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Existence of Positive Periodic Solutions in Shifts 6. for a Nonlinear
First Order Functional Dynamic Equation on Time Scales

Erbil Cetin?, F. Serap Topal®

@ Department of Mathematics, Ege University, 35100 Bornova, Izmir-Turkey

Abstract. Let T ¢ Rbe a periodic time scale in shifts 6. with period P € [, co)t. In this paper we consider
the nonlinear functional dynamic equation of the form

2V (b) = a(B)x(t) — Ab() f(x(h(t))), t€ T.

By using the Krasnoselskii, Avery-Henderson and Leggett-Williams fixed point theorems, we present
different sufficient conditions for the nonexistence and existence of at least one, two or three positive
periodic solutions in shifts 5. of the above problem on time scales. We extend and unify periodic differential,
difference, h-difference and g-difference equations and more by a new periodicity concept on time scales.

1. Introduction

Due to their importance in applications such as population dynamics, industrial robotics, the production
of blood cells, and so on, many authors are studying the existence, uniqueness and positivity of solutions
for first order functional differential equations of the form

y'(t) = —a(t)y(t) + Af(¢, y(h(t))
where 4, and according the first variable the function f are periodic with positive T, see [6, 11] and the
references therein. If h(t) = t — 7(f) with 7 € C(R,R*), 0 < 7(f) < ¢ then the above equation takes the form
functional differential equations with delay terms and such equations, directly or after some transformation,

appear in many mathematical ecological and population models, such as:
1. Lasota-Wazewska model [14-17, 25]

y’(t) = _a(t)y(t) + p(t)g_)/(t)y(t—’f(t)),
2. Nicholsan’s blowflies model [16, 18-20]

Y (t) = —a®)y(t) + bty (t — (t)e 7 OO,
3. model for blood cell production [11, 16, 20, 21]

Y () = —a(®)y(t) + b(O Ty

Since the periodic variation of the environment plays an important role in many biological and ecological
systems, many researchers have been concerned with the study of the existence of periodic solutions of the
above models. The monograph by Kuang [19] gives a nice discussion of such models.
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Chow [22], Freedman and Wu [23], Hadeler and Tomiuk [24], Wang [10], Weng and Sun [13] and many
others studied the existence of at least one and two positive periodic solutions of nonlinear first order
differential equations by several way. On the other hand, it has been observed that very few papers exist in
the literature on the nonexistence and multiplicity existence of nonnegative periodic solutions for the first
order differential equations. For example, see [6, 10, 11, 26, 31].

Because of the study of continuous and discrete systems are very important role in implementation
and application, the theory of dynamic equations on time scales which unifies differential, difference, k-
difference, g-differences equations and more has been received much attention, see [1, 2, 12, 27]. This theory
has become important mathematical branch [4, 5] since it was initiated by Stefan Hilger in 1988 [7]. There
is only a few results concerning periodic solutions of dynamic equations on time scales such as in [2, 9].
Although the former definition of periodicity using in these papers obliges the time scales to be additive
and unbounded above and below, there are many time scales that do not satisfy this condition such as

g% =1{q" : n € Z} U {0} and VN = {vn : n € N}J. M. Adivar introduced a new periodicity concept in [3]
by using shift operators 0.. With the new periodicity concept, the time scale needn’t be closed under the
operation t + w for a fixed w > 0. The construction a new equation by using shift operators 6. on time scales
not only covers previously handled equations but also enables to generalize the results to any time scales
having a general rule as well as g2. There is only a few existence results related with the new periodicity,
see [1]. Also, Wang and Agarwal gave the concept of changing-periodic time scales in [32].

Let T be a periodic time scale in shifts 6. with period P € [ty, o)1 and t; € T. We are concerned with the

nonexistence, existence and multiplicity of periodic solutions in shifts 6. for nonlinear dynamic equation
XV (t) = a(Bx(t) = Ab() f(x(h(t))), teT (1)
where a € C(T, (—o0, 0)) is V-periodic in shifts 6, with period T and a € R,, A > 0 is a positive parameter,
T
b € C(T, [0, ) is V-periodic in shifts with period T, ["*" b(s)Vs > 0, 1 € C(T, [0, 0)) is periodic in shifts
with period T, f : C((0, ), (0, 00)) and T € [P, o).

Hereafter, we use the notation [a, b]t to indicate the time scale interval [a,b] N T. The intervals [a, )T,
(a,blr and (a, b) are similarly defined.

In this study, we shall show that the number of positive periodic solutions in shifts 6, of (1.1) can be
determined by the asymptotic behaviors of the quotient of @ at zero and infinity. We shall organize this
paper as follows. In section 2, we will state some facts about exponential function on time scales, the
new periodicity concept for time scales and some important theorems which will be needed to show the
existence of at least single, twin or triple periodic solutions in shifts 0.. Besides these, in section 2, we will
give some lemmas about the exponential function and the graininess function with shift operators using
nabla periodicity and nabla differentiability. Finally, we state our main results and give their proofs in
section 3 by using Krasnosel’skii’s, Avery-Henderson and Leggett-Williams fixed point theorems.

2. Preliminaries

In this section, we mention some definitions, lemmas and theorems from calculus on time scales which
can be found in [4-6]. Next, we state some definitions, lemmas and theorems about the shift operators and
the new periodicity concept for time scales which can be found in [3].

Definition 2.1. [5] A function p : T — R is said to be regressive provided 1 — v(t)p(t) # O for all t € T\, where
v(t) = t — p(t). The set of all regressive ld-continuous and v-regressive functions ¢ : T — R is denoted by R, while
the set Ry} is given by R ={p € R, : 1 —v(H)p(t) > 0 forall t € T}.

If p,q € R,, then we define circle plus addition by
(p &, q)t) =pt) +q(t) — p(H)g(t)v(t) forall t € T,.
For p € R,, define circle minus p by

p
1-pv

91/]9:—

7



E. Cetin, F. S. Topal / Filomat 30:9 (2016), 2551-2571 2553

and the generalized square of p by

2

@ ( _
pe = p)(evp)—l_pv-

If ¢ € R,, then the nabla exponential function on T is defined by

t
éy(t,s) = exp ( f év(,)((p(r))Vr) (2)
where év(,) is the v-cylinder transformation given by

R | =z5Log(1 — p(rv(r), if v(r) > 0;
év(?)((P(r)) = { p(r(),) if v(r) = 0. )

Also, the nabla exponential function y(f) = &,(t,s) is the solution to the initial value problem y" = p(t)y,
y(s) = 1. Other properties of the exponential function are given in the following lemma ([5], Theorem 3.15).

