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Generalized Hyers-Ulam Stability of Cubic Functional Inequality

Hark-Mahn Kim?, Eunyoung Son?

*Department of Mathematics, Chungnam National University, Korea

Abstract. In this article, we investigate the generalized Hyers-Ulam stability of a cubic functional in-
equality in Banach spaces and in non-Archimedean Banach spaces by using fixed point method and direct
method, respectively.

1. Introduction

The first stability problem was raised by S.M. Ulam [27] during his talk at the University of Wisconsin
in 1940.

Let G be a group and G’ a metric group with metric p(-,-). Given € > 0, does there exist a number 6 > 0 such
that if f : G — G’ satisfies p(f(xy), f(x)f(y)) < 0 forall x,y € G, then a homomorphism h : G — G’ exists with
p(f(x),h(x)) <€ forall x € G?

In the next year, D.H. Hyers [14] have presented a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’ theorem was generalized by T. Aoki [2] for additive mappings and by
Th.M. Rassias [24] for linear mappings by considering an unbounded Cauchy difference. A generalization
of the Rassias’ theorem was obtained by P. Gavruta [9] by replacing the unbounded Cauchy difference by
a general control function in the spirit of the Rassias” approach. The Hyers-Ulam stability of the quadratic
functional equation f(x+y)+ f(x—y) = 2f(x)+2f(y) was first proved by F. Skof [26] for functions f : E; — E»,
where E; is a normed space and E; is a Banach space. P. W. Cholewa [5] noticed that Skof’s theorem is also
valid if E; is replaced by an abelian group. In 1992, S. Czerwik [6] proved the generalized Hyers—Ulam
stability of quadratic functional equation in the spirit of Rassias approach.

A. Gilanyi [10] and J. Rétz [25] proved that for a function f : G — E mapping from an abelian group G
divisible by 2 into an inner product space E, the functional inequality

12f(x) +2f(y) = fey D <Nl vy €6) 1)
implies the Jordan—von Neumann functional equation
2f(@) +2f(y) = fap) + fxy™) (Y €GC).

W. Fechner [8] and A. Gildnyi [11] have investigated the generalized Hyers—Ulam stability of the
functional inequality (1). Park et al.[23] have proved the generalized Hyers-Ulam stability of functional
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inequalities associated with Jordan-von Neumann type additive functional equations, and Y. Cho and H.
Kim [3] have proved the generalized Hyers—Ulam stability of functional inequalities with Cauchy—Jensen
additive mappings. Recently, H. Kim, K. Jun and E. Son [19] have established the generalized Hyers—Ulam
stability of quadratic functional inequality in Banach spaces and in non-Archimedean Banach spaces.

In 2002, K. Jun and H. Kim [15] established the general solution and the Hyers-Ulam stability of the
following cubic functional equation

fCx+y)+ fCx—y) =2f(x+y) + 2f(x —y) + 12f(x) ()

in linear spaces and every solution of the cubic functional equation (2) is said to be a cubic mapping. If f is
cubic, then we see from [15] and [16] that (2) implies the following functional equation

fx+y+2)+ fx+y—2)+2f(x) +2f(y) —2f(x + y) — f(x + 2) — f(x — 2)
—fly+2)-fly-2)=0

and so

fCx+y+2)+16f(x) +2f(y) —2f2x+y) — fRx+2) - f(2x — 2)
—fly+2)-fly-2)=—-f2x+y-2).

Thus, we now consider the following functional inequality

If@x+y+2z)+16f(x) +2f(y) —2f2x + y) — f(2x +2) — f(2x — 2)
—fly+2)— fly-2I <lIfx+y -2l ®3)

in normed linear spaces. As a result, we can easily prove that if a mapping f : X — Y satisfies the functional
inequality (3), then f is cubic. In this paper, we make an attempt to establish the generalized Hyers—Ulam
stability of cubic functional inequality (3). In Section 2, we investigate the generalized Hyers—Ulam stability
of the functional inequality (3) in Banach spaces by using fixed point method. In Section 3, we establish
the generalized Hyers—Ulam stability of the functional inequality (3) in Banach spaces by using direct
method. In Section 4, we prove the generalized Hyers—Ulam stability of the functional inequality (3) in
non-Archimedean Banach spaces by using fixed point method. In Section 5, we investigate the generalized
Hyers-Ulam stability of the functional inequality (3) in non-Archimedean Banach spaces by using direct
method.

