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Abstract. In this paper we intend to find out relative (p, g) -th order ( relative (p, ) -th lower order ) of an
entire function f with respect to another entire function g when relative (1, q) -th order ( relative (i, q) -th

lower order) of f and relative (m, p) -th order ( relative (1, p) -th lower order) of g with respect to another
entire function /i are given with p, g, m are all positive integers.

1. Introduction, Definitions and Notations.

Let f be an entire function defined in the open complex plane C and My (r) = max {| f (z)| szl = r}. If f

is non-constant then M¢(r) is strictly increasing and continuous and its inverse M]‘,l(r) : (| £(0)

exists and is such that imM;! (s) = co. In the sequel we use the following notation :
§—00

,oo) — (0, 00)

log™ x = log (log[k_” x) fork=1,2,3,---and

logx = x;

and

expl x = exp (exp[k_” x) fork=1,2,3,---and

expl” x = x.

The following definitions are well known:
Definition 1.1. The order py and the lower order Ay of an entire function f are defined as

log? M, (r log®? M (r
ps= limsupg—f() and Ay = liminfg—f()
00 log r—c0 logr
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Juneja, Kapoor and Bajpai [2] defined the (p, g)-th order and (p, 4)-th lower order of an entire function
f respectively as follows:

log!" M¢(r) og”! M(r)

1
and A¢ (p,q) = liminf

(o)

ps(p,g9) = limsup
f r—00 log[q] r

7

1Og[fﬂ ’

where p, g are any two positive integers with p > g.

If p =2 and g = 1 we respectively denote pf(2,1) and Af(2,1) by pr and Ay.

In this connection we just recall the following definition :
Definition 1.2. [2] An entire function f is said to have index-pair (p,q), p = q =2 1 if b < ps(p,q) < co and

pr(p—1,q — 1) is not a nonzero finite number, where b = 1ifp = gand b = 0if p > q. Moreover if 0 < p¢ (p,q) < o,
then

pf(p—n,q)zooforn<p, pf(p,q—n):Oforn<qand

pr(p+nqg+n)y=1forn=1,2,...
Similarly for 0 < A¢ (p,q) < oo, one can easily verify that

Af(p—n,q) =0 forn<p, Af(p,q—n)=0forn<qand
Af(p+n,qg+n)=1forn=1,2,....

An entire function for which (p, g)-th order and (p, g)-th lower order are the same is said to be of regular
(p, 9)-growth. Functions which are not of regular (p, )-growth are said to be of irregular (p, 7)-growth.

Bernal [1] introduced the definition of relative order of f with respect to g, denoted by p, (f) as
follows:

pg (f)

inf{/,z >0: My (r) < M, (r*) forall ¥ > ro (u) > 0.}

log M;lM £ (r)
= limsup———.
rosc0 logr

The definition coincides with the classical one [6] if g (z) = exp z.

Similarly, one can define the relative lower order of f with respect to g denoted by A, (f) as follows

. log MM (r)
Ag (f) = hmglfT .

In the case of relative order, it therefore seems reasonable to define suitably the relative (p, q) th
order of entire functions. Lahiri and Banerjee [3] introduced such definition in the following manner:
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Definition 1.3. [3] Let p and q be any two positive integers with p > q. The relative (p, q)-th order of f with respect
to g is defined by

(pa) _ u>0:Myg(r) <M, exp[p_ll lu]og[q] r }
Py () = mf{ for all rg>< ro (1) > S) )>

log[p_l] M, Mg (1)

= limsu
el T oglil

Sanchez Ruiz et. al. [5] gave a more improved definition of relative (p, g)-th order of an entire
function in the light of index-pair which is the following:

Definition 1.4. [5] Let f and g be any two entire functions with index-pairs (m,q) and (m,p) respectively where
p,q,m,n are all positive integer such that p > q and m > n. Then the relative (p, q) th order of f with respect to g is
defined as