Lemma 2.2. Letp,q € R, and s, t,vr € T. Then
i. e(t,s)=1landeé,(tt)=1;
ii. &(p(t),s) = (1 —v(t)p(£))éy(t, s);
iii. ﬁ = &g, (t,s) where, ©,p(t) =
1

0. &(t,s) = 31 = Cep(s,1);

0. &(t,9)6,(5,7) = 8y(t,7);
vi. eAp((tt,)s)eq(t,s) = epo,q(t,9);
.. by(ts N
vil. % = 8po,q(t,9);
A
i, ( 1 ) = 0

ép(ts) &)

__pH)
1-v(B)p(t)”

The following definitions, lemmas, corollaries and examples are about the shift operators and new period-
icity concept for time scales which can be found in [3].

Definition 2.3. [3] Let T* be a non-empty subset of the time scale T including a fixed number ty € T* such that
there exist operators O : [to, o)y X T* — T* satisfying the following properties:

(P1) The function 6. are strictly increasing with respect to their second arguments, i.e., if
(TOI t)/ (TO/ M) € Di = {(S/ t) € [tOI OO)T xT: 5:F(S/ t) € T*}/
then
To < t <uimplies 6.+(To,t) < 6+(To, u),
(P2) If (T1,u), (T2, u) € D_ with Ty < Ty, then 6_(T1,u) > 6_(T,u), and if (T1,u), (T2, u) € D, with Ty < Ty,
then 6, (Tq, u) < 6+(T2,u),
(P3) Ift € [ty, o0), then (t, ty) € D, and 0.(t, to) = t. Moreover, if t € T, then (to,t) € D and 6.(to, t) = t holds,

(P4) If (s, t) € Dy, then (s,0+(s,t)) € Dz and 6+(s, 6+(s, t)) = t, respectively,
(P5) If (s,t) € D and (u,0.(s, t)) € D=, then (s, 6% (u, t)) € D and 6=(u, 5.(s, t)) = 0.(s, 0+(u, t)), respectively.

Then the operators 6- and 6. associated with f; € T* (called the initial point) are said to be backward and
forward shift operators on the set T, respectively. The variable s € [fy, co)r in 0.(s, t) is called the shift
size. The value 6.(s,t) and 0-(s, t) in T* indicate s units translation of the term t € T* to the right and left,
respectively. The sets 9, are the domains of the shift operator 6., respectively. Hereafter, T* is the largest
subset of the time scale T such that the shift operators 6. : [fg, o)y X T* — T* exist.
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Definition 2.4. [3] (Periodicity in shifts) Let T be a time scale with the shift operators 6. associated with the initial
point tg € T*. The time scale T is said to be periodic in shift 6. if there exists a p € (tp, co)y- such that (p,t) € D for
all t € T*. Furthermore, if

P = 1nf{p € (i’o, 00)"]1"* : (p, t) eD,, Yte T*} # ty
then P is called the period of the time scale T.

Example 2.5. [3] The following time scales are periodic in the sense of shift operators given in Definition 2.4.

(V£ VP2, t>0;
i. Ty={+n?*:neZ},6.(Pt)={ %P, t=0; ,P=1,t4=0,
—(V=t+ VP2, t<0;
ii. Ty = g%, 6.(P,t) = P1t, P = q, ty = 1,
iii, T3 = Upez[227, 227711, 5, (P,t) = P*1t, P = 4, ty = 1,
. Ty = {1'17 :q > 1lis constant and n € Z} U {0,1},
ln(ﬁ)iln(ﬁ)]
Ing q
, P= .
ﬁ)ltln(%)) 1 +q
ng

Notice that the time scale T4 in Example 2.5 is bounded above and below and
T, = {%;,, :g>1 is constant and n € Z}.

Remark 2.6. [3] Let T be a time scale that is periodic in shifts with the period P. Thus, by P.4 of Definition 2.3 the
mapping 6% : T* — T* defined by 6% (t) = 6+(P,t) is surjective. On the other hand, by P.1 of Definition 2.3 shift
operators 6. are strictly increasing in their second arguments. That is, the mapping 6L (t) = 64(P,t) is injective.
Hence, & is an invertible mapping with the inverse (65)™' = 6F defined by 6" (t) := 6_(P, t).

We assume that T is a periodic time scale in shift 6. with period P. The operators &7 : T* — T* are
commutative with the backward jump operator p : T — T given by p(f) := sup{s € T : s < t}. Thatis,
(6 o p)(t) = (p o OL)(t) for all t € T".

Corollary 2.7. [3] 6.(P, p(t)) = p(0+(P, 1)) and O-(P, p(t)) = p(0-(P,t)) forall t € T".

Definition 2.8. [3] (Periodic function in shift 6.) Let T be a time scale that is periodic in shifts 6. with the period
P. We say that a real value function f defined on T* is periodic in shifts O, if there exists a T € [P, co)y- such that

(T,t) € D and f(OL(t)) = f(t) forallt e T* 4)
where 5L := 6.(T, t). The smallest number T € [P, co)y- such that (4) holds is called the period of f.

Definition 2.9. (V-periodic function in shifts 5.) Let T be a time scale that is periodic in shifts 0. with the period P.
We say that a real value function f defined on T* is V-periodic in shifts 0. if there exists a T € [P, oo)- such that

(T,t) € Dy forall teT", (5)
the shifts 0L are V-dif ferentiable with ld-continuous derivatives (6)

and
FOL)OYT = f(t) forall t € T, )

where 61 := 6.(T,t). The smallest number T € [P, oo)y- such that (5-7) hold is called the period of f.
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Notice that Definition 2.8 and Definition 2.9 give the classic periodicity definition on time scales whenever
6L := t + T are the shifts satisfying the assumptions of Definition 2.8 and Definition 2.9.

Theorem 2.10. [29] Assume v : T — R is strictly increasing and T := vT is a time scale. Iff: T—- Risan
ld-continuous function and v is V-differentiable with ld-continuous derivative, then for a,b € T

b wV(a) ~
[ oowevs= [ rorheis ®)
a v(b)

Now, we give a theorem which is the substitution rule on periodic time scales in shifts 0.

