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Decomposition of the Laplacian and Pluriharmonic Bloch Functions

Ern Gun Kwon?

?Department of Mathematics-Education, Andong National University, Andong 760-749 Korea

Abstract. We decompose the invariant Laplacian of the deleted unit complex ball by two directional

Laplacians, tangential one and radial one. We give a characterization of pluriharmonic Bloch function in
terms of the growth of these Laplacians.

1. Preliminaries

Let B = B,, denote the open unit ball of C" and S denote the boundaryof B: S = {z€ C" : |z| = 1}.
The group of all automorphisms, that is, one to one biholomorphic onto self-maps, of B is denoted by
M. It consists of all maps of the form Ug,, where U is a unitary operator of C* and ¢, is defined by

a-Piz\1-laPQiz .
(Pu(Z) = 1-<z,a> , ifa#0
0, ifa=0.

Here < , > is the Hermitian inner product of C": < z, w >= Z;‘zl zjw;j, z, w € C", P,z is the projection of
C" onto the subspace generated by B :
_<za>

P,z =
<a,a>

a, ifa#0 and Pyz=0,

and Q,(z) =z — P,z.
A denotes the complex Laplacian of C" : A =4 Y7 D;D;, where D; = (9% and D; = a%_, i=12,...
denotes the M-invariant Laplacian defined for f € C?>(B) and a € B by

Af(@) = A(f © 0a)(0).

s
>

A C%(B) function f is said to be M-harmonic if A f = 0in B, pluriharmonic if D;Dyf = 0 in B for all
jk=1,.,n

Compared with the Laplace operator A, the Laplace-Beltrami operator is, in a sense, more convenient
in descriving properties (of functions) related to the geometric structure of the domain. Accompanying
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the reason, M-harmonic function theory has been progressively developing recent years. It gives rise to
interesting and meaningful results not only in the field of function theory but also in the field of potential
theory and operator theory etc. See [1 ~ 20] for some of the recent developments of this vein on B.

For a € B, let f, be defined by f,(1) = f(Aa), A € B1. Then it is straightforward and known that

Af(@) = (1= 1) {Af(a) - Afu(D)) (1.1)

for f € C%(B) (see for example [22, 4.1.3]). Concerning (1.1), W. Rudin (in [22, 19.3.16]) asked why A is a
difference of two ordinary Laplacians. We, in this note, give a viewpoint of (1.1) in connection with the
question.

We refer to [21] and [22] for undefined terminologies and notations.

2. Decomposition of A

For f € C3(B)andz =rL € Bwith0 <r<1,L €S, the complex radial Laplacian of f, denoted by A4 f(z),
is defined to be the Laplacian of the function A — f(z + AC) at the origin of C (see [22, 17.3.2]). And the
tangential Laplacian of f, denoted by Ay, f(z), is defined to be Ay, f(z) = Af(2) — Apaf(2). Then A can be
decomposed into the complex tangential Laplacian and the complex radial Laplacian as

A = Apan + Apa-
We have a similar decomposition for A as the following.

Theorem 2.1. For f € C*(B),
Af@) = (1 = Z2P)Aunf@) + (1 — PP Awaf(2), z€B-{0}. (2.1)

Proof. Leta =r(,0<r <1,C=(,...,Cy) € Sand Let F(A) = f(a + AC), A € By. Then calculating AF(0) via
chain rule gives the identity

Avaf@ =4 ) GEDiD;f(a) (22)

jk=1

and from the fact Ay, = A — A,y follows

Aunfl@) =4 )" (O - GCIDD;f(@), (23)

jk=1

where 6;; = 1ifk = jand 6;; = 0if k # j.
On the other hand, it is straightforward and known [22, 4.1.3]) that

Af(a) = 4(1 1aP®) ) (3:; — @a))(DiD; (@) (2.4)

=1

for f € C*(B) and a = (a1, 4y, ..., a,) € B.
Comparing (2.2), (2.3), with (2.4), it is simple to check that

Af(a) =401 =1aP) Y (0n; = Gl; + Gy — |aPTC)DiD; f(a)

jk=1

=4(1 = 1al®) )" (6 — GC)DLD;f(a) + 401~ laP)? ) GTDiD;f(a)

k=1 k=1
=(1- |ﬂ|2)Amnf(ﬂ) +(1- |a|2)2Aradf(a)-
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It is known that f is pluriharmonic in B if and only if Af =0 = A fin B[22,4.4.9]. Since a C?(B) function
f satisfying Af =0 = Af in B — {0} also satisfies Af =0 = Af at 0, we have
Corollary 2.2. A C*(B) function f is pluriharmonic in B if and only if Aygnf = 0 = Aaaf in B —{0}.
Remark 2.3. (1). Straightforward calculation shows |a*Aqf(a) = Afy(1), so that
Af(@) =(1 = aP) A f(@) + (1 = |2 Aras f(@)
=(1 = 1aP) {Auan f(@) + Araa f(8) = |l Araa f (@)}
=(1 - laP) {Af(a) - Afa(D)},

which means the representations (1.1) and (2.1) have same nature. We stress here that the equation (2.1) is a natural

and geometrical expression of A in the sense that A can be decomposed into two (orthogonal) directional Laplacians
with the growth properly controlled (by powers of 1 — r?):

