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Abstract. In this paper we derive a recurrence formula for the g-beta integral using the g-Chu-Vandermonde
formula and show some special cases and applications.

Throughout this paper we suppose |g| < 1. The g-shifted factorial are defined by
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We also adopt the following compact notation for multiple g-shifted factorials:

(m,a2,...,0m; q)n = (a1, q)n(ﬂz; l])n < (@ q)n
(a1,82, ., Am; Poo = (015 0o (25 Do * * * (A5 §)oo
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The Generalized hypergeometric series ,®; are defined by (see [16, p. 347 et seq.], or [5, 8, 15])
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Letting r = s + 1 in (4), we have
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It is not difficult, we get the following identity from (1) and (3).

@q™"; @ = (q/3;Qn(~a/q)"q™ . ©
Jackson below defined the g-integral from 0 to b and from a to b (see [8], or [9])
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He also defined the g-integral on (0, o)

j; f(B)dgt = (1-q) Z fahq", 9)
and the bilateral g-integral
I fdt = A=) Y TF@") + F-g", (10)

provided the sums converge absolutely.
The g-beta integral plays an important role in the basic hypergeometric series. Askey obtained an
elegant g-beta integral formula (see [4]):

fDO (aa)/ bw/ Q)oo d _ 2(1 - 4)(512/ qz)go(der q/de/ ﬂ/e, —El/d, b/er _b/d/ ‘7)00
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provided that |g| < 1, |ab/deq| < 1 and there are no zero factors in the denominator of the integrals.

Andrews and Askey gave another g-beta integral formula for g-integral from c to d in series of g-Gamma
functions I';(x) (see [3]). Al-Salam and Verma gave more general g-beta integral formula that can be written
as a well-poised g®; (see [2]). Wang researched the Askey’s g-beta integral formula (see [18-20]). In [20]
Wang extended Askey’s g-beta integral formula (11) as follows:

(11)
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provided that |g| < 1,|ab/deql < 1Tand 0 < n+m < log ‘ﬂb(:leql , and there are no zero factors in the denominator

of the integrals.

Recently, Srivastava [17] gave some generalizations and basic (or 4-) extensions of the Bernoulli, Euler
and Genocchi polynomials to deal with the method of g-analysis. More g-series and g-analysis and related
to the topics see [1, 6, 7, 11-13].

In the present paper we obtain a recurrence formula for the g-beta integral. Some special cases and
interesting identities of 3®; be also shown. In particular, we obtain the terminating Sears’ transformation

formula and the evaluation of g-integral f - % w"dyw.

Below we state and prove our main result by using the g-Chu-Vandermonde formula.

Theorem 1. For mand n;j(i = 1,2,...,m + 1) are the nonnegative integers, |q| < 1,|ab/deq| < 1and 0 < ny +ny +

log lab/d, . . . .
o gy < % and there are no zero factors in the denominator of the integrals there are no zero factors in the

denominator of the integrals, we have

0o (aa),ba);q)m m+1
o (~dw, ew; oo HP w(, di; ) dgw
K (13)
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where

Po(a,b;9) =1, Pu(a,b;q)=(@—-b)a—bg)---(a— bq”‘l), n>1.
Proof. First we recall the g-Chu-Vandermonde convolution formula (see [8, p. 14, Eq. (1.5.3)])

(@, a9k /= a'(c/a; q)n
2@( G ) Z‘ @ | Can (14)

By (3), g-Chu-Vandermonde convolution formula (14) can be written as

Z(q Lot 1 (c/aq

- . . 5
= @G @59)e  (GDn @) (15)

Let a — aw in (15) and multiply the factor
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on both sides of (15), then we obtain
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Now taking the g-integral on both sides of (16) with respect to the variable w, we get

n —n. k oo b ; -
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_a * (bw, ew; 9)oo T .
(G q)n foo (—dw, aw; §)co Pulw,c/a;q) HP”"(‘”’ di; g (17)
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Setting 1 = 1,41, ¢ = ady41 in (17), we have

Nyt (q—n,,m;q)qu foo (ba), ew, q)w
—oo (

m
Py (w,di; q)d,
= (q, ad1; 9k H (w,di; q)dyw

—dw,awq; q)e L

m+1

= . - Py (w,di; q)dyw.  (18)
(ﬂdm+1, q)n,,,+1 —0 (_dw/ aw, Q)oo H

anm+1 0 (ba)/ ea),' q)oo

Interchanging a and e in (18), we obtain (13) immediately. This proof is complete. [

Remark 2. We definte an empty product []iL; = 1 for m = 0 and m = —1. We also say that ng = 0 when m = —1.
Therefore the equation (13) is true when m = —1.