Theorem 2.11. Let T be a time scale that is periodic in shifts 0, with period P € [ty, co)t- and f a V-periodic function
in shifts 6. with the period T € [P, oo)t-. Suppose that f € Cjy(T), then

t HO)
f f(5)Vs = £(5)Vs. 9)

01 (to)

Proof. We will prove this theorem similarly with Theorem 2 in [3]. Substituting v(s) = 6 (t) and g(s) = f(61(t))
in (8) and taking (7) into account we have

ST(t) v(t)

f(s)Vs

o1 (t) v(to)

f
f GV (S)Vs
to

t
[ retentaes

j: f(s)Vs.

g (s))Vs

The equality

0L (t) t

fevs= [ s
to

o (o)

can be obtained similarly. The proof is complete. [
We give some interesting properties of the nabla exponential functions é,(t, ty) and shift operators on
time scales.

Lemma 2.12. Let T be a time scale that is periodic in shifts 6. with the period P. Suppose that the shifts 6L are
V-differentiable on t € T* where T € [P, co)t-. Then the backwards graininess function v : T\, — [0, co) satisfies

V(BL(1) = 87 (B (D).

Proof. Since 61 are V-differentiable at ¢, from the calculus on time scales we know
(DY (1) = &5.(t) = 8L (p(1)-

Then by using Corollary 3.5, we have

oL(t) — p(6L(1)
V(61 (1)).

Similarly, v()6YT(t) = v(6L(t)) can be obtained. Thus, the proof is complete. [

v(t)oYT ()
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Lemma 2.13. Let T be a time scale that is periodic in shifts 6. with the period P. Suppose that the shifts 61 are
V-differentiable on t € T* where T € [P, co)r- and p € R, is V-periodic in shifts 6. with the period T. Then
i. 8,(0L(t), 6L(t0)) = &,(t, to) fort, to € T

ii. &,(01(1), pOT(O) = &y(t, p(s)) = T2 for t,s € T

Proof. (i) Assume that v(7) # 0. Set f(7) =

in shifts 6. we get

e )Log(l — p(t)v(1)). Using Lemma 2.12 and V-periodicity of p

o7 |
v(61(7))
6VT(T)

— + _ T VT
= v(éT( ))Log(l p(6,(1))5} 57T v((j (1))

= ()Logu pOV(D))
= f.

Thus, f is V-periodic in shifts 6. with the period T. By using Theorem 2.11 we have

fEL@)8 (1) =

0g(1 = p(65(0)r(&5(7)))

G
exp (‘ fT %Log(l p(T)V(T))VT] if v(1) # 0;
&,(05(1), %) = ﬁ(ii‘”
exp( p(T)VT) if v(t) =0,
o( to)
exp( Log(l p(T)V(T))V’L’) if v(t) #0;
) exp (f p(T)VT) if v(t) =0,
= (i‘p(i’ to

Similarly, we can obtain e,,(éf(t), 0L (ty)) = ép(t, to)-
(ii) From Corollary 3.5, we know p(51(s)) = 6I(p(s)). By Lemma 2.12 and Lemma 2.2 we obtain

éy(t, s)
1-v(tp(t)

Similarly, we can obtain &,(67(t), p(67(s))) = &,(6L(#), 6Z(p(s))) = &,(t, p(s)). The proofis complete. [1  Let
define us the set

Pr:= {x € C(T,R) : x(5L(t)) = x(t)}

Ep(05(8), p(81(5))) = &(57(D), 83 (p(9))) = & (t, p(s)) =

where C(T, R) is the space of all real valued continuous functions. Endowed with the norm

Ixll =  max |x(t),
telto,01 (to)Ir

then Pr is a Banach space.

Lemma 2.14. x(t) € Pr is a solution of (1) if and only if

57(t)
x(t) = /\ft G(t,5)b(s) f(x(h(s)))Vs

8a (£, p(5))

where G(t,s) = — is the Green’s function of the problem (1).
Cay(t, 65(1)) — 1 f yihep
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Proof. Let x(t) € Pr be a solution of (1). We can reform the equation (1) as

(1) = at)x(p®) + v()x (B)] + Ab() f (x(h(t)))
A —vPa®)x'(t) = at)x(p(t)) + Ab(t) f(x(h(t)))
v a(t) b(t) f (x(h(t)))
*(H T=voa "D AT 00

V(1) + &u(a(®)x(p(t) Alq(ry(t, p(E)B(E) f (x(R(£)))

Multiply both sides of the above equation by é o (%, to) and then integrate from ¢ to 5L(t), we obtain

o1 (1) ST (t)
ft [x(5)e0.at0 (5, 0)]7Vs = A f a5 0)ae (5, P()bLs) f(h(5)) Vs,

We arrive at

o7 (1)
[8e,a0 (O (2), to) = Bo,a(t, to)Jx(t) = A ft 8a(s)(£0, 5)8as) (5, p(5))b(s) f (x(h(5)))Vs.

Dividing both sides of the above equation by é,(t, tp) and using Lemma 2.2 we have

0L (t)
X(Oo.a 0T (0, ) 1] = A f bt (t, PEBE) F(hS)VS.

We get

oL 5 ¢

wy=a [ I alras
t ea(f)(tl 6+(t)) -1

The proof is complete. [J

If we define 6 := e, (to, 0L(to)) we have

‘_ a®(t0) o T
O<a:= W < G(t,S) < m = ﬁ for s e [i’,6+(t)]jr,

and
G(6L(t),61(s)) = G(t,s) for t € T*,s € [t,61(t)]r.

Lemma 2.15. Let G(t,s) be the Green’s function of the problem (1). Then

oL (1)
f a(s)G(t,s)Vs = —1
t

Proof. We consider the following problem
xV(t) = a(t)x(t) —a(t), teT

oL (H)

2557

(10)

(11)

(12)

for A = 1 and b(t) f(x(h(t))) = —a(t) in the problem (1). By Lemma 2.14, x(t) = —f a(s)G(t,s)Vs is the

¢
solution of the problem (12). Also, x(t) = 1 is the solution of this problem. Now, we show that x(t) = 1 is

the unique solution. If the problem (12) has two solutions such that y;(t), y2(t), then we get

v = ayt) —a()
vy () a(t)ya(t) — a(t).
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So we have the first order problem (y1 — y2)V(t) = a(t)(y1(t) — y2(t)), again by Lemma 2.14 we obtain
0L (t)
(1 — y2)(t) = f 0G(t,s)Vs = 0, since b(t) f(x(h(t)) = 0. This implies y1(t) = y»(t) for t € T. Thus, the

t
problem (12) has only unique solution x(f) = 1. Consequently,

0% (t)
f a(s)G(t,s)Vs = -1
t
Define K be a cone in Pr by
K= {x € Pr: x(t) 2 yllxll, V¢ € [to, 51 (to)]n}

ad(ty)
Oa(to)

where y := and an operator A : K — Pr by

57(t)
Ax(t) = /\f G(t,5)b(s) f (x(h(s)))Vs.
t

Also define the numbers
ST (to)
B:= f b(s)Vs, C:= sup a(t). (13)
to te[to,07 (to)Ir
Lemma 2.16. A(K) C Kand A : K — K is compact and continuous.

