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Abstract. In this paper, we first give a density theorem. We will see that, under some suitable conditions,
the set of positive proper efficient solutions is dense in the set of the efficient solutions. Finally, we discuss
about the connectedness for the set of the efficient solutions of a generalized system.

1. Introduction and Preliminaries

Throughout this paper, let X be a real Hausdorff topological vector space and let Y be a real Hausdorff
topological vector space. Let Y* be the topological dual space of Y. Let C be a closed convex pointed cone
in Y. The cone C induces a partial ordering in Y defined by

x <y, ifandonlyif y—x € C.
Let
C={feY:f(y)=20, forally e C}
be the dual cone of C. Denote the quasi-interior of C* by C%, i.e.

Cl:={feY : f(y)>0forallyeC\{0}}.
Let D be a nonempty subset of Y. The cone hull of D is defined as
cone(D) ={td: t >0,d € D}.

Denote the closure of D by cl(D). A nonempty convex subset M of the convex cone C is called a base of
C if C = cone(M). It is easy to see that C* £ 0 if and only if C has a base.
Let A be a nonempty subset of X and F : A x A — 2¥ \ {0} be a set-valued mapping. A vector x € A is
called an efficient solution if
F(x,y) ¢ —C\ {0}, forall y € A.
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The set of efficient solutions is denoted by V(A, F).

If int C # 0, a vector x € A is called a weakly efficient solution if
F(x,y) ¢ —int C, for all y € A.

The set of weakly efficient solutions is denoted by Vi (A, F) ( see, for instance, [7]).

Let f € C*\ {0}. A vector x € A is called an f—efficient solution if
f(F(x,y)) =0, forall y € A.
The set of f—efficient solutions is denoted by V¢(A, F).

Definition 1.1. A vector x € A is called a positive proper efficient solution if there exists f € C* such that

f(E(x,y) >0, forally € A.
By Definition 1.1, we can get easily the following Proposition.

Proposition 1.2. Ifint C # 0, then
V(A, F) € V(A F)

and
U V(A F) C Vi(A, ).
feC\{0}

Lemma 1.3. Suppose that int C # () and for each x € A, F(x, A) = UyeA F(x,vy) is C—convex, that is F(x, A) + Cisa
convex set. Then

Vw(A, F) = U VH(A, F).
feC\{0}

Proof. In view of Proposition 1.2, it suffices to prove that
Vw(A,F) C U V4(A, F).
fec\{o}

Let x € Vi (A, F). By definition,
F(x,y) ¢ —int C, forall y € A.

Thus,
F(x,A)N (-int C) = 0,

and hence,
(F(x,A) + C) N (=int C) = 0.

Because F(x, A) + C is a convex set, by the separation theorem of convex sets (see Theorem 3.21 in [13]), we
can find a function f € Y* \ {0} such that

inf{f(F(x,y) +c¢):y € A,c € C} > sup{f(—c) : c €int C}.

We obtain that f € C* \ {0} and

f(E(x,y)) =20, forall y € A.
Therefore, x € V¢(A,F). O
Definition 1.4. ([3]) Let E be a topological vector space and K be a subset of it. A mapping F : K — 2F is said to be
a KKM-mapping, if for any {x1, %2, ..., %,} C K, co{x1,x2,...,%,} C CJ E(x;), where 2E\{0} denotes the family of all
nonempty subsets of E. o
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Lemma 1.5. ([3]) Let K be a nonempty subset of a topological vector space X and F : K — 2% a KKM mapping with
closed values in K. Assume that there exists a nonempty compact convex subset B of K such that () F(x) is compact.

x€B
Then
ﬂ F(x) # 0.

xeK

2. Density and Connectedness

In this section, we first give a density theorem. We will see that, under some suitable conditions, the set
of positive proper efficient solutions is dense in the set of the efficient solutions. Finally, we discuss about
the connectedness for the set of the efficient solutions.