(pa) f) = inf{ p>0:Mys(r) <M, (exp[”] {log[m] expl (y logl?] r)}) }
Py forallr > ry(u) >0
logl"] My "My (1)
= limsup——————
r—00 log[q] r

Similarly, one can define the relative (p, q)-th lower order of f with respect to g denoted by Ab(,p'q) (f) as follows :

logl"] M-1M
A () = lim glf—Og s My )

In this connection, we intend to give a definition of relative index-pair of an entire function with
respect to another entire function which is relevant in the sequel :

Definition 1.5. Let f and g be any two entire functions with index-pairs (m, q) and (m, p) respectively where p,q, m, n
are all positive integer such that p > q and m > n. Then the entire function f is said to have relative index-pair (p, q)

with respect to another entire function g, if b < pgp'q) (f) <coand p, (f) (p — 1,9 — 1) is not a nonzero finite number,
where b =1if p = q = mand b = 0 for otherwise. Moreover if 0 < pgp ) (f) < oo, then

pg () (p —n,q) = oo forn <p, py(f)(p,q —n) = 0forn < qand
ps(f)p+ng+n)=1forn=1,2,....
Similarly for 0 < Agp’q) (f) < oo, one can easily verify that

Ag (f) (p—n,q) = oo forn <p, Ag(f)(p,q—mn) =0forn <qand
A(f)(p+n,qg+n)=1forn=1,2,...

An entire function f for which relative (p, 4)-th order and relative (p, q)-th lower order with respect
to another entire function g are the same is called a function of regular relative (p, ) growth with respect to
g. Otherwise, f is said to be irregular relative (p, q) growth with respect to g.

Now a question may arise about the relative index-pair and the values of relative order ( relative
lower order) of f with respect to another entire function g when relative (m, q)-th order ( relative (m, g)-th
lower order) of f and relative (m, p)-th order ( relative (m, p)-th lower order) of g with respect to another
entire function / are given where p, g, m are all positive integers. In this paper we intend to provide this
answer. We do not explain the standard definitions and notations of the theory of entire functions as those
are available in [8].



S. K. Datta et al. / Filomat 30:7 (2016), 1723-1735 1726
2. Theorems.
In this section we present the main results of the paper.
Theorem 2.1. Let f, g and h be any three entire functions and p, q, m are all positive integers. If the relative (m, q)-th

order (relative (m, q)-th lower order) of f with respect to h and relative (m, p)-th order (relative (m, p)-th lower order)
of g with respect to h are respectively denoted by phm ) () (/\(m ) (f )) and p(m ?) (9) (A]S"Z’p ) (g)), then

A" (5) o) (A o ()

Gy S M D sming o e

or " (9) A (@9 oy (9)
(”mPWU) 0 0y

DNy, ) D=~y 27 )
A (9) e, (9) (g )

Proof. From the definitions of pP(lm'q) (f) and A}(lm,q) (f) we have for all sufficiently large values of r that

M'"M;(r) < exp™ {(plsm'q) (f) + s)log[q] r}
ie, Mf(r) < M, [exP[ml {(pg’"'q) (F)+ s)log[‘?] r}] , (1)
M;"M;(r) > exp™ {(A;Sm,q) (f) - e) log[q] r}
ie, Mf(r) = M, [exp['”] {(/\Igm'q) (f) - e)log[q] r}] . ()

Also for a sequence of values of r tending to infinity we get that

MM () 2 exp (o (1) - e logli ]
ie, Mi(r) = M, [exp[’”] {(p,["'q) (f) - e)log[q] r}] , 3)
MM () < expl {(A,S’”’q) (f)+e)log['7] r}
ie, Mf() < M, [exp[”'] {(A,E’“'q) (f)+e)log[q] r}] @)

Similarly from the definitions of p}(lm’p ) (g9) and )\]Em'p ) (9), it follows for all sufficiently large values of r that

IA

MMy (1) < expl™ {(Pf,m’p) (9)+ e) logl’] r}

ie, My(r) M, [exp[m] {(p}(lm’p) (9) + e)log[p] r}]