Proof. By using (11), b is V-periodic, h is periodic in shifts and Theorem 2.10 and substituting v(s) = 61(t) in
(8) for x € K, we have

ST(8L(1)
A f G (1), 9)b(6) F(x(h(s) Vs
1)

T

oL (b)
A f G(OL (1), 81 (s)b(51 ()6 () f (x(M(51(5)))) Vs

(Ax)(65(1))

HO)
A f G(t, s)b(s) f (x(h(s)))Vs
t
= Ax().
We show that, for x € K,

oL (t) @
A > A f %b(S)f(X(h(S))WS

to)(0 1)
B a®(t0) 61 (to) 0
= Gaz(to))\ . 51 b(s) f (x(h(s)))Vs
> yllAxl

Therefore, A(K) € K. We will prove that A is continuous and compact. Firstly, we will consider the continuity
of A. Letx, € Kand [|x, —x|| = 0 asn — oo, the x € Kand |x, () — x(t)] = 0asn — oo for any t € [¢, 6L (to)]r-
Because of continuity of f, for any ¢ € [#o, 5L(to)]T and €* > 0, we have

|Ax, — Ax|| = max |Ax, — Ax|
telto,01 (to)Ir
0L ()

< max A f G(t, $)b(s)lf (xu(h(5))) — f(x(h(s)))IVs

telto, 0 (to)lr t

o1 (to)
< )\e*ﬁf b(s)Vs =€
fo



E. Cetin, F. S. Topal / Filomat 30:9 (2016), 25512571 2559

€
where €* = 1B Thus A is continuous on K.

Next, we prove that A is a compact operator. It is equal to proving that A maps bounded sets in to
relatively compact sets.
Let S C K be an arbitrary bounded set in K, then there exists a number R > 0 such that [|x|| < R for any

x € K. We prove AS is compact. In fact, for any {x,},en € Kand t € [to, 6L(to)]T, we have

[|Ax,,||

IA

o1 ()
max 4 [ Gl O IV
t

te[to,0F (to)Ir

% (to)
A8 [ bl (VS = D.

IA

Now, we find the V-derivative of the operator Ax(t)

1 Vo ol
Ax)¥(t) = A(W) I ea(ny(t, p(8))b(s) f (x(h(s))) Vs (14)
1 87(t) v
Aé OO =1 ( ft ea(r)(t, p(8))b(s) f (x(h(s))) Vs (15)

Firstly, we consider the V-derivative in (14)

( 1 )V _ &v(t, 0L (1))
GOIM) —1) (@t 0L(1) — D@lp®), 8T(p(h)) — 1)
a(H)lea(t, 81(1)) - ealp(t), 5L (p(1))]
(@t 6T (D) = D(@lp(t), 8T (p(1)) - 1)

a0 [ 1 B 1
&a(t,0T(H) =1 e(p(t), p(d1 (1) — 1

Secondly, we consider the V-derivative in (15)

\Y

0]
[ ft ean(t, p(S))b(s)f(x(h(S)))VSJ

S5 (b)

- Vv
[ ft Caty (£, p(5))b(s) f (x(h(s5)))Vs + f éa(t)(t/P(S))b(s)f(x(h(s)))vs)

\

T v t
([ et oo saenvs) «( [ aotpetome oo

= —Can(p(t), p(E))b(E) f(x(h(t))) + ft a(t)ea(r)(t, p(5))b(s) f (x(h(s)))Vs
t

+ e (p(t), pOL BN fx(h(t))) + f5 ” )“(t)éu(t)(tl p(OL(5)D() f(x(h(s))Vs

L)
= b() f(e(r(t)[eaey (p(1), p(OL()) = 1] = a(t) ft 8acr)(t, p(s)b(s) f (x(h(s)))Vs.
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Thus, we obtain the (Ax)"(f) by using above equations

v ~ 1 ~ 1 I(t)A
(Ax7(t) = M(t)|éa(t, T e,,(pa),p(az(t)))_J f bup(t, p($))BE) Fx(A(S) Vs
v A . (b0 FCCrON ey (p(8), pOT(B)) — 1]

ean (p(t), p(OL (1)) — 1
()
- a(t) f éa(t)(t,p(S)b(S)f(X(h(S)))VS]
= a(t)Ax(t) + Ab(t) f (x(h(1))).

Consequently, we have

AT < max () Axa(t) + Ab(E) f(x (h(2))]

telto,o1 (to)Ir

< |lAxll max la(®)l+A  max [b(H)If(t x.(h(t)))]
te[to, 01 (to)Ir telto,01 (to)Ir
< CD+A max |b(t)||f(xn(h(t)))| =L

te[to,0 (to)lr

which imply that {Ax,},en and {AVx, ) e are uniformly bounded on [#, 6{(1‘0)]1. There exists a subsequence
of {Ax,},en converges uniformly on [f, oL (to)]T, namely, A(S) is compact. The proof is complete. [

Lemma 2.17. Existence of positive periodic solutions in shifts 6. of (1) is equivalent to the existence of fixed point
problem of A, in K.

The proof of the Lemma 2.17 is straight forward and hence omitted.
Let X be a Banach space and K be a cone in X. A mapping ¢ is said to be a concave nonnegative
continuous functional on K if ¢ : K — [0, 00) is continuous and

Plux+ (1 = py) = pp(x) + (L - wy(y), x, y €K p€[0,1].
Leta, b, c > 0 be constants with K and X as above. Define the convex sets K,, K(¢, r) and K(i, b, ¢) by
Ky, ={xeK:|lxll<a}, K(p,r)={xeK:p(x) <r} and K(¢,b,c) ={x e K:p(x) 2 b, ||x|| < c}.

In order to follow the main results of this paper easily, now we state the following fixed point theorems
in a cone.