Let ¢ : AX A — Y be a mapping. The mapping ¢ is called C—monotone on A X A if

@(x,y) + p(y,x) € —C, for all x, y € A.

Proposition 2.1. Let ¢ : AX A — Y be a mapping. If ¢ is C—monotone, then, for any f € C*\ {0}, the mapping
f o @ is R*— monotone.

Proof. Assume that ¢ is C—monotone. Then

e, y)+ @y, x) € =C, forallx,y € A.

This implies that
flox,y) + ¢(y,x) <0.
So
(fopxy)+(fop)y,x) = fley)+ flely,x)
= flel,y) + oy, x))
< 0.

This completes the proof. [J
The mapping ¢ is called C—strongly monotone on A x A if ¢ is C—monotone and if x, y € A,x # y, then
(x,y) + @y, x) € —int C.

Remark 2.2. It is obvious from the definition that the C—strong monotonicity of ¢ implies the C—monotonicity of
@. While if we take X = R, C = [0, 00) and define ¢ : X X X — R by @(x,y) = {0} then one can check that ¢ is
C—monotonicity and is not C—strongly monotone.

Let ¢ : A — Y be a mapping. The mapping ¢ is called C—lower (C—upper) semicontinuous at xq € A if, for
any neighborhood U of 0( the zero vector) in Y, there is a neighborhood U(xy) of x¢ such that

P(x) € P(xp) + U+ C, forall x € U(xp) N A,
(Y(x) € P(xo) + U - C, forall x € U(xp) N A).
The following lemma establishes a link between lower semicontinuity and C— lower semicontinuity.
Lemma 2.3. Let ) : A — Y be a mapping and G : A — 2Y be defined by
G(x) =¢(x)-C, VxeA.

Then G is lower semicontinuous if and only if | is C—lower semicontinuous.
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Proof. (=) Let G is lower semicontinuous at xg € A and Uy is a neighborhood of 0. Then
W(x) = C) N (WP(xp) + Uy + C) # 0.
Since G is lower semicontinuous at xo, there exists U(xp) such that for all x € U,,,
W) = C) N (WP(xo) + Up + C) # 0.

Hence there is an a € C such that
Y(x) —a € P(xo) + Up + C,

and so
P(x) € P(xp) + Up+a+ C C Pxg) + Up + C+ C S P(xp) + Up + C.

Therefore ¢ is C—lower semicontinuous.
(<) Let G(xo) N W = ((x0) — C) N W # 0, where W is an open set. Hence, there is an a € C such that
P(xg) —a € W.
Then there exists a balanced neighborhood Uy of 0 such that
P(xp) —a+ Uy S W.
Since 1) is C—lower semicontinuous, then there is a neighborhood U, of xj such that for all x € U,,, we have
P(x) C P(xp) + Up + C.

Thus
P(x) = C € P(xo) + Uo.

This implies that
PYx)—C—a S P(xg) —apg+ Uy CW.

So (Y(x) = C—a)n W and
Px)-C—-apCyP(x)-C-C=9yx)-C

Therefore
Wn @) -C) #0.

This completes the proof. [J

Proposition 2.4. Forany i : A = Y, if f € C*\ {Oy-} and ¢ is C—lower semicontinuous, then f o : A — Ris
lower semicontinuous.

Proof. Assume that f € C*\ {0y-}. For any A € R, we prove that
{x € A|(f o ¢Y)(x) < A} is a closed set.
To see this, it suffices that we show that the set
M = {x € Al(f o P)(x) > A} = {x € A|(f o ¥)(x) < AJ€ is open.
Let X € M. Then f(i(x)) > A. This implies that
Y(@) € fH(A, 00).
Since f~1(A, o) — (%) is an open set which contains 0, there exists a neighborhood U of 0 such that

U+9(x) € f1 (4, ).
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Since ¢ is C—lower semicontinuous, there is a neighborhood U(¥) of ¥ such that
P(x) e U+ PE) +CC fI(A, +00) +C, forall x € U(T).