IN

log™r
(o (9)+ ¢)

\%

ie., My (r) M, exp[p] , 5)
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exp[”’] {(Aim’p) (9) - s)log[l’] r}
My [exp[m] {()\](qm'p) (9) - 8) log[” 1 r}]

log™ 7
(A" (9) - ¢)

and for a sequence of values of r tending to infinity we obtain that

M;'M, (r)

\%

ie., My(r)

\%

ie., My (r) exp[F’]

IA

M,

M;'M, (r)

v

eXp[m] {(P;(,m’p) (9) - e)log[p] r}

e, My 2 My [exp {(o") (g) - gl )|

\%

ie., My (r) exp[p]

IN

M,

log™r H
(o (0) - ¢) ,

M; "M, (r)

IN

expl™ {()\}(lm’p) (9) + s)log[”] r}

M, [exp[m] {(Algm'p) (9) + e)log[p] r}]

} |

ie., My (r)

IA

log™ r

exp[P] W

ie., My (r)

v

M,

Now from (3) and in view of (5) we get for a sequence of values of r tending to infinity that

log[”] M;le (r) = log[p] M;Mh [exp["’] {(p}(lm’q) () - e)log[q] r}]

ie., log[”’] M;le (r)

exp [P] [

log[’”] expl™! p(m'q) (f)—e log["] r
> logllM;'M, {( - ) }

(o0 @) + <)

i.e., logl!l M;'M; (1)

[\

. s M My ()

log[q] 7

1727
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As & (> 0) is arbitrary, it follows that

log[p] MM (r) . P;(Im’q) (f)

lim sup J >
B
(m4)
Py (9)

Analogously from (2) and in view of (8) it follows for a sequence of values of r tending to infinity that

log[’”] M;le (r) = log[p] M;th [exp[m] {(Aflm’q) (f) - e)log[q] r}]

ie. logll MMy (1)
log!™ expl™] {(Algm'q) (f) - s) log[q] r}
(1" @) +¢)

> log[”] M;lMg expl’]

\Y

i.e., logl!l M;'M; (1)

logl?] MM (r) N
oghlr (3" (g)+e)

ie.,

Since ¢ (> 0) is arbitrary, we get from above that

logll i, ) A ()

. g
S P R
(mq)
A
ie, o () > }Em,,)(f ). (10)
Ay ()

Again in view of (6) we have from (1) for all sufficiently large values of r that

log[”] M;le (r) < log[p] M;Mh [exp["’] {(pflm’q) (f)+ e)log[q] r}]

ie., log[”’] M;le (r)
log[’”] expl™! {(plgm'q) )+ e)log[q] r}
()\,Sm”’) (9) - s)

IA

log[p] M;lMg exp[p]
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()
p, () +e
ie., log[p]Mgle(r) < (h )log[q]r
(W (0 - ¢)
' logl?] MM (r) (Ph ") N+ 5)
ie., <
logllr (A(””’ g)
Since ¢ (> 0) is arbitrary, we obtain that
log[p] Mg*le (r) pgm'q) (f)
limsup——mm—— < —/————
R P T
(m9)
(f)
ie, 00 (f) < %
Ay (9)

Again from (2) and in view of (5) we get for all sufficiently large values of  that

log[p] M, My (r) 2 log[”] M, My, [exp[m] {()\}(’m'q) (f) - E)log[q] r}]

ie., log[p] M;le (r)

exp[l’] [

log["’] expl™! /\(m'q) (f)—¢ log[q] r
> logllm;'Mm, {( " ) }

(pi’”"” (9)+ 8)

v

ie., log[”] M;Mf @)

log[”] M, My (r) N
logl'l 7 B (p;sm”’ ) () + e)

ie.,

As & (> 0) is arbitrary, it follows from above that

[r] A1 (m.q)
lim inf—log Mg Mf ) > —Ah )
= loglily 0" (g)
(m.q)
A
ie, A0 > (mp L)
@)