2. Stability of (3) by Fixed Point Method

In this part, assume that X is a normed space and that Y is a Banach space. Now, we are going to inves-
tigate the stability of the functional inequality (3) in Banach space by using fixed point method. We recall
that a fixed point theory investigates the existence and uniqueness of fixed points under some conditions
for operators on abstract spaces. A classical Banach contraction principle is one of the fundamental results
in the fixed point theory, and then several authors have studied to generalize and improve the fixed point
theory by applying new contractive conditions for operators and by replacing complete metric spaces with
various abstract spaces (see e.g. [1],[7],[18],[22]).

Theorem 2.1. Let ¢ : X3 — [0, o) be a function such that there exists 0 < L < 1 with

xyz _L .
p(2x,2y,2z) < 8Lo(x, y, 2), ((p(z, g, E) < g(p(x, v,2), respectwely) 4)
forall x,y,z € X. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality

If@x+y+z)+16f(x)+2f(y) —2f2x+y) — f(2x +2) — f(2x — 2)
—fly+2) = fly-2) <llf2x+y -2l + p(x,y,2) (5)
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for all x,y,z € X. Then, there exists a unique cubic mapping T : X — Y given by T(x) = limy e g f(2")
(T(x) = limy o0 8" f(5), resp.) such that

IF0) = T € £l ~23,0), ©

L
(”f(x) - T(X)” < m(p(x, -2x, 0), resp.)
forall x € X.

Proof. Letting y = —2x and z = 0 in (5), we obtain

116/ (x) = 2f (20l < ¢(x, =2x,0) (7)
for all x € X. Dividing by 16 in (7), we obtain

1£6) — 5@ < 7p(x, 25,0 ®

all x € X.
Consider the set

S:={h:X - Yh0) =0}
and introduce the generalized metric on S:
d(g,h) = inf{p € [0, 00) : |lg(x) — h(2)I| < pp(x, —2x,0), Vx € X},
where, as usual, inf ¢ = +o0. It is easy to show that (S, d) is generalized complete metric space (see the proof
of Theorem 3.1 of [17]). Now we consider an operator | : S — S defined as
o) = 5920, ges,
for all x € X. Let g, h € S be given such that d(g, h) < €. Then
llg(x) = h()Il < e(x, —2x,0)

for all x € X. Hence
1 1
1Jg(x) = JhColl < 1l 79(2x) = 720l < eLg(x, —2x,0)
for all x € X. So d(g,h) < € implies that d(Jg, Jh) < Le. This means that

d(Jg, Jh) < Ld(g, h)

forall g,h € S. Thus | is a strictly contractive mapping with Lipschitz constant L, and it follows from (8) that
d(f,]f) < 1. By the fixed point theorem [20], there exists a mapping T : X — Y satisfying the followings
(1),(2) and (3):
(1) T is a fixed point of J, i.e.,

T(2x) = 8T(x) )
for all x € X. The mapping T is a unique fixed point of | in the set

M={geS:4d(f,g) < oo}.
This implies that T is a unique fixed point of | such that there exists a u € (0, o) satisfying

I1f () = TNl < pep(x, —2x, 0)

forall x € X;
(2)d(J"f,T) — 0 as m — co. This implies the equality T(x) = lim;—e % f(@"x) forall x € X;
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) d(f,T) < 1= Ld( £ 1) < e 16L, which implies that the inequality (6) holds.
Now, we show that the mapping T is cubic. It follows from (4) and (5) that

IT2x +y +z) +16T(x) + 2T(y) — 2T(2x + y) - T(2x + z) - T(2x — 2)
~T(y +2) = T(y =2l
<|Tx+y—-2)| + 7%1_r>r010 Simqo(zmx, 2"y, 2"z)
<IT@x+y -2+ nlllggo L"p(x,y,2)
= IT@x+y -2
for all x, y,z € X. Therefore, the mapping T : X — Y is cubic, as desired. [

We obtain the following corollary concerning the stability for approximate cubic mappings controlled
by a sum of the same powers of norms.

