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Some Symmetric Identities for the Higher-Order
g-Euler Polynomials Related to Symmetry Group S;3
Arising from p-Adic g-Fermionic Integrals on Z,
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Abstract. The purpose of this paper is to give some new symmetric identities for the higher-order g-Euler
polynomials of the first kind related to symmetry group S; arising from p-adic g-fermionic integrals on Z,.

1. Introduction

Let p be an odd prime number. Throughout this paper, Z,,, Q, and C, will, respectively, denote the ring
of p-adic rational integers, the field of p-adic rational numbers and the completion of algebraic closure of
Q,. Let v, be the normalized exponential valuation of C, with |p|p = p‘vﬂ(”) = p~'. When one talks about
a g-extension, g is variously considered as an indeterminate, a complex number g € C or a p-adic number
g € Cp. In this paper, we assume that g € C, with (1 - qlp < 1. The g-number of x is defined as [x], = %
Note that lim;; [x], = x. Let f (x) be a continuous function on Z,. Then the p-adic g-fermionic integral on
Z, is defined by Kim to be

1 .
/| Wiy 0= fim e Y@, (e l6,13)) )
Note that
Egll /Z ﬂ fx)du—g(x) 2)

pN-1
Z/pr(X) du-1(x) = I\lll_r}; XZZO‘ f(@)(-1)", (see[1-23]).
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As is well known, the higher-order Euler polynomials are defined by

() Zm(x) (reN). ©)

Thus, by (2) and (3), we get

/ / (x4xp +-- “")tdy 1(x) - dua (x) @

) et =Y Y () % (see [1-23]).
From (4), we have
/Z /Z (k2o b ) s () dpi () = B9 (¥), (12 0). ©)

In view of (5), we consider the higher-order g-Euler polynomials which are given by the p-adic g-
fermionic integral on Z,

/ . / e[xf+x1+...+x,]qtdll_q (xl) . dy_q (xr) (6)
z, Jz,

= Z ES WY
Thus, by (6), we get

Lo [ s G-y () = B 00, (120). %

From (7), we have

[ ]V n r 00 _
ED) Z() 0 () = Y g . ®

=0 m=0

By (8), we see that the generating function of Eﬁf)q (x) is given by

(e8]

Y EG @ =12, Z(“’” 1)( 1" gl ©)

n=0

From (9), we note that lim,_,; E% (x) = EV (x).
The purpose of this paper is to give some new symmetric identities for the higher-order g-Euler poly-
nomials related to symmetric group S3 arising from p-adic g-fermionic integrals on Z,.

Recently, several researchers have studied the g-extension of Euler polynomials in the various areas (see
[1-23]).
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2. Some Identities for Higher-Order g-Euler Polynomials

Let wy, w», w3 be odd natural numbers. Then we observe that

wW3x+ o1 X1+ Jo1 i =1 ji]
/Z . /Z e[wleZW3x Wow3 Y Xi+wiws Ljq it Yy ]1],1 d‘Ll_qwzwa (xl) . d[l_qwzws (xr) (10)
p

1 row-1  pN-1
e[wa3 Yoy (gt wrx)+wiws Y dj+wiws Yy j1+w1wzw3x]qt

lim | —————
N—ooo [w1 PN] —g2vs

k1, k=0 x1,...,%,=0
e qwzws Yo (k+w1xp) (_1)2;:1(kl+x1) ]

By (10), we get
[2] rowy—l wel
([2]—‘7) Z Z (_1)2;:1 (i1+f1) qwl w3 Yy h+wiwa Y ji (11)
T2 )y =0 1 r=0

ix+ X+ it ol t
X / o / e[w2w3 Lo X+ wawsX b1 Ly frkans Ly ]1]” d.u—qwzfvs (xl) s dlu—q’”z% (xr)
Zy Zy

wy—1 w3—1 wi—1 PN—l

=lim —M8M Z Z Z Z geres Loy ki+wnws Yo irrwonwy iy i
N—ooo [w1w2w3p

= i1,y iy=0 j1,0ee,jr=0 k..., r=0 X1,...,%:=0
% (_1)2,':1 (ir+ji+kr) (_1)):‘,:1 X qwlwzw3 Y x,e[wzws Yiet kitworws Y ir+owa Yy jl+101102w3(x+xl)]qt.