Hence, for each x € U(X), there is a ¢ € C such that

Y(x) —ce fHA,+0) =  f((x)—c) € (A, +0)
= f(Y) = flc) € (A, +0)
= fX) = f[(Px) - flc) > A

Therefore
Ux) c M.

Then ¥ is an interior point of M and so M is open. This completes the proof. [

Proposition 2.5. Forany 1 : A = Y, if f € C*\ {Oy.} and 1) is C—lower semicontinuous, then fo1p : A — Ris
upper semicontinuous.

Proof. Assume that f € C*\ {0y-}. For any A € R, we have to prove that the set
[x e Al = (f o ¢)(x) < A}is aclosed
or equivalently the set
Q=xeAl-(foy)x)>A}={xeAl-(foy)(x) < A)C is open.
To see this, let ¥ € Q. Then —f(1(X)) > A and so

f@®) <-A.
This implies that
Y(x) € f7H (=00, —A).
Since f~1(—o0, —A) — (%) is an open set which contains 0, there exists a neighborhood U of 0 such that
U+ (%) C f (=00, -A).
It follows from the —C—lower semicontinuity of ¢ that there exists a neighborhood U(%¥) of ¥ such that
P(x) e U+ P(F) - CC f(~00,-A) = C, forallx e U).

Consequently, For each x € U(%), there is a ¢ € C such that

Yx)+ce fl(=o0,—-A) = f((x)+c) € (—o0,—A)
= f(§(x) + f(c) € (o0, =)
= f@) < f(p) + flo) <=4,
and so
—(feg)(x) > A.
Hence
Ux) c Q.

Therefore X is an interior point of Q. This implies that each point of Q is an interior open ( note ¥ was an
arbitrary element of Q) and so Q is an open set. This completes the proof. [J

Remark 2.6. Forany 1 : A — Y, if f € C* and ¢ is C—convex, then f o ¢ : A — R is R* —convex.
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Proposition 2.7. Let Y be a locally convex space and 1 : A — Y a mapping. If, for any f € C*\ {0y}, fopis R*—
convex, then 1 is C—convex.

Proof. If the result is false then there exist x1,x, € A and ¢ € [0, 1] such that
z = t(x1) + (1 — H(x2) — Y(txg + (1 — Hxz) ¢ C.

By the separation theorem ( see, for instance, [[8], Theorem 3.4]) there exist f € Y* and two real numbers
a, 8 such that

f@)<a<B<flx), VYxeC (1)

We deduce from the properties of C and (1) that f € C*\{0y-} and by taking x = 0 in (1) we get f(z) < 0 and
this means that

ftpn) + (1= HY(x2)) = tf (@) + (1 = Hf((x2)) < fp(txr + (1 = £)x2))
which is contradicted by the R*—convexity of f o ¢. This completes the proof. O

Lemma 2.8. (See Theorem 3.1 of [5]) Let A C X be a nonempty compact convex set. Let p : A — Y and
@ : AXA — Y be two mappings. Assume that the following conditions are satisfied:

1. 1 is C—lower semicontinuous;
2. @(x,x) = 0 forall x € A and ¢ is C—monotone;
3. foreach x € A, p(x,vy) is C—lower semicontinuous in y and for each y € A, p(x, y) is C—upper semicontinuous
nx;
4. foreach x € A, Y(y) + @(x, y) is C—convex mapping in y.
Then, for each f € C*\ {Oy-}, V¢(A, F) is a nonempty compact convex set, where

F(x,y) =y9y) + ox,y) —P(x), for x,y€A.

The following result establishes an existence and uniqueness theorem for an efficient solution for
bifunctions which one can consider it as an extension of Lemma 2.8 and Theorem 3.1 in [5] by relaxing
the C—lower semicontinuity of the mapping ¢ in the second variable and compactness of the set as well
extending the result for the mapping ¢ is a bifunction, that is from one variable to two variables in the
setting of topological vector spaces ( more exact, we replace the locally convex topological vector space Y
by topological vector space). Further, the coercivity ( that is condition (5) in the next result is more general
than the coercivity condition used in Theorem 3.1 of [12].