Corollary 2.2. Let 6 > 0 be a real number and p a positive real number with p # 3 . If a mapping f : X — Y with
f(0) = 0 satisfies the inequality

If@x+y+2z)+16f(x) +2f(y) —2f(2x + y) — f(2x +2) — f(2x — 2)
—fly+2) = fly—2l <If2x +y =2l + OIxII" + llyll” + llzIl")

forall x,y,z € X, then we can find a unique cubic mapping T : X — Y satisfying the inequality

1) = Tl < 1+ 2

forall x € X.

3. Stability of (3) by Direct Method

We prove stability problem of the cubic functional inequality (3) with perturbed control function ¢. In
this section, let X be a normed space and Y a Banach space.

Theorem 3.1. Let ¢ : X3 — [0, o) be a function such that

(e8]

Z é(p(zix, 2'y,2'7) < o0, (Z SZl(p(;Z zyz 221) < 0o, resp) (10)

i=0 i=1

forall x,y,z € X. Suppose that a mapping f : X — Y satisfies the functional inequality

If@x+y+2z)+16f(x) +2f(y) —2f2x + y) — f(2x +2) — f(2x — 2)
—fly+2) = fly-2DI < lIf2x +y -2l + ¢(x,y,2) (11)

for all x,y,z € X. Then, there exists a unique cubic mapping T : X — Y given by T(x) = limy e g f(2")
(T(x) = limy o0 8" f(5), resp.) such that

If(x) - f(— S T@l < — Y 8lgo(21x ~2*1x,0), (12)

(1) - TEol < 12 Z{ S (5, 2%,0), resp)

forallx e X.
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Proof. Letting y = —2x and z = 0 in (11), we obtain
116f(x) = 2f(2x) = f(O)II < p(x, =2x,0) (13)

for all x € X. If we put f (x) = f(x) - then it follows from (13) that

14’

116£(x) - 2f 20l < @(x,—2x,0) (14)
for all x € X. Dividing by 16 in (14), we obtain

1760~ 52 < 7, 25,0 (15)

for all x € X. Therefore we prove from inequality (15) that for any integers m, [ with m > 1> 0

‘V@m f2mx)

-1

3

el - o fe

1D1

Sm
m—1 1
< Zg"f(z’x) f2’+1x)
i=l
< lm_ll(p(zl —2*1x.0) (16)
T 1648 ’

i=

f(zmx)
8"(

} converges

for all x € X. Since the right-hand side of (16) tends to zero as | — co, we obtain that the sequence {

fem
8?]’1

}is

Cauchy for all x € X. Because of the fact that Y is complete, it follows that the sequence {
in Y. Therefore, we can define a mapping T: X — Y as

00 = tim 220 _ jiy £

7
m— oo m m—ooo &M

e X.

Moreover, letting I = 0 and taking m — oo in (16), we get the desired inequality (12). It follows from (10)
and (11) that

IT2x +y +z) + 16T (x) + 2T(y) = 2T(2x + y) = T(2x + z) — T(2x — 2)
~T(y+2) - T(y -2l
<|Tx+y—2)ll + nlgr‘}o 8%@(2’"9(, 2"y, 2"z)
= IT@x +y -2
for all x, y,z € X. Therefore, the mapping T : X — Y'is cubic.
Next, let T’ : X — Y be another cubic mapping satisfying (12). Then, we have

IT(x) = T ()l

1 1.,
gtr(zkx) - gzr (2%x)

f(0) f()

< é{IIT(ZI‘X)—J‘(ka)+ =+ 11f2%%) ~ -T2l

o]

) 116 Z 811+k(p( i+kx, _2i+k+1xl 0)}]

i=0

_ %Z Sl(p(le _2itly, 0)

IA

for all k € N and all x € X. Taking the limit as k — oo, we conclude that T(x) = T’(x) forallx € X. O
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We obtain the following corollary concerning the stability for approximate cubic mappings controlled
by a sum of different powers of norms.

Corollary 3.2. Let 6; > 0 be a real number and p; a positive real number with p; <3 orp; >3 foralli=1,2,3. Ifa
mapping f : X — Y satisfies the inequality

If2x+y+z)+16f(x) +2f(y) —2f2x + y) — f(2x + 2) — f(2x — 2)
—fy+2) - fly -2 < llf@x+y -2l + O1llxI* + O2lyll™ + Os]lz]l”
forall x,y,z € X, then we can find a unique cubic mapping T : X — Y satisfying the inequality

£(0) 04 2P0,
- - < P1
Ilf(x) Tl < 2|8—2F’1|”x” + 38— 2]

12
” Il

forallx € X.

