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Inverse Mapping Theory on Split Quaternions in Clifford Analysis

Ji Eun Kim?, Kwang Ho Shon*"

“Department of Mathematics, Pusan National University, Busan 609-735, Republic of Korea

Abstract. We give a split regular function that has a split Cauchy-Riemann system in split quaternions
and research properties of split regular mappings with values in S. Also, we investigate properties of an
inverse mapping theory with values in split quaternions.

1. Introduction
The set of split quaternions introduced by Cockle [4] in 1849 is as follows:
S=z=xg+xi+xj+xk|xeR, r=0,1,23},

where > = -1, j2 = k¥ = 1 and ijk = 1. Unlike a quaternion algebra, the set of split quaternions is non-
commutative and contains zero divisors, nilpotent elements and non-trivial idempotents [20]. Recently,
since split quaternions are used to express Lorentzian rotations, there are studies on geometric and physical
applications of split quaternions require solving split quaternionic equations such as [2, 9, 17, 20]. Kula
et al. [17] defined dual split quaternions and gave the screw motion in R?, using the properties of the
Hamilton operators. They showed that quaternions have a scalar product that allows as to identify it with
semi Euclidean. Lian et al. [18] established the formulas of the maximal rank of a matrix with variant
quaternion matrices subject to linear matrix equations. Song et al. [24] studied the iterative solution to the
coupled quaternion matrix equations and determined the existence conditions of solution to the coupled
quaternion matrix equations, by making use of a generalization of the classical complex conjugate graduate
iterative algorithm.

Inverse function theorem is presented by a variety of views. The history of inverse function theorem
is attributed to R. Descartes on algebraic geometry, J. L. Lagrange on real power series, A. L. Cauchy on
complex power series, and U. Dini on functions of real variables and differential geometry. Further there
are some developments of inverse function theorem in differentiable manifolds, Riemannian geometry,
partial differential equations, and numerical analysis. Krantz et al. [16], Dontchev et al. [6], Hurwicz et
al. [10], and Scarpello [23] intend to present many variants of the inverse function theorem, complete with
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proofs and applications to algebra, differential geometry, functional analysis, and to many other branches
of mathematics. Complex variables versions of the theorems can be seen in Krantz et al. [16] and Burckel
[3]. Oliveira [19] presented simple proofs of inverse function theorem on a finite-dimensional Euclidean
space that employ only the intermediate value theorem and the mean value theorem.

We [12-14] researched corresponding Cauchy-Riemann systems and properties of a regularity of func-
tions with values in special quaternions on Clifford analysis. Also, we [15] gave a regular function with
values in dual split quaternions and relations between a corresponding Cauchy-Riemann system and a
regularity of functions with values in dual split quaternions.

In this paper, we give a split regular mapping that has a split Cauchy-Riemann system on split quater-
nions and research the inverse mapping of a regular mapping in split quaternions. And, we investigate
properties of split regular mappings, defined on a bounded open setin S X S.

2. Preliminaries
The split quaternionic field S is a four dimensional non-commutative IR-field generated by four base
elements ¢y, e1, e; and e3 with the following non-commutative multiplication rules (see [17]):

e%z—l, e%zeézl, ejex = —exej, ej=—e; (j#k,j#0,k+0),

€16y = €3, €203 = —€1, €361 = €3.

The element ¢ is the identity of S and e; identifies the imaginary unit i = V-1 in the C-field of complex
numbers. Split quaternions z and w are given by

3 3
z= Zx,er =2Z1+ 2060, W= E Yrey = W1 + woey,
r=0 r=0

where x, and y, (r = 0,1,2,3) are real numbers and z; = xp + x1€1, 22 = X + X361, W1 = Yo + yie1 and
wy = Y + yzeq are complex numbers in C.
From the representations of z; (k = 1,2), we have exzy = Ze, (k = 1,2) and we identify S with C2.

The split quaternionic conjugate z*, the modulus N(z) and the inverse z™! of z in S are defined by the

following:
3
zZ'= Z
0

rXr = 21 — 2262,

x

"
2,.2 .2 .2 2 2
N(z) = zz* =Xy +Xx]— X, —xg = |z1]° = |z2l,

gz
"~ N(2)

(N(@z) # 0).

We use the following differential operators:

d d d d

=— —6—, = = teér—,

071 e 0z J71 e 02>

0 0 0 0
Dw::—— -, D:():_—+ —
8101 ‘2 8’602 8’(,01 e 8w2

where 0/9z,, d/dz; (r = 1,2), d/dw, and d/dw, (r = 1,2) are usual differential operators used in complex
analysis. Then
02 92 22 22

D.D; =D;D, = —— - ———, D,D;, =D;,Dy, = — — —
e s (921321 (922822 wTw wew &w18w1 31028602
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are the Coulomb operators (see [5]).