Also in view of (7), we get from (1) for a sequence of values of r tending to infinity that

1og[”] M;le (r) < log[”] M;Mh [exp[”’] {(pflm’q) (f) + s)log[”’] r}]

1729
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ie., log[”’] M;le (r

log[m] exp[m] {( (1) )+ e)log[q] r} H

(Pl @) -¢)

ie., log[”] M;'My(r) < )log[q]r
' " () - s)
 logl MMy () ) p{") (f)+s)
ie., < :
log["] r (P;(,m/p) (9) - e)

Since ¢ (> 0) is arbitrary, we get from above that

logllazivy ) p™) ()

llmglf 10g[W] - - pgm,p) (g)
o (f)

ie, AP (f) < T (13)
Py “(9)

Similarly from (4) and in view of (6), it follows for a sequence of values of r tending to infinity we get that

10g[”] My My (r) < log[”] M, My, [exp[’"] {()\,Sm’q) (f) + e)log[q] r}]

i.e., loglPl MMy (1)

log!™ exp[’” )\( ) (f)+ e)log[q] }
< log[p] M,'M, expl?! (m )
(1" @ -¢)
(m.q)
A (fH+e¢
ie., log[p]M 'Mf(r) < ( lzm ) ) g[q]r
(A" @)~ e)
] log[p] M;le (7") (A]E’ ) (f) + 5)
ie., )
log[q] T (Ag"l,p) (g) — E)
As ¢ (> 0) is arbitrary, we obtain from above that
gl MM 0 A ()
liminf—————— <
S e
)

IA

ie, A% (f) (14)

2 g
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Thus the theorem follows from (9), (10), (11), (12), (13) and (14). O

Remark 2.2. Theorem 2.1 can be verified by the following example and in fact the equality sign can not be removed
from the concluding statement of the theorem.

Example 2.3. Let

[25] ,9

f=exp®2, g =exp® 2% and h = exp!® 7 .

Then

oY (F) = A0 () = 2 and o (9) = 207 (9) = 5

Now
0= - 0 AN <“><f>
2 (mp) (mp) (mp)
Ay ) A, (9) P (g)
Similarly

N I R O N i )
o) () A0 (g ) ()

In view of Theorem 2.1, one can easily verify the following corollaries:

9
(L1) 2 _
/\g (f) - E

Corollary 2.4. Let f be an entire function with regular relative (m, q) growth with respect to entire function h and
g be entire having relative index-pair (m, p) with respect to another entire function h where p,q, m are all positive
integers. Then

" () Dt o0 (1) = " () )

() /o _
A0 () =
’ . A0 ()

In addition, ifplsm'q) (N = (mp (9), then

/\(M) (f) = p(qr’) @) =1.

Corollary 2.5. Let f be an entire function with relative index-pair (m, q) with respect to entire function h and g be
entire of regular relative (m, p) growth with respect to another entire function h where p,q, m are all positive integers.
Then

(m.4)
(f ) (p ) (f )
f)=—F——
( Ny ’“”) @)

In addition, ifphm’q) (f) = (mP (9), then

A () =

o (=21 @)=1.

Corollary 2.6. Let f and g be any two entire functions with regular relative (m, q) growth and reqular relative (m, p)
growth with respect to entire function h respectively where p, q, m are all positive integers . Then

2" () 0}

A0 ()= () = )
(9)
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Corollary 2.7. Let f and g be any two entire functions with regqular relative (m,q) growth and regular relative
(m, p) growth with respect to entire function h respectively where p,q, m are all positive integers . Also suppose that

o ()= o' (9). Then

A5y = o8 (1) = 29 () = o1 (g) = 1.