4. Stability of (3) in Non-Archimedean Spaces by Fixed Point Method

We recall that a non-Archimedean valuation in a field K is a function | - | : K —[0, c0) with

(@) Irl = 0if and only if r = 0;

(ii) |rs| = |rl|ls| forallr,s € K;

(#ii0) |r + s| < max{|r|,|s|} forallzse K.

Any field endowed with a non-Archimedean valuation is said to be a non-Archimedean field; in any
such field we have [1| = | — 1| = 1 and |n| < 1 for all nonzero integers n € Z.

Definition 4.1. Let X be a linear space over a field K with a non-Archimedean non-trivial valuation | - |. A function
I -1l : X —=[0, 00) is said to be a non-Archimedean norm if it satisfies the following conditions:

(@) llx|l = 0 if and only if x = 0;

(@) llrx|| = I7lllxll, forallr € Kand x € X;

(iid) llx + yll < max{|lx|, llyll}, forallx,yeX.
Then (X, || - 1) is called a non-Archimedean space.

Definition 4.2. Let {x,} be a sequence in a non-Archimedean normed space X.

(1) A sequence {x,} | in a non-Archimedean space is a Cauchy sequence if the sequence {x,+1 — X}, converges
to zero.

(2) The sequence {x,} is said to be convergent if, for any € > 0, there are a positive integer N and x € X such that

llx, — x|l < &, ¥n > N.

Then the point x € X is called the limit of the sequence {x,}, which is denoted by lim,_,« X, = x.
(3) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is called a non-
Archimedean Banach space.

In 2007, M.S. Moslehian and Th.M. Rassias [21] proved the generalized Hyers-Ulam stability of the
Cauchy and quadratic functional equations in non-Archimedean normed spaces. Some papers ([4],[12],[13])
on the stability of various functional equations and inequalities in non-Archimedean normed spaces have
been published after their stability results.

In this section, assume that X is a non-Archimedean normed space and that Y is a non-Archimedean
Banach space. Now, we are going to investigate the stability of the functional inequality (3) in non-
Archimedean Banach space by using fixed point method.

Theorem 4.3. Let ¢ : X3 — [0, o) be a function such that there exists 0 < L < 1 with

xyz L
@(2x,2y,2z) < |8|Lp(x, v, 2), ((p(z, X 2) < |8|(p(x, v,2), resp.) (17)
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forall x,y,z € X. Suppose that a mapping f : X — Y with f(0) = 0 satisfies the functional inequality

If@x+y+z)+16f(x)+2f(y) —2fRx+y) — f(2x +2) — f(2x — 2)
—fly+2) = fly =2l < If@x+y =2l + ¢(x,y,2) (18)
for all x,y,z € X. Then, there exists a unique cubic mapping T : X — Y given by T(x) = limy e g f(2")
(T(x) = limy 00 8" f(5), resp.) such that

”f(x T(x ” = L(P(x/ —-2x, O)r (19)

<1
|16l - 16]
L
(1f ) - Tl < e e ¥ 200 resp.)
forall x € X.

Proof. Letting y = —2x and z = 0 in (18), we obtain
116£(x) = 2f20)ll < p(x, =2x,0) (20)
for all x € X. Dividing by |16 in (20), we obtain

1
17 - gf@I<

all x € X. Applying the similar argument to the corresponding proof of Theorem 2.1 on the complete
generalized metric space (S, d), we get the desired result. [J

|(p(x —2x,0) (21)

We obtain the following corollary concerning the stability for approximate cubic mappings controlled
by a sum of the same powers of norms.

Corollary 4.4. Let 0 > 0 be a real number and p a positive real number with p # 3 . If a mapping f : X — Y with
f(0) = 0 satisfies the inequality

If2x+y+2z)+16f(x) +2f(y) —2f2x + y) — f(2x +2) — f(2x — 2)
—fy+2) - fly -2 < lf2x+y -2l + O(xI” + [[yllP + ||zI)
forall x,y,z € X. Then we can find a unique cubic mapping T : X — Y satisfying the inequality
1/ (x) =TIl <

forallx € X.

0
W(l + [2)]|x|P

5. Stability of (3) in Non-Archimedean Spaces by Direct Method

We prove the stability of the functional inequality (3) in non-Archimedean Banach space by direct
method. In this section, assume that X is a non-Archimedean normed space and that Y is a non-Archimedean
Banach space.