A=1=P)An+ A =12Ae in B-{0}. (2.5)

This observation may give an answer to the question of Rudin.
(2). If n = 1, then Ay = 0 and Ayyq = A so that A can be expressed as

A
T (1-1r2)2
as is well-known, and is n = 1 case of
A A 2
A= 1_2 +7’2Amd = a —7’2)2 + 1 _rZAttm

which is equivalent to (2.5).
(3)If fe C?3(B)anda =1(,0 <r < 1,L € S, then the Taylor expansion gives

Avad f(@) = lim 4 {f@+pe0) - f(a)) 49
rad - P—’O pz 0 p 27_(

From this we see that A,q commutes with the action of the unitary group. Since A commutes with the action of the
unitary group, we see that A, Ayaq, Aan, A all commutes with the action of the unitary group. On the other hand, if f

is radial then g 5
2n—1
M = B+ 2 o e = 20D

3. Pluriharmonic Bloch Function

The “properly controlled growth” in Remark 2.3-(1) concerned with the growth principle of “twice as
well (regular) in the complex tangential direction”. We check this for Bloch functions in this section. We let
D and V denote respectively the complex gradient of C" and the real gradient of C" identified with R?" :

D= (Dll D2r "an)/ D = (Dll DZ/ s D‘rl)/
Jd d Jd d

=l —\ .., —, — = X 1 : :12
axllayll /axnrgyn 7 Z] x]+ly]/ ] aatd ,Tl

M-invariant form of V is defined as

V@) =V(fopn)0), aeB,

for f € C}(B). Let R denote the radial derivative : R = }"! j=12jDj, and let R = Z _1Z;D;. Let Ty ; be usual
tangential derivatives Ty ; = ZxD; — z;Dy and Ty i = sz - z]Dk
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Theorem 3.1. Let f be pluriharmonic in B = B, with n > 2 and let B" = B — {0}. Then the following are mutually
equivalent.

(a) f isa Bloch function, which means by definition sup |V f(z) ‘

zeB

(b) supx)f(z)| < o0

z€B

©  sup(l =Y (RFEF + RF@F) < oo

(d) Sup(l |Z| md|f(z)|2 <

zeB’

() sup(l—lzl)Z(|kaf| |Tk,ff)2)(z)<°°

k<j

(f) Sup(l =zl )Atanlf(z)lz < 00

zeB’

Proof. That (1) <= (b) follows from elementary equality

4VIR = %Z|f|z—Re<f_Zf)

with M-harmonicity of f. That (b)) < (c) follows from [10, Theorem 1]. Simple calculation shows for
r # 0 that

(Draal f17)(rC) =4 Z GeCj (Dkajf_+ DifDjf + fDiD;f + f_Dijf) (rQ)

k=1
=—(|Rf|2 + [RFPTO) + (fAraaf + fDraaf)(rC)
which equals
4 _
S (Rf P +IRFP)(r0) 3.1)
if f is pluriharmonic. Noting that [Rf(z)| < |zIIDf| and |Rf(z)| < |z||Dfl, (3.1) is uniformly bounded in a

compact neighborhood of 0 in B, so that (c) < (d) follows. When f is pluriharmonic, another simple
calculation shows for z # 0 that

Al f(2) =AIfP(2) = Al FRG)
=4(|Df|2+|Df|2—#|Rf|2 ||2| f|2)

|z|2 Z (lTka| |Tk,jf|2)(z).

Noting that the last quantity of (3.2) is uniformly bounded in a compact neighborhood of 0 in B, we have

(3.2)

Sup(l - |Z|2)Atun|f(z)|2 <

zeB’

if and only if

sup(1 - P Y (|Tk S+ [T f|2)(z) < oo,

k<j
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thatis, (e) <= (f).
Since

2PA|f @)
=4(1 - |zP? (IRf1? + IRf) (2) + 4(1 - |2P) (|Tk,]«f|2 + 1Tk,,-f|2) ),

that (b)) = (e) is obvious.
We are to prove (¢) = (c). Suppose f is pluriharmonic satisfying (¢) . Fix z € B’ for a moment. There

is, i such that z; # 0. Take C having j-th dinat 23 d k-th dinate ———— and oth
is, say j such that z; # ake C having j-th coordinate e an coordinate T and other
coordinates 0. Then C € dB with < z,{ >= 0. Now let

F(A)=Tyf(z+A0), AeC, AP <1-|zP (3.3)

for simplicity. Then by the hypothesis (e)
-1/2
FAI < C(1- 1P - 1AR) .

Straightforward differentiation with plurisubharmonicity of f shows that dF/dA = 0, so that F is holomor-
phicin [A? < 1 - |z*. Applying the Cauchy formula, we have

F(0) = —— fM D,

27t Jppa A2
2
whence
IF'(0)] < C(1 - |z~

But in our case of (3.3)

Tk/ka,]'f(Z) = \”Zj|2 + |Zk|2P,(O)'

|Ti,Teif(2)| < € - 1z~

Hence

Since f is pluriharmonic, then it follows by a direct computation that

2(1/1 - 1)Rf = - Z T,']'Tijf.

i#]

Whence we have
(1-zPIRf(z)| < C < oo.

By a similar argument we have
1 - ZP)IRf2) = (1 - l2P)IRf(z)] < C < oo

We therefore have (c). O
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