It follows we give some special cases and applications of Theorem 1.

Theorem 3. For ny is the nonnegative, |q| < 1,|ab/deq| <1, and 0 < ny < % and there are no zero factors in

the denominator of the integrals there are no zero factors in the denominator of the integrals, we have
< (aw, bw; §) e

o ey ) DI
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_ 21 = (st o5 PVade, /e, afe, ~a/d, ble,~b/diq)es (a7, qe/a,qel 1
e (q; 9)oo(d2, €2, g%/ d2, g2 €%; g2) o (—ab/ deq; §) 22 die, —qg*de/ab; 949)
Proof. Letting m = 01in (13) and e = eg" in (11) and noting that (6), we obtain (19) immediately. [
Corollary 4. For n is the nonnegative integers, |q| < 1,|ab/deq|l <1, and 0 < n < IOglCl)ggh l/;llml, we have
f‘” (aw, bw; q)os (5W; @)
dyw
oo (Hdw, ew; g)co -0
200 - ) el Pl /e afe, ~afd, ble, b)) (7 g0/ /b 20
(@ oo (d?, €2, 472, 2 [ €%} 4) oo (—ab/ deq; q)co \efsqr1, ~qdefab; " |
Proof. Setting 1y = n in (19) and using the relation
Pu(w,di;q) = (=)' qO(@/dig"; ), (21)
and
n-1.
yrg@ ST D
(-1)"q 5L (s/e;Pn (22)
we easily get (20). O
Remark 5. The formula (20) of is just an analogue of Wang’s result [20, p. 656, Corollary 3.1]:
f % (4w, bw; )eo (50; @)
dyw
o (Hdw,ew;q)
(23)

_ 259" (1= (a4 (de, q/de, aleq", —a/dq" ble, ~b/d;q) o (77" a/sq",~ab/deq"";
T OB PR P Pa(abldeq e O\ afeqr,—ajdgr; )
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Comparing (20) and (23) and noting
(@9~ )

@5 = s 4)
we get directly the following transformation formula for ;P,:
Corollary 6. For n is the nonnegative integers, |q| < 1,|ab/deq| <1, and 0 < n < %, we have
q7",qe/a,qe/b; s"q" (a/eq", —a/dq"; @) q",a/sq", —ab/deq"*";
0] = 0] . 25
2(e/sq”‘1, —qzde/ab;q'q a(s/e, —ab/deq"*1; q), 32 aleq",—a/dq"; ! (25)
Corollary 7 (The terminating Sears’ 3P, transformation formula).
g, a1, a; ) 2 (b1ba/a1a;q), (q",bl /a1, bi/ay; )
() ,q| = (102 /b)) ——————3D . 26
’ 2( b1, by; 9:0) = (@a2/br) (b2; 9)n S by, bibyfaran; 94 (26)
Proof. Letting e «— —d in (19), we have
g™, qe/a,qelb; (=drd; @), g™, —dq/a,—dq/b;
() ,q| = (—e/d)' —————3@ ,q). 27
’ 2( die, —deq?/ab; 1 q) (e/d) (d1€; @y T —dud, —q?de/ab; 94 @7)

Setting eq/a = ay,eq/b = ay,d1e = by, —deq?/ab = by, n1 = n in (27), we obtain (26). [

Remark 8. The formula (26) can be found in [10], which is used there to prove Sears’ ;@3 transformation formula in
[14].

Letting m = 1 in (13) and applying the (3), (6) and (19), we obtain

Theorem 9. For ny and ny are the nonnegative integers, |q| < 1,|ab/deq| < 1, and 0 < ny +ny < loﬁglﬁeql

are no zero factors in the denominator of the integrals there are no zero factors in the denominator of the integrals, we
have

and there

* (aw, bw; 9)co
o (—dw, ew; g
_ 200~ q)(dae; (47 0V (de, g/ de, afe, —a/d, ble, ~b/d; g)ec
- em+n: (q, q)w(cp, 6’2, qz/dz, q2/e2; q2)m(—ﬂb/d€q} ‘7)00