Theorem 5.1. Let ¢ : X3 — [0, o) be a function such that

m m m : m i y
Jim @5 202 =0, (lim 0"0( 53 5) = 0 vep) =
forall x,y,z € X and
P(x) = lim max {ﬁ(p(ka, 21y, 0):0<k < m}, (23)

((p(x) = hm max{|8|k ( 1<k<m+ 1}, resp.)

2k’ k- 1’0)'
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exists for all x € X. Suppose that a mapping f : X — Y satisfies the functional inequality

If@x+y+z)+16f(x)+2f(y) —2f2x+y) — f(2x +2) — f(2x — 2)
~fly+2) = fly =2l < lf@x+y -2+ (v, y,2) (24)
for all x,y,z € X. Then there exists a cubic mapping T : X — Y defined as T(x) = limy—co g7 f(2"x) (T(x) =
limy, 00 8" f(53), resp.) such that

1fG) - Tl < %@(x), (25)

(150 - 52 = TN < o, resp)

for all x € X. Moreover, if

lim lim max {ik(p(ka, 2y 0):I<k<m+ l} =0, (26)

|—00 M—>00

(llirgr}gr(}omax{IBIk (2xk kal, ):l+1§k<m+l+1}:0, resp.)

forall x € X, then T is a unique cubic mapping satisfying (25).

Proof. In this case, £(0) = 0 since ¢(0,0,0) = 0 by (22). Replacing x by 2" 'x and dividing by [8]""! in (21),
we have

f@"x) - f@"x)
gm-1 gm

11

m— 1 _nm

for all x € X. It follows from (22) and (27) that the sequence {f @ } is Cauchy for all x € X. Because of

the fact that Y is complete, it follows that the sequence {f %:x)} converges in Y. Therefore, we can define a

mapping T: X — Y as
f2"x)
gm

T(x) = lim

m—o0

e X.

It follows from (21) and (27) that
f (me) 1
f) - <ogm

for all m € IN and all x € X. Applying the similar argument to the corresponding proof of Theorem 3.1 in
non-Archimedean spaces, we get the required result. [J

ax { #@(ka, —21%,0): 0 < k < m) (28)

Corollary 5.2. Let p : [0, 00) — [0, 00) be a function satisfying
() p(21t) = p(2Dp()) forall >0 and (i) p(2]) < 2P
Suppose that a mapping f : X — Y satisfies the inequality
If@x+y+2z)+16f(x) +2f(y) —2f2x + y) — f(2x +2) — f(2x — 2)
—fy+2) = f(y =2 < If2x +y =2l + elp(lxl) + pllyl) + p(lzID}

forall x,y,z € X and for some € > 0. Then there exists a unique cubic mapping T : X — Y such that

[1f(x) =TIl < m(l + p(2D)pdllxl)

forall x € X.i
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Proof. Letting p(x, y,z) = e{p(llxl) + p(lyll) + p(lzll)}, we obtain

(2

lim —(p(me 2"y, 2"z) =( 8] ) ox,y,2z)=0

oo [8]7
for all x, y,z € X and also
p(x, —2x,0) elp(lIxll) + plI2xID}
= &fp(lixll) + p(2Dp(lxl)}
e(1 + p(12)p(llxll)

for all x € X. By direct calculation,

1
@(x) = lim max {Wq)(z’fx, —2*1x,0) : 0 < k < m} = p(x, ~2x,0)

exists and

lim lim max{l |k(p(2kx —2M1x,0): 1<k <m+1) = fim = ll(p( x,—2"1x,0) =

|—00 m—0c0

holds for all x € X. Applying Theorem ??, we conclude that

£ =~ T < o) = s, —24,0) = 1+ p(2)p(lal)
forallxe X. O

Corollary 5.3. Let p : [0, 00) — [0, o) be a function satisfying

i t)y forall t>0  and it <2/
()p(|2|) (|2|) piH  f ()p(|2|) 12
Suppose that a mapping f : X — Y satisfies the inequality

If@x+y+2z)+16f(x) +2f(y) —2f(2x + y) — f(2x +2) — f(2x — 2)
~fy+2) = fly =2 < If@x +y =2l + elplixll) + p(llyl) + p(lII}

forall x,y,z € X and for some € > 0. Then there exists a unique cubic mapping T : X — Y such that

f( )
If@) - = — Tl < |2|(1 + p(|2|))p<||xn>

forall x € X.