Theorem 2.18. (Guo-Krasnoselskif Fixed Point Theorem [8]) Let X be a Banach space, K C X be a cone, and suppose

that (q and (), are open, bounded subsets of X with 0 € (g and Q, c Q. Suppose further that A : KN (Q_z\Ql) - K
is a completely continuous operator such that either

@) ||Aul| < |lul| for u € KN IQy, [|Au|| = |lul| for u € KN 9y, or
(@) | Aul| > ||ull for u € KNIy, |Aul| < |lul| for u € KN I,
holds. Then A has a fixed point in K N (s \ ).

Theorem 2.19. (Avery-Henderson Fixed Point Theorem [30]) Let K be a cone in a real Banach space E. If p and ¢
are increasing, nonnegative, continuous functionals on K, let 0 be a nonnegative continuous functional on K with
6(0) = 0 such that for some positive constants r and M,

P(u) < O(u) < p(u) and ||ul] < M(u)

forall u € K(¢p, ). Suppose that there exist positive numbers p < q < r such that
O(Au) < AB(u) forall0 <A <1 and u € JK(9,q).

If A : K(¢, r) — K is a completely continuous operator satisfying
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(1) ¢(Au) > r forall u € IK(¢p,7),
(i) 6(Au) < q forall u<c JK(9,q),
(iii) K(u,q) # 0 and u(Au) > p for all u € IK(y, p),
then A has at least two fixed points uy and uy such that

p < u(ur) with 6(ur) < q and q < O(u2) with ¢(uz) <r.

Theorem 2.20. (Leggett-Williams Fixed Point Theorem [28]) Let K be a cone in Banach space X. Suppose A : K, —
K, be a completely continuous operator and y be concave nonnegative continuous functional on K with Y (u) < u for
all u € K,. If there exist 0 < p < q < | < r such that the following conditions holds:

@) {ueK@W,q,10): W) > q} # 0and P(Au) > q for all u € K¢, q,1);
Gi) JAull < p for all |jull < p;

(iii) P(Au) > g forall u € K(y, q,7) with ||Aul| > L.

Then A has at least three positive solutions uq, up and uz in K, satisfying

luall <p, P(u2) > q, p <llusll with P(us) <gq.

3. Main Results

In this section, we use the notation iy =number of zeros in the set f;, fo and i, =number of infinities in

u u
the set fo, fo as in the reference [10], where f, = lir(r)l+ j% and fo, = lim m Itis clear that iy, iee = 0,1 0r 2.

U—00

Then we shall show that the problem (1) has i, or i, positive periodic solution(s) in shifts 0..
Theorem 3.1. The problem (1) has at least one positive T-periodic solution in shifts 6. in the case ip = 1 and i, = 1.

Proof. First, we consider the case f, = 0 and f, = c0. Since f; = 0, then there exists R; > 0 such that f(x) < ex
for 0 < x < Ry, where € satisfies

e < (ABB)..

If x € Kwith ||x|| = Ry, then

SL (to)
lAxl < AB f () F(x(H(E)))Vs

IA

o1 (fo)
AB I b(s)ex(h(s))Vs

o7 (o)
ABellx]| f b(s)Vs
to

ABeBllxl < lx]l-

IN

It follows that if Qg, = {x € Pr : ||x|]| < Ry}, then ||Ax]|| < ||x|| for x € KN Q.
Since fo = o0, there exists R}, > 0 such that f(x) > nx for x > R} where 17 > 0 is chosen such that

n> (AayB)™.
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’

R
Set R, = max{2R, 72} and Qg, = {x € Pr : |lx]| < Ry}.
If x € Kwith ||x|| = R, then x(t) > yllx|| > R,. So that

o1 (to)
Ax(t) = Aa f b(s) f(x(h(s)))Vs

to
0% (to)

> /\af b(s)nx(h(s))Vs
fo

o1 (fo)

> Aan f b(s)yIIxlIVs
fo

= AanyB|i|

> lxll.

In other words if x € KN dQg,, then [|Ax|| > ||x]|. Thus by the Krasnoselskii’s Fixed Point Theorem, it follows
that A has a fixed point x in x € KN (Qg,\Qg,) with R; < x < Ro.
Now we consider the case fy = o and fo, = 0. Since fy = oo, there exists R3 > 0 such that f(x) > mx for
0 < x < Rz, where m is such that

m > (AayB) L.

If x € K with ||x|| = R3, then we have

o1 (to)
A f ab(s) f(x(h(s)))Vs

Ax(t) =

to
6% (to)

> Aa f b(s)mx(h(s))Vs
to
0% (to)

> /\af b(s)my||x||Vs
fo

> AamyB|x||

> fxl.

Thus we let Qr, = {x € Pr : ||x]| < R3}, so that ||Ax|| > ||x||, for x € K N dQ,.
Next consider f., = 0. By definition there exists R} > 0 such that f(x) < 6x for x > R}, where 6 > 0 satisfies

6 < (ABB)~L. (16)
Suppose, f is bounded. Then f(x) < C for all x > 0 for some constant C > 0. Pick

R4 = max{2R3, ABCB]J.
If x € Kwith ||x|| = R4, then

ST (to)

lAx(DI < AB b(s) f(x(h(s)))Vs
< ABCB
< Ry =l
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Now suppose that f is unbounded. From f € C((0, o), (0, 00)) it is easy to know that there exists Ry >
max{2R3, R} such that f(x) < f(R4) for 0 < x < Ry. If x € K'with [[x]| = R4, then by using (16) we have

o7 (to)
Ax(t) < /\f Bb(s) f(x(h(s)))Vs

to

01 (to)
A ft b(s)f(R4)Vs

<
()

< /\ﬁ(SR4f b(s)Vs
to

= APOR4B

< Ry =l

Consequently, in either case we take Qg, = {x € Py : ||x|]| < R4}, so that for x € K N dQg,, then [|Ax|| < ||x||.
Thus by the Krasnoselskif Fixed Point Theorem, it follows that A has a fixed point x in K N (Qg,\Qg,) with
R3 < x < Ry. The proof is complete. [

Now, we shall discuss the existence for the positive T-periodic solutions in shifts 0. for the problem (1)
under the condition ip = 0 and i, = 0.

Theorem 3.2. Suppose that the following conditions hold:

(A1) There exists constant v’ > 0 such that f(x) < ' Aq for 0 < x < v, where A; = (ABB)7!,

(A2) There exists constant s > 0 such that f(x) = s’ A, for ys’ < x <s’, where Ay = (AaB)™, with v’ < s'.
Then the problem (1) has at least one positive T-periodic solution in shifts 6. such that v < ||x|| < s’.