Py, (@, d1; q)Pu,(w, do; q)dgw

y i (@™, qe/a, ge/b; )(dreq"; ), g ® g™, eq*t /a, eq 1 /b; 28)
e (g, dae, —deq? /ab; q)x 32 dieq*, —deq*+2 [ab; 9]
Corollary 10. For n, N are any nonnegative integers, |q| < 1,lab/deql < 1,and 0 <n + N < logl(lfgb‘/;fgql, we have
i (N, ge/a, ge/b; q)ig" =" o, g, eq"*1 /a, eq*t/ b;q 1) = 502 q~"*N) ge/a, ge/b; 29)
P (q,dre, —deq? [ab; q)x dreq*, —degk+2 Jab; "’ 3 die, —deq?/ab; ")
Proof. Letting ny =n,n, = N, dp = d1g" in (28), we have
“ (aw, bw; §)s ) "
j:m mpn(w, dl,q)PN(w, d1q ,q)dqw
201 = q)(dreq"; q)n(q%; 475 (de, q/de,ae, —a/d, bje, ~b]d; q)e
- N (g; )0 (d?, €2, 4% |32, 4% [ €2; 4) oo (—ab/ deq; 4) o
y ZN: (@™N, qe/a, qe/b; q)(dreq"; )ng =" ® q7", eq*1 Ja, et [b; 30)
e (9, dreq", —deq? /ab; q)x ST dhegk, —deqk+2ab; 14
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On the other hand, from P, (a,b;q) = (a — b)(a — bg) - - - (a — bg" ') we see easily that

Py(a, b;q)Pn(a,bq"; 9) = Prin(a, b;9),
and noting that (19), we find that

* (aw, bw; 9) e " (a0, bw; @)
f (( o Pn(w,dl;q)PN(w,dw”;q)dq‘”:f i et

oo (AW, eW; 7)o oo (mdw, ew; q) o

21— s o e, 4/de,afe, ~ald,ble,~b/d; s (a7, ge/a, el G
- e N(q; )0 (d?, €2, 42 [d?, g7 [ €%; g%) o (—ab/ deq; q)o 2 dye,—qpdefar; T
Combining (31) and (30), and using (a9"; q)x = %,we obtain (29) immediately. [J
Corollary 11. For n, N are any nonnegative integers, |q| < 1,|ab/deq| <1,and 0 <n+ N < %W, we have
f = (aw, bw; q)eo(sw; @ (tw; )N i
. (—dw, ew; oo 7
2(=5)"q) (¢/e; In(1 = q)(q% )% (de, q/de, afe, a/d, b/e, <b/d; )
(g Qoo (d?, €2, 2/d2 72/€%; 4%)eo(—ab/deq; q)oo
( / e/a e/b ) (6 k— n+1/s ) k(1-n) N g k+1/ﬂ,€ k+1/b;
Z 1 1 quk : 2 - 3P qk— ? qkz 29q) (G2
(g,e/tqN=1, —deq? [ab; q)x eq<=+1 /s, —deg**+2 [ab;

Proof. Letting n; = n,n, = N in (28). Using (22), we obtain (32). O

Remark 12. The is just an analogue to Wang’s main result [20, p. 653, Theorem 1.1].

Theorem 13. For n,p are any nonnegative integers, |q| < 1,|ab/deq| < 1,and0 <n+p < % and there are no

zero factors in the denominator of the integrals there are no zero factors in the denominator of the integrals, we have

® (aw,bw; Qe ., @™ q)q* f (aw, bw; q)co
— " wfdyw. 33
S e i = 2 @G e e 39

Proof. Puttingd; =0fori=1,2,...,m+1, we have Hm+1 Py (w,di;q) = @™t tmtina and [T, Py(w,di; q) =
@Mt setting ny + g + -+ + My, = P, Nyeq = 1, it follows (33). O

Below we deduce an interesting g-integral formula from the above recurrence formula.

log lab/deq|
Tog and there are no zero

factors in the denominator of the integrals there are no zero factors in the denominator of the integrals, we have

foo (aw, bw; q)eo ng

o e Y
_ 20 - 9@ q*)(de, q/de,afe, —a/d, ble, ~b/d; s o (77", q¢/a,qe/b;
(g )eo(d?, €2, G2 /a2, 2 [€2; ) oo (—ab/deq; q) oo 0, —deq?/ab;

Proof. Setting p = 0 in (33) and then letting e — eg*) in (11), and using the formulas

Corollary 14. For n is any nonnegative integers, |q| < 1,lab/deql <1, and 0 < n <

(34)

(—q/ayql?)

2.2\ _ (- P . =
@ g = @Du(=a;q)s and (@ 9)-n = =7

7

via some simple computation, we get (34). O

Remark 15. If taking n = 0 in (34), we directly obtain Askey’s formula (11), i.e., our formula (34) is another
extension of Askey’s formula (11).
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