Let QO = O X (), be a bounded open set in S X S. We consider a function f, defined on ) and with
values in S:

f=fi+ fe
(zw)eQ b f(z,w) = filz,w) + fa(z,w)e; € S,

where fi(z,w) (k = 1,2) are complex-valued functions, z and w are elements of S. For example,
flz,w) =zw = fi + fres,
where fi = ziw; + 2w, and f, = zyw; + zW.

Remark 2.1. Let QO = Oy X () be a bounded open set in S X S and a function f be defined on ) and with values in
S. Then

P o of of  If ofi dhy\ (9f  Ifi
D f(z,w) = ( )(fl + fae2) = _1 3_—2 ete 3—1 a_zz 2T (821 8z§)+(8zj 32:)
- 0,0\ 9h ok, . 0k b _(h Ohy Ok K
f(Z,ZU)Dw = (f1 +f2€2)(a—w_1 + 628—w_2) = a—w_l aw1 h + € 3w2 + a—w_z = (8w_1 + aw—2) + (awl + w- )

Definition 2.2. Let Q = () X Oy be a bounded open set in S X S. A function f(z,w) = fi(z,w) + fa(z, w)ey is said
to be split reqular in Q) if the following two conditions are satisfied:

(i) fi(z, w) and fr(z, w) are continuously differential functions in Q, and

(ii) D; f(z,w) = 0 and f(z,w)D;, = 0in Q.

Remark 2.3. From the equations D} f(z) = 0 and f(z)D;, = 0, we have

ofh  df  Ifr &fl

. I0n' Jm onm
h _ 9k 9f _ _Jh
(%U_]_ 8w_2' 3w1 B 81,{)2'

The above system is called the split Cauchy-Riemann system for f(z) with values in S.

Proposition 2.4. Let Q) = Oy X Qy be a bounded open set in S X S. If f(z,w) = fi(z,w) + fa(z, w)e, and
9(z, w) = g1(z, w) + ga(z, w)ey are split reqular functions in QQ, where fi, fo, g1 and g, are complex-valued functions
and not real-valued functions, then

(i) af + by is a split reqular function in (3, where a and b are real constants,

(ii) There exists a constant ¢ = ¢y + caep in S such that fc and cf are not split regular functions in (),

(iii) fg is not necessarily a split reqular function in Q.

Proof. (i) Since f and g are split regular functions in ), we have

Dif+g)=D.f+D;g=0, (f £9)D; = fD;, + gD;, = 0.
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Therefore, by the definition of a split regular function in Q, af + by is a split regular function in Q.
(ii) By the multiplication rule of split quaternions, since

fl 3f2 3f2 &fl ( f af1 af1 af2)

Qo g, Yo, T\aos Tags tag, T,

D; (Cf)_Cl

and

dfi szc 19sz N aflc +(3fz Ifi dfi f _)Ez,

oDy = gmar+ g0+ gt t ga (G at 5o+ 5 at s o

where ¢; # 0 or c; # 0, we have D;(cf) # 0 and (fc)D;, # 0. By the definition of a split regular function in
Q, cf and fc are not split regular functions in Q. For example, let ¢ = e;. Then

ofi Ih ofH If
(s oy (4 2

Dxef) = 071 0z 0z

Since f; and f, are complex-valued functions, not real-valued functions, we have D}(cf) # 0. Therefore, cf
is not a split regular function in Q.

(iif) We give a count-example for the statement (iii). Let f(z,w) = z # 0 and g(z,w) = z # 0. Then f and g
are split regular functions in Q, but since

d 0
D;(f(z, w)g(z, w)) = Di(z 2) = (—1 + ezaz_){(z1 + 2577) + (2120 + 20Z1)ex} = z2ep + €220 # 0,

f(z, w)g(z, w) is not a split regular functionin Q. O

3. Split Regular Mappings
Definition 3.1. Let Q) = Oy X ), be a bounded open set in S X S and let F = (f,g) : Q — S X S such that
F@z,w) = (f(z,w), g(z,w)).

Then F is called a split reqular mapping if all its components f and g are split reqular functions in Q, where
f=f+ ferand g = g1 + goey with fi and g (k = 1,2) are complex-valued functions in Q. That is, each components
of F(z, w) are satisfied the equation D,f =0, D;g =0, fD;, = 0 and gD}, = 0 in Q.