Proof. Without lost of generality, we assume r’ <s’. Let QO = {x € Pr : ||x]| < 7'}, for any x € KN Q.
In view of (A1), we have

o (to)
Ax(t) < /\f Bb(s) f(x(h(s)))Vs

to
01 (to)
AB b(s)r' A1Vs
to

IN

= ABrAB=71 =]l
which yields ||Ax]| < [lx]| for x € KN Q.

Now, set Qg = {x € Pr : ||x|| < s'}, for any x € KN dQy, we have ys’ < x(t) < ¢/, for t € [ty,6L(t)]. Hence, by
(A2) we can get

o (to)
Ax(t) > /\f ab(s) f(x(h(s)))Vs

to

67 (to)
> Aa f b(s)s’ A;Vs

to
= /\OCS/AQB
= s =l

Thus, we have ||Ax|| > ||x|| for x € KN JQy . Krasnoselskii Fixed Point Theorem guarantees that A has a fixed
point x in K N (Qs \Q,). Moreover, it is a positive periodic solution in shifts 6, of the problem (1) such that
r" < ||x|| < s” The proof is complete. [

Now, we will give the results of the existence for the positive T-periodic solution in shifts of the problem
(1) under iy =1and i =0o0rip = 0and i, = 1.

Theorem 3.3. Suppose that fy € [0, A1) and fo € (%Az, o0) hold. Then the problem (1) has at least one positive
T-periodic solution in shifts O..
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Proof. It is easy to see that under the assumptions, the conditions (A1) and (A2) in Theorem 3.2 are satisfied.
So the proof is omitted. [J

Theorem 3.4. Suppose that fy € (%Az, o0) and fo € [0, A1) hold. Then the problem (1) has at least one positive
T-periodic solution in shifts d..

Proof. First, in the view of f; € (%Az, o) fore = fo— %Az > 0, there exists a sufficiently small s > 0 such that

@ 2 fo-e= %AZforxe ©,5)

Thus, if x € [ys’,s’], then one has
1 1
(x) = —Aox = —Agys’ = Aos’,
/ Y )4

which yieds the condition (A2) in Theorem 3.2.
Next, by fo € [0, A1), for € = Aj — fo > 0 there exists a sufficiently large r"” > s’ such that

@ < fote=NAforx e[r”, fu).

We consider two cases:

Case 1: Suppose that f is bounded, we say f(x) < M for x € [0, o). In this case, take sufficiently large ' > 0
such that 7’ > max{ AMI, "’} then we get
flx) <M < Ay’ forx e [0,7'].

Then from the above inequality, the condition (A1) of Theorem 3.2 is satisfied.
Case2: Suppose that f is unbounded. Then from f € C([0, =), [0, o)), we know that there is ¥’ > " such
that

fx) < f(r') forx € [0,7].
Since ' > r”’, we have
fx) < f(r') < Aqr’ forx € [0,7].

Thus, the condition (A2) of Theorem 3.2 is satisfied. Hence, from Theorem 3.2, the conclusion of this
theorem holds. The proof is complete. [
Also we get the following two results.

Corollary 3.5. Suppose that fy = 0 and condition (A2) in Theorem 3.2 hold. Then the problem (1) has at least one
positive T-periodic solution in shifts 5..

Corollary 3.6. Suppose that fo = 0 and condition (A2) in Theorem 3.2 hold. Then the problem (1) has at least one
positive T-periodic solution in shifts 6.

Theorem 3.7. Suppose that fy € (0, A1) and fo = oo hold. Then the problem (1) has at least one positive T-periodic
solution in shifts 6.

Proof. Since fo, = oo, similar to the first part of Theorem 3.1 we get
lAx]| > ||x|| for x € K N dQg,.

By fo € (0, A1), for e = Ay — fy > 0, there exists a sufficiently small 7" € (0, R;) such that
f(x) < (fo+e)x=Ax<Ar’ forxel0,7].

Similar to the proof of Theorem 3.2, we obtain
||Ax|| < ||x]| for x € KN Q..

Thus, we have that A has a fixed point x in K N (Qg,\Q;-). The proof is complete. [
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Theorem 3.8. Suppose that fo = 0o and fo € (0, A1) hold. Then the problem (1) has at least one positive T-periodic
solution in shifts 6.

Proof. First, in view of f; = oo, similar to the second part of Theorem 3.1, we have
lIAx|| > |Ix]|| for x € K N dQ,.

Next, by fe € (0, A1), similar to the second part of the proof of Theorem 3.4 and Theorem 3.2, we have
||Ax|| < ||lx]| for x € KN 2Q,,

where 7 > R3. Thus, the problem (1) has at least one positive T-periodic solution in shifts 6. and the proof
is complete. [
Also, we get the following corollaries easily.

Corollary 3.9. Suppose that fo, = oo and condition (A1) in Theorem 3.2 hold. Then the problem (1) has at least one
positive T-periodic solution in shifts 6.

Corollary 3.10. Suppose that fy = oo and condition (A1) in Theorem 3.2 hold. Then the problem (1) has at least one
positive T-periodic solution in shifts 6.

Now, we will give the existence results of multiple positive T-periodic solutions in shifts 6. for the problem
(1) under the conditions iy = 0 and i, = 2 or ip = 2 and i, = 0. The following two theorems are easily
proved combining the proof of Theorem 3.1 and Theorem 3.2.

Theorem 3.11. Suppose that iy = 0 and i, = 2 condition (A1) of Theorem 3.2 hold. Then the problem (1) has at
least two positive T-periodic solutions x1,x; in shifts 0. such that 0 < |[x1|| < 7" < [|x2]|.

Theorem 3.12. Suppose that iy = 2 and i, = 0 condition (A2) of Theorem 3.2 hold. Then the problem (1) has at
least two positive T-periodic solutions x1,x; in shifts 04 such that 0 < ||x1|| <s" < |lxz]|.

Now, we will give the existence of two positive T-periodic solutions in shifts . under the more general
case. To get this result, we define the nonnegative increasing continuous functionals 6, ¢ and ® by

O(x)= min x(t), @(x)= max x(t), D(x)=maxx(t).
telto, 0 (to)lm telto, 0 (to)lr teT

For each x € K, 6(x) < ¢(x) = ®(x). Also we define, for each d > 0, the set K(y,d) = {x € K: (x) < d}, for a
nonnegative continuous functional ¢ on a cone K of areal Banach space Pr.