Corollary 2.8. Let f and g be any two entire functions with relative index-pairs (m,q) and (m, p) with respect to
entire function h respectively where p, q, m are all positive integers and either f is not of reqular relative (m, q) growth
or g is not of reqular relative (m, p) growth, then

o8 (5. ()21

If f and g are both of regular relative (m, q) growth and regular relative (m,p) growth respectively with respect to
entire function h respectively, then

A (@) =1

Corollary 2.9. Let f and g be any two entire functions with relative index-pairs (m,q) and (m, p) with respect to
entire function h respectively where p, q, m are all positive integers and either f is not of reqular relative (m, q) growth
or g is not of reqular relative (m, p) growth, then

A0 (5 A0 (g < 1.

If f and g are both of reqular relative (m, q) growth and regular relative (m, p) growth with respect to entire function
h respectively, then

A9 ()20 gy =1.

Corollary 2.10. Let f be an entire function with relative index-pair (m, q) where m, q are positive integers . Then for
any entire function g,

(i) )\(W) (f) = oowhen p,gm/p) (9)=0
(i1) p(p 9) (f)
(i) A7 (f)

oo when /\(m’p) (9)=0,

0 when ph (g)
and

(i) p () = 0 when 2" () = ,
where p is any positive integer.

Corollary 2.11. Let g be an entire function with relative index-pair (m, p) where m, p are positive integers . Then for
any entire function f,

(l’ ‘I) ( f)
(id) A(’”‘” (f)
mzwwq>= oo when p{" () = oo

0 when p" (£) =0,

0 when Aflm’q) (f) =

and
(iv) /\gp'q) (f) = co when /\,Sm'q) (f) =00

where q is any positive integer .
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The following examples strengthens the conclusions of the above corollaries:

Example 2.12. Let
f=z"9g=5z2and h=9z*.
Then

o (1) = A0 () = 1 and o () = A0 (9) =

Now
S0 () = 11 0 pﬁl“’(f)‘
A @ @
Similarly,

10 )
SR TR

Hence
11
P ()
AP =00 (N =
)
Again
1
» log M}lMg (r) log (51’3) "
( )(g) = limsup———— =limsup————
. logr . logr
3
= -4
11 %
and
log MM, (r) log (57°
ALY (9) = lminf 7 liminf )
f r—o00 logr r—00 logr
_ 3 _3
= g1

Thus
e ()" (9) =1

and
A () A0 (@) =1.
Example 2.13. Let
f=expz®® g=exp(132)? and h = exp (924) .
Then
13
o (1) = 2400 () = 7 and o (@) = A0 () =

and

57 (N =p" (N =250 =" () =1.

1733
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Example 2.14. Let

f=expz?,g=2z"and h = expz*.

So
oD (1) = AL () = 5 and M (9) = A0V () = 0.
Now
1
(1 D () =1 log (exp 731) %
=limsup————— =
r—00 logr
and
log (exp 31 5
Ay (f) = lim g\fg(lo—;) = 0.
Similarly,
1
log (log r¥)*
(1 1) (g) _ hmsupg(T;) =0
and
log (log 1’25)371
1) T _
/\f (9) = hmglf—logr 0

Example 2.15. Let

f=expz’, g=expP 2P and h = exp?’.

So
oy (F) =AY () = and " (9) = 47" (9) = e
Now
1
(1 D= log (logm exp (;’)3)45
= limsup =0
r>0 logr
and
2] 3\
1 log (log exp (7) )
( Y (f) = liminf logr =0.
Similarly,
2] 45]
log |log exp!?! 45 |°
(1 B (9) = limsup g[ glogpr ] =00
and

log [log expl? r45]% ~

WD) [N oo s
Af (9) = hii‘g‘f logr

1734
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3. Conclusion

The main aim of the present paper is to revisit some growth properties of entire functions on the
basis of their relative (p, q)-th order (relative (p, q)-th lower order) for any two positive integers p and g.
Recently, Qiao and Deng [7] have studied the generalizations of the growth properties of analytic functions,
harmonic functions and superharmonic functions. Further, Madych [4] have investigated some problems

regarding the bounds on the growth of functions with their derivatives of certain finite order k in the space

L7 (R") where k > %. The notion involved in our paper may be reinvestigated in the light of the theories

employed in [7] and [4].
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