References

[1] H. Alikhani, Sh. Rezapour and N. Shahzad, Fixed points of a new type of contractive mappings and multifunctions, Filomat 27:7
(2013), 1315-1319, DOI 10.2298/FIL1307315A.

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, . Math. Soc. Japan, 2(1950), 64—66.

[3] Y. Cho and H. Kim, Stability of functional inequalities with Cauchy-Jensen additive mappings, Abst. Appl. Anal. 2007(2007),
Article ID 89180, 13 pages.

[4] YJ. Cho, C. Park, R. Saadati, Functional inequalities in non-Archimedean Banach spaces, Appl. Math. Lett. 23(2010), 1238-1242.

[5] P.W. Cholewa, Remarks on the stability of functional equations, Aequationes Math. 27(1984), 76-86.

[6] S.Czerwik, On the stability of the mapping in normed spaces, Abh. Math. Sem. Univ. 62(1992), 59-64.

[7] G. Durmaz, O. Acar, 1. Altun, Some fixed point results on weak partial metric spaces, Filomat 27:2 (2013), 317-326, DOI

10.2298/FIL1302317D.

W. Fechner, Stability of a functional inequality associated with the Jordan—von Neumann functional equation, Aequationes Math.

71(2006), 149-161.

[9] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings, J. Math. Anal. Appl.
184(1994), 431-436.
[10] A. Gilanyi, Eine zur Parallelogrammgleichung aquivalente Ungleichung, Aequationes Math. 62(2001), 303-309.

[8



[11]
[12]

[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]

H. Kim, E. Son / Filomat 30:7 (2016), 1969-1978 1978

A. Gilanyi, On a problem by K. Nikodem, Math. Inequal. Appl. 5(2002), 707-710.

M. Eshaghi Gordji and M.B. Savadkouhi, Stability of cubic and quartic functional equations in non-Archimedean spaces, Acta
Appl. Math. 100(2010), 1321-1329.

M. Eshaghi Gordji, R. Khodabakhsh, H. Khodaei, C. Park, D. Shin, A functional equation related to inner product spaces in
non-Archimedean normed spaces, Adv. Difference Equ. 2011, 2011:37, 12 pages.

D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A, 27(1994), 222-224.

K. Jun and H. Kim, The generalized Hyers-Ulam-Rassias stability of a cubic functional equation, J]. Math. Anal. Appl. 274(2002),
867-878.

K. Jun and H. Kim, Ulam stability problem for mixed type of cubic and additive functional equation, Bull. Belg. Math. Soc.
13(2006), 271-285.

S.-M. Jung and Z.-H. Lee, A fixed point approach to the stability of quadratic functional equation with involution, Fixed Point
Theory Appl. 2008(2008), Article ID 732086, 11 pages.

E. Karapinar, a-ip-Geraghty contraction type mappings and some related fixed point results, Filomat 28:1 (2014), 37-48, DOIL
10.2298/FIL1401037K.

H. Kim, K. Jun and E. Son, Generalized Hyers—-Ulam stability of quadratic functional inequality, Abst. Appl. Anal. 2013(2013),
Article ID 564923, 8 pages.

B. Margolis and J.B. Diaz: A fixed point theorem of the alternative for contractions on a generalized complete metric space, Bull.
Amer. Math. Soc. 126(1968), 305-309.

M.S. Moslehian and Th.M. Rassias, Stability of functional equations in non-Archimedean spaces, Appl. Anal. Discrete Math.
1(2007), 325-334.

R. Pant, Some new fixed point theorems for contractive and nonexpansive mappings, Filomat 28:2 (2014), 313-317, DOIL
10.2298/FIL1402313P.

C. Park, Y. Cho and M. Han, Functional inequalities associated with Jordan-von Neumann type additive functional equations,
J. Inequal. Appl. 2007(2007), Article ID 41820, 13 pages.

Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72(1978), 297-300.

J. Ritz, On inequalities associated with the Jordan-von Neumann functional equation, Aequationes Math. 66(2003), 191-200.

F. Skof, Local properties and approximations of operators, Rend. Sem. Mat. Fis. Milano, 53(1983), 113-129.

S.M. Ulam, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960.