In additional, for each x € K, 6(x) = x(&) > yllx|| where & € [to, 1 (to)lr. Thus ||x|| < %Q(X) for all x € K.
Finally, we also note that ¢(A1x) = Ap(x), 0 < A < 1and x € IK(¢, V).

Theorem 3.13. Suppose that there exist positive numbers 0 < a’ < b’ < ¢’ such that 0 < a’ < %b’ < y%c’. Assume
f(x) satisfies the following conditions:

@) f(x) > ﬁ,forx € [c',“—y’ ,

(ii) f(x) < g forx €10, %],

(iii) f(x) > 155, forx € [ya’, Z1.

Then the problem (1) has at least two positive T-periodic solutions x1,x; in shifts 0. such that

a’ <maxxq(t) with max x(t)<b andb’ < max x(t) with min x(t) <c'.
teT telto, 07 (to) T telto, oL (to)IT telto, o1 (to)Ir
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Proof. By the definition of the operator A and its properties, it suffices to show that the conditions of Theorem
2.19 hold with respect to A. We first show that if x € dK(6,¢’), then 6(Ax) > ¢’. Indeed, if x € JK(6,¢’),

then O(x) = min x(&) < ¢, where & € [to, 6L(to)]T, one gets x(t) > ¢’ for t € [ty, 61 (to)]r. If we recall that
telto, 04 (fo)lr

[|x]| < )1—,9(36) < %c’, for t € [to, 6L (to)]r. As a consequence of (i), f(x(t)) > ﬁ for t € [to, 6L (to)]r-
Also, Ax € K, so we get
0(Ax) = min  Ax(t)

te[to,07 (fo) I

0L (t)
min A j; G(t,s)b(s) f(x(h(s)))Vs

telto, 01 (to)Ir

o1 (to) o
A b \Y
> Aa fto (s) 1aB S

/

\%

Aa ¢ B=/.

AaB
Next, we verify p(Ax) < b’ forx € dK(p, V’). Letus choose x € dK(¢p, V'), thenp(x) = max x(t) = x(n) =V,

t€[to,01 (to)Ir
where 1 € [to, 6L (to)]r. This implies 0 < x(t) < V', for t € [to, 6L (tp)]r and since x € K we also have

\%

0 <x(t) < |l < %x(t) < %x(q) = %b’ for t € [to, 8T (to) ]

USIHg (11), f(x(t)) < /\bﬁ/ forte [tO/ 6{({_—0)],[
Ax € K, and so

p(Ax) = max Ax(t)
te[to, 0% (to)Ir

% ()
= max A f G(t, s)b(s) f(x(h(s)))Vs
)] t

te[to,0% (to)Ir

61 (to) %
> Aa f b(s) Vs
to /\ﬁB
b/

ABB
Finally, we prove that K(®,a’) # 0 and ®(Ax) > &/, for all x € IK(D,a’).
In fact, the constant function “7 € K(®,a’). Moreover, for x € dK(®,a’), we have ®(x) = maxer x(f) =
maXpepy, 57 (1)}, X(F) = x(17) = a’.
This implies ya’ = y||x|| < x(t) < %x(t) < %x(n) =
for t € [ty, 6L(to)]T. As before Ax € K, and so

O(Ax) = maxAx(t)

teT

> Ap—=B=1b.

1

ya’, fort € [to, 61 (to)]r. Using assumption (iii), f(x(t)) > ﬁ,

teT

L(to) a
A b \%
o ft: (s) aB s

Z
AaB

Thus, by Theorem 2.19 there exists two fixed points of A which are at least two positive T-periodic solutions

x1, X2 in shifts 0., belonging to K(6, ¢’), of the problem (1) such that

57 (F)
max A f G(t, s)b(s) f(x(h(s)))Vs
t

[\

Aa B=da.

\%

a’ < D(x1) with p(x1) <V and b’ < @(x;) with 8(x;) < ¢'.
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The proof is complete. [
Now, we will give the nonexistence results for the problem (1).

Theorem 3.14. Ifiy = 0or i = 0 then the problem (1) has no positive T-periodic solution in shifts 5. for sufficiently
large or small A > 0, respectively.

Proof. If iy = 0, then fy > 0 and f. > 0. It follows that there exist positive numbers 61, 62, 71 and 7, such that
71 > 1 and

f(x) = o1x for x €[0,r1],
f(x) = 0x for x € [rp, oo].

Leto = min{él,éz,rlr?xigl ]%} > 0. Thus, we have
f(x) = 6x for x € [0, oo].

Assume y(t) is a positive periodic solution in shift 6. of the problem (1). We will show that this leads to a
1

adB’

Since Ay(t) = y(t) for t € [to, 61 (to)]T we have

contraction for A > Ag where Ay =

o (to)
A f ab(s) F(y(h()Vs

iyl = llAyll >
61 (to)
> /\azéllyllf b(s)Vs
to
> lyll,

which is a contradiction.
If i = 0, then fy < o0 and fo, < co. It follows that there exist positive numbers €1, €3, 71 and r, such that
r1 <7y,

f(x) <erx for x € [0,m],

f(x) < exx for x € [ry, ).

X
Let € = max{eq, €o, max &} > 0. Thus, we have
xelr,rn] X

f(x) < ex for x €0, 00).

Assume y(t) is a positive periodic solution in shift 0, of the problem (1). We show that this leads to a

contraction for 0 < A < A, where A1 = l#. Since Ay(t) = y(t) for t € [to, 6L (ty)lr we have

o (to)
A mesues

Iyl = Ayl <
to
()
< Apeliy f b(s)Vs
to
< Iyl

which is a contraction. The proof is complete. [J
By using Leggett-Williams multiple fixed point theorem [28], we will prove the existence of at least three
positive solutions of the problem (1).
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Theorem 3.15. Suppose that there exist constants 0 < p < q such that
(H1) f(x) < @,fm’x € [0,p],

(H2) f(x)> %,forx €lg, ;1/],

(H3) one of the following conditions holds:

X
(a) limsup max & > —
x—oc0  telto, 01 (to)lT ﬂ(t)x

(b) there exists a number r > % such that f(x) < (Ggl)r,for x€[0,r].