Lemma 2.9. Let A C X be a nonempty convex set. Let  : AXA — Yand ¢ : AXA — Y be two mappings.
Assume that the following conditions are satisfied:

1. for each y € A, Y(x,y) + @(x, y) is C— upper semicontinuous ( or (—C)— lower semicontinuous) in x;
2.
U(x,x)+ @(x,x) =0, forall x € A;

3. foreach x € A, Y(x, y) + @(x, y) is C—convex mapping in y.
4. @,y are C—strongly monotone on A X A.
5. There exist a nonempty compact convex subset B and a compact subset D of A such that

Vye A\D,Ix € B: ¢Y(x,y)+ @(x,y) € —intC.

Then, for each f € C*\ {Oy-}, the set of f— efficient solutions, that is V ¢(A, F) is singleton and so convex and compact,
where

F(x,y) = Y(x,y) + @(x,y), forall x,y € A.
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Proof. Define T : A — 24 as follows
I'(y)y={xe€eA:foF(x,y) =0}, VyeA.

By Proposition 2.5, I'(y) is closed for each y € A. We claim that I' is a KKM mapping. Indeed, let B =
{1, ..., yn} C Aand z = Y. Ajy; € coB. It follows from (2) and (3) that

Y AFGy) =) AFEy) - Fzz) € C
i=1 i=1

So .
Y. f(FEy)) = 0.
i=1

Therefore, there is an i € {1,2, ..., n} such that f(F(z, y;)) = 0 and so z € I'(y;) and this completes the proof
of the assertion. Moreover, it follows from (5) that ﬂyeB I'(y) € D and so I satisfies all the assumptions
of Lemma 1.5. Hence it follows from Lemma 1.5 that (,c4 I'(x) # 0. Then there exists X € (e ['(x). This
means

f(Fx,y) >0, VyeA.

HenceX € V¢(F, A). Itis obvious from the definitions of I'and V¢(F, A) that V¢(F, A) = (s T'(x) € (e I'(y) €
D and since V(F, A) is a closed subset of the compact set D ( note that the values of I are closed) we get
that V¢(A, F) is a compact subset of D. Now we are going to show that V¢(A, F) is singleton. To verify this,
let x1,x2 € V¢(A, F). If we assume that x; # x, then it follows from (4) that

F(x1,x2) + F(x2,x1) = P (x1, x2) + @(x1, X2) + P(x2, X1) + p(x2, X1) =

P(x1, x2) + Plxo, x1) + P(x1,X2) + (X2, X1)
€ (—intC + (-intC)) € —intC.
Thus, f(F((x1,x2) + F(x2 + x1) < 0 which is contradicted by x1, xo € V¢(A, F). This completes the proof. [

Note that if the mappings ¢ and ¢ are C— upper semicontinuous ( (—C)— lower semicontinuous and C—
convex) then ¢ + ¢ is C— upper semicontinuous ( (—C)— lower semicontinuous and C-convex). Also we can
omit condition (5) in Lemma 2.9 when A is compact.

The following result is the main goal of the paper that provides a density theorem between the solution
set of efficient solutions and properly f— efficient solutions which extends the corresponding result in
[5, 6, 8-10, 10, 11].

Theorem 2.10. Let A C X be a nonempty compact convex set. Let p : AXA — Yand ¢ : AXA — Y be two
mappings. Assume that the following conditions are satisfied:

1. for each y € A, Y(x, y) + @(x, y) is C— upper semicontinuous ( or (—C)— lower semicontinuous) in x;

2.

Y(x,x)+ @x,x) =0, forall x € A;

3. foreach x € A, Y(x, y) + @(x, y) is C—convex mapping in y.