As this expression is invariant under any permutation wi, w,, w3, we have the following theorem.

Theorem 2.1. Let wy, wy, w3 be odd natural numbers. Then the following expressions

[2] r We)—1 wWeE—1
(—'7) Z (—1)2?:1(1”]1) RG] L

2] o
Rlera ] Sy S5

X qw(r(l)wa(z) Yiot Ji

x / / e[wo<2)wu(3> Tl X420 Wo(2) Wo3) X +TWo(1) o) Lizy i+ W Wo L1y fi]

X d,qu”na)wc(a) (x1) - dpl_q%(z)ms) (xr)
are the same for any o € Ss.

Now we observe that

o X + J=1 i = ji]
-/Z o /Z e[wzwg Yoy X1 w3X+w w3 Yy iy Y ]1],1 d‘u_qu3 (1) --- dﬂ—q“’Z’% (%) (12)
p

-t | - /[Zx,mlﬂ_zm_zﬂ

X ‘Ll_qwz% (xl) . d‘Ll —q23 (Xr)

T
w1 . w1 .
[wows]" EV o lwoix + — Y i)+ — i
q "n,qv2"3
’ w2 5 Ws 3

Therefore, by Theorem 2.1 and (12), we obtain the following theorem.
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Theorem 2.2. For wy,w,, w3 € IN with wi = 1 (mod 2), w, = 1 (mod 2), w3 = 1 (mod 2) and n € IN U {0}, the
following expressions

We)—1 Wo)—1

2 4 .o . ;o
([i) [wg(z)wac)]z Z Z (—1)21:1(”“’) qwamwo(s) Yoy 14 Wo()Wo@) Y= Ji

2] oo
]’4 @70 i1,.0,8r=0 j1,...,j,=0
0) wo(l .
XE PRI Wo(1)X + Z w Ji
Wo(2) 7 o) =9

are the same for any ¢ € Sa.

It is easy to show that

r r r
w1 . w1 .
[le+w1x+w—2211+w—32];l (13)
qwzw3

=1 1=1

— 9 ws Z i+ wy Z i + g Yoy iFworwy Yy i z X+ wix
[waws], =1 =1 =1 "
- =1 gw - o
Thus, by (13), we get

r r

r W,
X+ ux+ — i+ — Ji A guzes (x1) + - dpi_gorws () (14)
‘/Z;F’ /Z;p |:IZ wy Z Z ] oy q q
- [w:] r r
= Z (k) ([wa: ) [W3 Z 11+ Wy Z ]ll ] k(w1 w3 Y itwiws Y ]z)E ) e (wlx) )

k=0

From (12), Theorem 2.2 and (14), we have

wr— -1 w3— 1
([2[]2] ) [wsz] Z Z ( 1)21 1(zz+]1) qwlwg Yo itwiw, Y i (15)
qM.ZlU’;

r wl r ’ wl r )
X le+w1x+—Zzl+—Z]1
z, z, | 1= w2 ws

=1 =1

[2] r n
:([2] d ) _5_ (Z) [wzws] [w]7™ kE;:,)ilm (w1x)
qTUZZUS

k=0

wy—1 w3—1 r ’ n—-k
o M D S ]

=1 =1

} d[_,l_qWZW3 (xl) o d‘u-—qu”B (xr)

qwz w3

(2] _
:( 9 ) Z (Z) [wZZUf,] [wl]n —k E;:,)ilzﬁ (wlx) T::;wl (T/Uz, 'Z,U3|k) ,

[2]470211'3 k:O
where

Ff;(qr) (w1, wylk) (16)

wp—1 wy—1 r n—k
3 S o LR ) 9 PR S
l

i =0 j1,00,jr=0 =1 I=1 q

As this expression is invariant under any permutation of w1, w,, w3, we have the following theorem.
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Theorem 2.3. Let wq,w;, w3 be odd natural numbers and let n be a nonnegative integer. Then the following
expressions

2, \ v - ~
(m) Z (Z) [wa(Z)wJS]Z [wa(l)]: ¢ E,(:,;wo(z)w) (wa(l)x) T,(ngm (w0(2)/ wa(3)|k)
! k=0

are the same for any o € Ss.
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