Example 3.2. Let QO = Oy X QO be a bounded open set in S X S and let
F=(f9:Q— SxS.

Suppose
Fz,w) = (zw, z + w) = (f(z,w), g(z,w))

is a mapping, where f(z, w) = zw = fi+ frep and g(z, w) = z+w = g1+ goex With f = zyw1 +2Wy, fr = zZ1Wr +22W1,
g1 =21 +w and g, = zp + wy. Since Df =0, D;g =0, fD;, = 0 and gD}, = 0 in Q, F is a split reqular mapping
in Q.

Definition 3.3. Let Dy and D, be bounded domains in S X S. If a split regular mapping F = (f,g) : D1 — Dy is
bijective and the inverse mapping F' : Dy —> Dy is split reqular, then F is called a split bireqular mapping in Dj.
In this case, we say that the domains D1 and D, are split biregularly equivalent.
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Theorem 3.4. [Real version of inverse mapping theorem] [1]. Assume A = (A4, ..., Ay) € C, on an open set S in R”,
where C is a set of differentiable and continuous functions, and let T = A(S). If the jacobian determinant J,(a) # O for
some point a in S, then there are two open sets X C S and Y C T and a uniquely determined function p such that

(i) ae Xand Aa) €Y,

(i) Y = A(X),

(iii) A is one-to-one on X,

(iv) pisdefinedonY, u(Y) = X, and pu(A(x)) = x for every x in X,
(v) ueConl.

Theorem 3.5. Let QO = Oy X Q) be a bounded open set in SX Sand F: Q — S X 8 be a split reqular mapping
defined in an open neighborhood of a point (z°,wP). For a point (z°,w®) € Q and its image F(z°, wP), if det Jr(z°, w")
does not vanish, then F is a split bireqular mapping from an open neighborhood of (z°, w®) onto an open neighborhood
of F(z°, w®), where

oh oK O Of
321 822 8w1 sz
0 0 &Zl 822 8w1 8w2
detJr(z',w") =
821 822 3ZU1 aZ/UQ
% 992 992 9%

o0z 1 a_Zg awl awz (2°,u0)

g Jug Jug  Jug  Jug Oy g Ity
3JCO 8x1 8X2 8x3 8y0 8y1 ayz 3y3

din dm dn Jw Ji dih din din

8x0 83('1 8x2 &X3 Byo &yl &]/2 &]/3

auz % Buz % 8u2 % (9u2 &Mz

3JCO 8x1 8)(2 8X3 8yo &yl 8y2 3y3

% Jdus Jdus Jduz Jus Jdus Jduz Jdus

dxg ox Ox, O0x3 Iy Iy Iya Iys
Jn Jdm J Iy I I Iv I
33C0 8x1 8x2 8X3 8y0 &yl ayz 3y3

do dou dn du du Ju du do

axg 83('1 8x2 83(3 Byo &]/1 &]/2 &y3

oy Oy Oy O vy U2 U2 I

3x0 Bxl 8x2 8x3 8y0 &yl 8]/2 3y3

% % dvs duvy dus Jdus dus  Jdus
axg 8x1 axz 83(3 Byo &]/1 3]/2 8y3 0,0 .0 .0 0.0 .0

0
(X020 X033, Y0, Y5 Y5 Y3)-
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Proof. We will refer processing proofs of Kaup [11] and Field [7]. From Theorem 3.4 and the definition of
a split biregular mapping, there exist a local inverse mapping G = (p,q) : F(QQ) — () defined in an open
neighborhood of F(z°,w"). Now, we show that G is a split regular mapping in an open neighborhood of
F(z% w). Since (z, w) = G(F(z, w)) is a split regular mapping in Q, we have

0= Di(z,w) = DiG(F(z,w)) = DiG(f(z, ), g(z,w)) = Di(p(f(z, w), g(z, ), 4(f &, w), g(z, w)))
= (Dip(f(z,w), 9(z,w)), Diq(f(z, w), g(z,w))) = ((Dp)DLf) + (Dip)(Dig), (Dig)(D:f) + (Dig)(Dig)).
In detail,

o I Iy (I Iy \Of | OFy . (Of  Ifi
O @0 = (G2 +5)+ G2+ 53 + )+ (G + 5

opr I\, df 82 op1 Idpa\,dfr 81
<”+P><f Py (2 T2y oL oy,

Js1  ds/\dz1 0z ds1  dsy/\dzq * 0z
sz 8p1 Bfl 8f2 (9]92 8p1 8f2 Bfl
* (851 * 852 )( (921 (9Z2 )e * <8§ * (952 )((921 aZZ )’