4. @,y are C—strongly monotone on A X A.

5. WA X A)and D = {p(x,y) : x,y € A} are bounded subsets of Y.

6. C*# 0 and intC # 0

Then,
| jecaViA, Py c VA F) c (| ] jecs V(A F))

where
F(x,y) = ¥(x,y) + o(x,y), forall x,y € A.
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Proof. It follows from our hypothesis and Lemma 2.9 that
Vi(AF)#0, YfeC\{0}
It is obvious from the definitions of an efficient solution, f— proper solution and weakly solution that,
| jectVA(A, ) € V(A F) € Vin(A, ).

We claim that
V(A,F) C U V4(A, F).
feC\{0}

Indeed, let x € V(A, F). It is easy to check from the condition (3) that the set F(x, A) + C is convex and since
x € V(A F) and —C — intC C —intC we get that (F(x, A) + C) N —intC = 0. Then by applying the separation
theorem ( note that we can separate the convex sets F(x,A) + C and —C) that there exist f € X" and real
number «a such that
f@) <a< f(Fx,y)+b), V@b y) e(-C)xCxA.

Now by taking (a,b) = (0, 0) one can deduce that
0<a<f(F(x,y), VYyeA.

This means that x € V¢(A, F) which completes the proof of the assertion.
Now we are going to prove that

U rec\o) V(A F) € cl( UfeCﬁVf(ArP))-
To verify the inclusion let us define the mapping H : C*\ {0} — 24 by
H(f) = V(A F), feC\{0}.

By using the proof as given in Lemma 2.9 one can see that the values of H are nonempty and compact.
We show that the graph of H is closed and so it is upper semicontinuous ( note that the values of H are
compact). Let {(fa, ) : @ € I} be a net in the graph of H, i.e.,

{(FarXa) : @ €I} C Graph(H) = {(f,x) € C*\ {0} X A : x € H(f)},

with
(fa,xa) = (f,x) e C'\ {0} X A,

where f, — f means that {f,} converges to f with respect to the topology induced by the bounded subsets
of Y on Y* which is denoted by S(Y*, Y) and a neighborhood base of the zero is as

IDE

{{ IfeY :sup | f(y)| <elBeBm),

yEB,‘

1

Il
—_

where B(Y) denotes all the nonempty bounded subsets of Y. From
Xo € H(fo) = Vs, (A F),a€l,

we have

fa@W(xa, ) + falp(a,y)) 2 0

Next, we show that

fWx,y) + flex,y) =20
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By (5) the sets /(A X A) and D = {@(x, y) : x, y € A} are bounded subsets of Y. Define

Pyaxayp(y*) = sup ueyaxaypp | y'w) | for y €Y.

It is easy to check that Pyxa)+p is a seminorm of Y* ( note that y*(B) is bounded when B is a bounded subset
of Y because if we take {x,} C B then %y*(xn) = y*(%xn) and (%xn) — 0. Hence it follows from the continuity

of y* that y*(1x,) converges to zero and this completes the proof of the claim). Let ¢ be an arbitrary positive
real number. Put

U={y" €Y : Pyaxanp(y’) <&}

which is a neighborhood of 0 with respect to f(Y*, Y). Since f, — f — 0 (in f(Y*,Y)) there exists ay € I such
that f, — f € U for all @ > a. It implies that

Py(axayp = sup ueyaxayp | (fa — f)w) | <&, whenever a > ao.
Therefore, for any y € A and a > ap we have, for all (y,f) € A X1,

| (fa = NG y) + @0, ) | = | fa(@(xp, ) + @(xp, ) = f(P(xp, y) + @(xp, v)) I< €.

Hence

Hm fo(Y(xp, y) + (g, ¥) = fF(@(xp, y) + @xp, ) V(y,p) € AXL

So
lim sup fo(P(xp, v) + @(xp, v)) = f(P(xp,y) + p(xp,y)) Y(y,B) € AXI.

