 2]y, [n2 - 1]q,,2 e [7’12]%2 y
+qn qnz + Gn, Gny —2 .
(2 + 117, A+ A +4u,Y) [ma+11%, 1+y

In order to obtain the statistical convergence of bivariate operator (17), we need the following lemma.

Lemma 5.3. The bivariate operators defined in (17) satisfy the following equalities:
*(a B)

n1 1y (eo; Gnyr Gnys X, y) =1,
[r1] 1+ 2a)
(a ﬂ) nq q"l
1’11112 el nys nz,x +
(€15 G Gz, X, Y) = [y, + 12, (g, +B)
[1n2];,, gn, (1 + 2a)

-L;(a;f) e / nyrYn /x/ = 7
1, 2( 27 Gy s Gy ]/) [nz]q”2 +ﬁ.1/ [2]%2([”2]%2 +ﬁ)

[n],, [m(m)];, 2+[nlq,,l[mq,,l+qm(<1+3a>[21[,,,1+1)] g2.(1+ 3a + 30?)

@), _

Lo (€37 Qs e X0 Y) = L 31, (nl,, + PP Bl Oy, + PP
[l 0L, [y, [[31y,, + 31 + 30)[21,, +1)] (1430 +30)
([nl,, + P2 Bl ("1, + P2 YT Bl (g, + P

Proof. The proof can be obtained similar to the proof of bivariate operator in [8]. So, we shall omit this proof.
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Let g = (34,) and q = (gn,) be the sequence that converges statistically to 1 but does not converge in
ordinary sense, so for 0 < gy,,, gu, < 1, it can be written as

st —limg,, =st-limg,, = 1. (18)
m ny

Now, under the condition in (18), let us show the statistical convergence of bivariate operator (17) with the
help of the proof of Theorem 2.3.

Theorem 5.4. Let q = (q,,) and q = (qn,) be sequence satisfying (18) for 0 < qn,,qn, < 1, and let L;(ff ;1’32) be sequence
of linear positive operator from C(K) into C(K) given by (17). Then, for any function f € C(Ky X K1) € C(K X K) and
x € K1 XKy € KX K, where K = [0, 00) X [0, 0), Ky = [0, A] X [0, A], we have

st = lim 1| L50(F) = f llewssy= 0. (19)

Proof. Using Lemma (5.3), the proof can be obtained similar to the proof of Theorem 2.3. So, we shall omit
this proof.

6. Rates of Convergence of Bivariate Operators
Let K = [0, 00) X [0, o). Then the sup norm on Cg(K) is given by
Ifll= sup [f(x, ), f € Cs(K).

(x.y)eK

We consider the modulus of continuity w(f; 01, 02), where 61, 0, > 0, for bivariate case given by

w(f;01,62) = {sup |f (', y) — fx, I : (', y), (x,y) e Kand |x' —x| < 61, |y —yl < &2} (20)
It is clear that a necessary and sufficient condition for a function f € Cp(K) is

611%1;1’1 a)(f 61, 52)

and w(f; 61, 67) satisfy the following condition:

FO,3) = Fo )l < i1, 1+ ""5: x|)(1 L — ') 1)

for each f € Cp(K). Then observe that any function in Cg(K) is continuous and bounded on K. Details of
the modulus of continuity for bivariate case can be found in [2].

Now, the rate of statistical convergence of bivariate operator (17) by means of modulus of continuity
in f € Cp(K) will be given in the following theorem.

Theorem 6.1. Let q = (q,,) and q = (qn,) be sequence satisfying (18). So, we have

L F 5 Qs G X, 9) = £ 9 < d0(f; 3B, (), VB () ), (22)
where
[n1lg,, [m(m)]q,,l 2[m]y,, )
Oy () = -
) [ w([mly,, +B)° ([nl]qnl"'ﬁ)]x

(Imly, + BB, T2, mly, 4P |
72, (1 +3a + 3a?) J
31, (11, + B

[ mly, [Bly, + (1 +30)(20, +D] 29,1 +20)
[ (23)
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O L L I L1
gy, +p7 (2l +B)
[”2 qnz[[?’ g, T o (L +30)[2]g,, + 1)] 2, (1 + 2a)
712].7,,2 + ﬁ) 3]%2 [2]q,,2([n2]q,,2 +B)

72, (1 + 3a + 3a?) ]
+ 5 |
[3]%2 ([”2]%2 +P)

(24)

Proof. By using the condition in (21), for 6,,, 04, > 0 and n € IN, we get
x-(a ,5
nl ny (f q”l’qnzf'x ?/) f(x/]/)|
< LEDWFQ,y) = FC b Gy s X, Y)

“(a, 1 ap,
< w(f; 6m, (%), 5n2(y))(£n(1,f2)(fo;qnl,qnz,x, Y+ 6—£n(1,f2)(lx = X} Gy Gy X, y))
«(a, 1 @p, .,
X ('En(lofnﬁz)(fo’ q”l’ q”z’ X, y) + ELH(E(H@)('y - yll inr qnzl X, ]/))
If the Cauchy-Schwarz inequality is applied, we have

1/2 1/2
L = 2 G, Gy %, ) < (Ln(f' =2 Gy, G X, y)) (£Z(ff£’(fo; G, Gz X, y)) :

So, if it is substituted in the above equation, the proof is completed.

At last, the following theorem represents the rate of statistical convergence of bivariate operator (17)
by means of Lipschitz Lipy(a1, a2) functions for the bivariate case, where f € Cp[0,0) and M > 0 and
0 <aj £1,0 < ap <1, then let us define Lipp(as, az) as

O y) = fyl <MY =%y —yI™; Vx,xy,y €0, 00).
We have the following theorem.

Theorem 6.2. Let g = (qy,) and q = (q,,) be sequence satisfying the condition given in (18), and let Lipp(a, ar2),
x>0and0< a1 <1,0<a, <1. Then

LD Qs G %) = £, )] < MR (0) 6272(y), (25)

where 8,,(x) and 6,,(y) are defined in (23), (24).

Proof. Since L;(l‘f,ﬁ)( fGm,qn, X, y) are linear positive operators and f € Lipy(a,a2), x 2 0and 0 < a3 <
1,0 < ap £ 1, we can write

L F G G %) = FEWI < LD, ) = £ YLy, G X, )

< ML =Xy = Y1 Gy, Gy X, )
_ *(a,B) r +(a,B) /02,
- M-Lnl,nz (|x x| /qnlz anrx y) ‘Lnl 1y (ly ]/| /qnll ‘]nzlx/ y)
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If we take p; = [%1, p2 = [%2, g1 = ﬁ, g2 = ﬁ, applying Holder’s inequality, we obtain

“(af) C@P) (s a R wap) Granf2
| Loy (F5 Gy Gnas X, ) = f(, )] < (llm,hz ((x = )" g Gnas X, y)) (Lm,;qz (fo;qnl,qnz,x,y))

“@f) az/2 (@ f) (2-a2)/2
X ("Enl,}/’lz ((y, - y)az; in/ quz/ x/ y)) (£n1,1/’l2 (fo; 1/]111/ ql’lzl x/ y))

= M8, 20007 (w).
Which is the required result.

Conclusion

Our proposed family of integral operators .L:l(a’ﬁ ) are generalization of summation-integral type operators.
The results established here are more general rather than the results of any other previous proved lemmas
and theorems. The strong convergence in weighted spaces is highlighted and Bivariate generalization also
established for said operators. Some special cases are also considered. Problems considered in this paper
may open further research opportunities in these fields. The researchers and professionals working or
intend to work in the areas of analysis and its applications will find this research article to be quite useful.
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