. X 0 op, 0 op1 0 72 0 dn
) O) = (B2 + 52)+ (F2 + G l{(52 + 52) + (B + 5]

L NG+ )+ (2 TG + e

ot o /\dz;  0dz» ot dt, '\ dzy T on 02y
(9}92 apl 8% 892 apz (9}71 agg 8g1
- (8t - ot )< 071 - 0z )6‘ - (81- " b )( 0z - aZZ)
T T fi dfay (0fr Ofi
O ©:) = (2 +52)+ (2 + D+ L)+ (2 + L))
B 3‘71 I\ Ofi  dfy (O ;v\ Ofs  Ofi
B <(9_§ * &Sz )((921 * B_Zz) M ((9_5_1 * &Sz )<821 * 822)
3Q2 3q1 8f1 &fz &QQ 8q1 3f2 8f1
* <851 * 832 )(821 * 822)6 * (851 * 352 )<821 * 822)

d dg, d dgi d dgs d dgr
@i ) = (52 + 50+ (G + 5o)ell(G5 + 50) + (2 + )l

ﬂﬂx% )+ (S SEY S+ 20)

BH ot '\ dz| * 0z ot '\ dz1 * 0z ©
an 3q_1 ag_1 8g2 8qZ 3q_1 agz 8g1
(a_ﬁ * a—b)(g Yo% =)ot <a_a * a—tz)(g + 3—2—2)1

where
p(f(z, w), g(z,w)) = p(f, 9) = p1(f, 9) + p2(f, Pe2, 4(f(z, w), g(z, w)) = q(f, 9) = q1(f, 9) + 92(f, 9e2,
5= f(Z/ w) = fl(er) + fz(er)ez

with s; = fi(z, w) and s, = fo(z, w); Also, t = g(z, w) = g1(z, w) + ga(z, w)ex with 1 = g1(z, w) and tr = ga(z, w).
Also, we have

0= (zw)D;, = G(F(z,w))D;, = G(f(z,w), 9(z, w))D;, = (p(f(z,w), 9(z, w)), 4(f(z,w), 9(z, w)))D,
= (P(f(z, w), g(z,w))Dl, 4(f(z,w), gz, w))Ds,) = (pD; fD}, + pD; gD, qD: 4D}, + qD; gD, ).
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G PG 72+ G S

(952 (951 352 ¢ 8w1 8w_2 8?,{]1 87,{)2

- <§—Z_j BN 2R (L 2y
(BB e 2 By
000 @00 = (2 + Z2)+ (T + T + 52 + (52 + 30 )e)
(G + TG0+ S e (32 + TS + 22,
an

@Dy (fD;) = {(5=

r S+ (G el + )+ (4 )

Jds1  ds;)  \Os; 9%, Jwr | dw,)  \dw,  dw,
- (R S+ ) (R NSRS
G2+ YLy oo (W Ty 2 2
@D 6D = (32 + 22)+ (52 + TG + 52) + (52 + e
(5 S+ ok (G SN )

Since f and g are split regular functions in £, by the equation (1), we have

Dip(f(z,w), g(z,w)) = p(f(z,w), 9(z,w))D;, = 0,

Diq(f(z,w), g(z, ) = q(f(z,w), gz, w))D;, = 0.

1889

From the properties of split regular functions and Proposition 2.4, regardless of the split regularity of f and
g, Dip, Diq, pD;, and gD;, should be vanished in Q. Therefore, G is a split regular mapping in an open

neighborhood of F(z°, w?).

a

Example 3.6. Let Q be a bounded open set in Sx Sand let F: Q — S x 8. Consider a mapping on Q and with

valuesin S X S:

F(z, w)

=(z+w,z—w) = ((z1 + w1) + (22 + Wa)ea, (21 — W1) + (22 — Wa)e2).



J. E. Kim, K. H. Shon / Filomat 30:7 (2016), 1883-1890 1890

Then F is a split reqular mapping defined in an open neighborhood of a point (0,0). For the point (0,0) € Q and its
image F(0,0), we have

10 0 0
01 0 0

det J¢(0,0) = #0.
00 -1 0
00 0 -1

(0,0)

Then a local inverse mapping G = (p,q) : F(Q) — Q, defined in an open neighborhood of F(0,0), such that
G(r,t) = (p(r, 1), q(r, 1)) = (%(r +1), %(r - t)) is split reqular in an open neighborhood of F(0,0), where (r,t) € F(Q).
Therefore, F is a split biregular mapping from an open neighborhood of (0, 0) onto an open neighborhood of F(0,0).
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