Then Eq. (1) has at least three positive T-periodic solutions for

—6_1</\<—1
6B & sup D)

te[to, 0% (o)l
where & = 61 (6L (tg)) — 61 (to)-

Proof. By the definition of operator A and its properties, it suffices to show that the conditions of Theorem
2.20 hold with respect to A. We first show that if (a) holds, then there exists a number r > 71/ such that

A : K, — K. From (H3)-(a), it follows that there exist an € € (—=&,0) and 6 > 0 such that f(x) < a(t)ex for
x> 0. Let

I' := max f(x).

0<x<6

Then f(x) < a(t)ex + I for x > 0. Choose

q b
r> max{;, m} .

Then for x € K, we have

o1 (t)
Al sup A f Glt, b(S) F(x(h($)Vs

te[to, 07 (to)Ir

L)
A sup b(t) sup f G(t,s)[a(t)ex(h(s)) + I']Vs
t

<
te[to,0% (to) I t€[to, 07 (fo) I
G 0]
< A sup b(t){ sup f G(t,s)a(t)ellx|lVs +  sup f FVS}
te[to,0% (to) I te[to, 0% (o) Jr 't te[to, 0% (fo)Ir 't
< A sup b(t)[g;fél—r]
te[to,0% (to) I
1| y06¢&
z [9—1 r]
< T

(0-1)r
0

Next, we verify that if there exists a positive number 7 such that if f(x) < for x € [0,7’], then
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A : K, = K,. Indeed, if x € K, then we have

5L
[Ax(®)|] = sup /\f G(t,s)b(s) f(x(h(s)))Vs
telto,0% (to)lr t
0) 1\
< A sup Db(t) sup f G(t,s)(e 61)1’ Vs
te[to, 0% (to)Ir te[to,0} (to)lr V1
S1()
< ArY sup b(t) sup f Vs
te[to, 0% (o)l te[to,0% (to)]r 1

< A sup  b(H)E
te[to, 0% (o)l

/

< r

thus, Ax € K,. Hence we have shown in the previous claim if (a) or (b) holds, then there exists a number
r with r > )1/ such that A : K, = K,. It is also note from (H1) with v = p that A : K_p — Kj,. Therefore the
condition (ii) of Leggett-Williams fixed point theorem is satisfied.

Now, we define a nonnegative continuous function i on K by ¢(x) = min, 514, X(£). Then i (x) < [|x]|.
Let!] = ;1/ and () = 9 is any given number satisfying g < 99 < I. Then 9 € {x : x € K(¥, q,1), Y(x) > g}.
Further, for x € K(y, ,1), we have by (H2)

07(t)
P(Ax) = min /\f G(t,5)b(s) f(x(h(s)))Vs
telto, 85 (o)l t
o1 (to)
> a)\f b(s) f(x(h(s)))Vs
to
o7 (to)
> a_)\q b(s)Vs
to
> q.

Finally, we assert that if x € K(¢, g,1) and ||Ax]| > % then ¢/(Ax) > g.
Suppose that x € K(1, q,1) and ||Ax|| > % Then we have

~ i oA !
1= <ia = 2 [ b0t
which in turn implies that
ﬂ@(to) 51 (to)
PY(Ax) = m . b(s)f (x(h(s)))Vs
a(t)
= Qaz(to)”Ax”
= ylAxl
= q.

Therefore, the condition (iii) of Leggett-Williams fixed point theorem is satisfied.
To sum up, the hypothesises of Leggett-Williams fixed point theorem are satisfied. Hence the Eq. (1) has at
least three positive T-periodic solutions x1, x5, x3 in shifts 6. such that

lIx1ll <p, g< min x(t) and [|x3]| > g with min x3(f) <g.
telto,07 (to)lr telto, 0L (fo)

The proof of Theorem 3.15 is complete. [J
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Theorem 3.16. Suppose that there exist constants 0 < p1 < q1 < < P2 <2 <L < P3<..<pu<qy neN,
such that the following conditions are satisfied:

() flx) < &2 forx € [0,pi,
(il) f(x) 2%, forx € [q;, 2]
Then Eq. (1) has at least 2n — 1 positive periodic solutions in shifts ..

Proof. When n =1, it is clear that Theorem 3.2 holds so the operator A has at least one fixed point. When
n = 2, it is clear that Theorem 3.15 holds. Then we can obtain at least three positive T-periodic solutions in
shifts 6.. Following this way, we finish the proof by induction. The proof is complete. [

Example 3.17. Let T = {3"},en, be a periodic time scale in shift 6.(P,t) = P*t with period P = 3. We consider the
dynamic equation (1) with a(t) = —1/6t, b(t) = 1/8t and h(t) = exp(-1)"*/1n3,

The operators 0_(s,t) = t/s and 6.(s,t) = ts are backward and forward shift operators for (s,t) € D, and
here T* = T, the initial point ¢, = 1.If we consider the functions a(t), b(t) and h(t) in equation (1), we find
T = 3%. It is easy to see that a(t) and b(t) functions are V-periodic in shifts with period 9 and the nonnegative
function h(t) is periodic in shifts with period 9. Also a(t) is negative and v-regressive function and b(t) is

"0 ps)vs = [ b(s)Vs > 0.

f_vS—fl_va_vS__

3 8
0 = Eatry) (o, 01 (o)) = 2a1)(1,9) = exp{ f —log(1 + )Vs} = exp(log +log?2) = 3
9

nonnegative and satisfies fl
We can calculate

2 1
Ray= 0= B L
-5 143
Thus we obtaina = 2, p=%and y = Z
(i) Consider the problem (1) with the function f(u) = u?. Since
2 2
hmmz limu—zO, limM= limu—zoo,
u—0* U u—0+t U u—oo 1Y u—oo 1Y

then using Theorem 3.1, the problem (1) has at least one positive 9-periodic solution in shifts 6.
(ii) Consider the problem (1) with the function f(u) = +/u. Since

lmM: limﬂ:oo, limmzlimﬂzo,
u—0t U u—0t U u—oco 1Y u—oo 1Y

then using Theorem 3.1, the problem (1) has at least one positive 9-periodic solution in shifts 6..
(iii) Consider the problem (1) with the function

2x-1)+7, x>1;
t,x 2
it Fi, 0<x<l1.
1+x
We can compute the numbers A1 =L and A, = 180. If we choose 1" = 1 the function f satisfies
f) <& <B=rA for0<x< . fwe choose s’ = 40 the function f satlsfles f(x) > 72> W10 = gp,
for2 <x < 160

All cond1t10ns of Theorem 3 2 are satisfied. Thus, the problem (1) has at least one positive 9-periodic
solution in shifts 6. such that 35 < |lx|| < 22,
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