Then

0 < limsup fa(P(xp, ¥) + @(xp, ) = fP (x5, ¥) + (g, ) Yy, p) € AXL

Then we deduce, since ¢ and ¢ are C— lower semicontinuous in the second variable, that

0< lin}g inf f(P(xp, y) + p(xp,y) < fW(xY) + @(x, ),
That is,
x € VH(A,F) = H(F)

Thus, H is closed ( i.e., H has closed graph).
Now we assume that xo € | ec\j0V (A, F). Then, there exists fy € C*\ {0} such that

{xo} = V¢ (A, F) = H(fy).
Since C* # 0, let g € C* and set
fo=fo+ @\ n)g.
Then, it is obvious that f, € C* Because Y* together with f(Y*,Y) is a topological vector space and so it
follows from the continuity of scalar multiplication and sum we get that {f,,} converges to f, with respect to

the topology B(Y*,Y). In the other words, for any neighborhood U of 0 with respect to f(Y", Y), there exist
bounded subsets B; C Y(i = 1,2, ...,m) and ¢ > 0 such that

{(feY :sup |f(y)| <elc U
i=1 YEB;

Since B; is bounded and g € Y*, | g(B;) | is bounded for i = 1,2, ..., m. Thus, there exists N such that

sup |(A\n)g(y) | <e, i=1,2,..,mn>N.
yEB,‘
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Hence (1 \ n)g(y) € U, thatis, f, — fo € U. This means that {f,} converges to f, with respect to f(Y*,Y).

Since, for each natural number 7, the set V¢, (A, F) is nonempty we can choose x,, € V, (A, F) C A. Hence
{x,} is a sequence in the compact set A and so there exists a converges subsequence x,, of {x,}. Let x,, — x.
Because H is closed, (fy,, X,) € Graph(H) and (f,,, xn,) = (fo,x) then

x € H(fo) = Vg (F A).

Hence, since xo € V (A, F) and V¢ (A, F) is singleton we obtain

Xo=x€ cl(U VH(A, F))
fect

and this completes the proof. [
Theorem 2.11. Let X, Y, A, C, 1, @, F be as in Theorem 2.10. Then, the set V(A, F) is connected.
Proof. Define the set-valued mapping H : C* — 24 by

H(f) = V(A F), feCh

By Lemma 2.9, for eachf € C*\ {0}, V¢(A, F) # 0. It is easy to see that C* is a convex set. Hence, it is a path

connected set. It is easy from our hypothesis that the mapping H is upper semicontinuous on C*. We show
that, | reciV5(A, F) is connected.
Suppose that U rec: V (A, F) is separated; that is, there exist open sets A and B such that

U etV (A F)CAUB, Aj=An( U e VA(A ),

Bi =B (| JjectVi(4,F), AiNB =0
Let f € C*. Since H(f) is connected by Lemma 2.9 and
0#H(f)c A1 UBy,
it follows that either H(f) C A; or H(f) C By, but not both. Let
V = {f e CHH(f) c A4},

W = {f € C|H(f) C By).

Clearly,
CP=VUW.

Let ? belong to the closure of V. Iff € W, we have
H(f) c B, C B.
Thus, by the upper semicontinuity of H there exists a neighborhood U of f such that
H(f)cB;, YfeUnV.

But U must contain f of W, since f in the closure of V¢(A, F). While H(f) C A; for such points, contradicting
H(f) c B;1. Hence,

VN =0.
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That is, the intersection of the set V with the closure of W is empty. Similarly, no point of the closure of V
belongs to W. We then have that

Ct=vuw,

is separated which is contradicted by the connectedness of C* ( note that C* is convex). Consequently, the

set
U rect V(A F)

is connected. Hence it follows from Theorem 2.10 that

| e VA B c VA F) cdl(| ] pes VA(A, P)).

and so V(A, F) is a connected set. [J
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