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Abstract. We prove some common fixed point results for two a-dominated mappings satisfying some
restricted contractive conditions on a closed ball of a left (right) K-sequentially complete dislocated quasi

metric space. Some examples are given to show the utility of our work. The results of this paper complement,
extend and enrich several recent results in the literature.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

It is well known that the Banach contraction principle ensures the existence and uniqueness of a fixed
point for a contractive self-mapping T on a complete metric space (X, d), i.e., if the condition

d(Tx, Ty) < Ad(x, y) (1)
is satisfied for all x, y € X. Many generalizations of this principle exist which also use certain contractive-
type conditions which have to be fulfilled on the whole space (see, e.g., Ljubomir Ciri¢’s papers [10, 11, 13]).
From the viewpoint of applications, it is often enough that this condition is not fulfilled just on some subset
of the underlying space, e.g., on one of its closed balls. One can obtain fixed point results for such mappings

by using suitable conditions. For example, recently, Hussain et al. [18] have proved a result of this kind
(see also, [5-7, 38-40] ).
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On the other hand, partial metric spaces have applications in theoretical computer science (see [16]). The
notion of dislocated topologies has useful applications in the context of logic programming semantics (see
[16,17]). Dislocated metric (metric-like) spaces (see [4, 20, 23, 25,27, 33, 36, 41]) are generalizations of partial
metric spaces. Furthermore, dislocated quasi metric spaces (quasi-metric-like spaces) (see [1, 9, 37, 43, 44])
generalize the idea of dislocated metric spaces and quasi-partial metric spaces (see [24, 26, 38]). In [34]
Romaguera gave the idea of 0-complete partial metric space, which generalizes the completeness of a partial
metric space.

Samet et al. [35] announced the notion of a-admissible mappings. They weakened and generalized the
contractive condition (1.1) and several other known results. The existence of fixed points of a-admissible
mappings in complete metric spaces has been studied by several researchers (see [19, 35, 42] and references
therein).

In this paper, we discuss common fixed point results for two a-dominated mappings in a closed ball
in complete dislocated quasi metric space, under various contractive-type conditions. The given results
improve and extend several recent results proved in [5, 7, 9, 38, 39]. One can easily use this method to
prove common fixed point results in quasi metric spaces. Moreover, we discuss the relation between the left
(right) K-sequentially complete dislocated quasi metric spaces and left (right) K-sequentially 0-complete
quasi-partial metric spaces. Examples are provided which illustrate our results and their usefulness.

2. Preliminaries

Definition 2.1. [24] Let X be a nonempty set. A quasi-partial metric on X is a function q : X X X — R* satisfying,
forallx,y,z € X,

(i) 0<q(x,x)=q(x,y) = q(y, y) implies x = y (equality),
(i) g(x,x) < q(y, x) (small self-distances),
(iil) g(x,x) < q(x, y) (small self-distances),
(iv) q(x, y) +q(z, 2) < q(x,z) + q(z, y) (triangle inequality).

The pair (X, q) is called a quasi-partial metric space.

Definition 2.2. [43] Let X be a nonempty set. A function d; : X x X — [0, 00) is called a dislocated quasi metric (or
simply dg-metric) if the following conditions hold for any x,y,z € X :

(i) If dg(x, y) = dg(y, x) = 0, then x = y,
(i) dy(x, y) < dy(x,z) +dy(z, y).
In this case, the pair (X, d;) is called a dislocated quasi metric space.
It is clear that, if d;(x,y) = d;(y,x) = 0, then from (i) we have x = y. But, if x = y, then d,(x, y) may

not be 0. It can be observed that, if d,(x,y) = dy(y,x) for all x,y € X, then (X,d,;) becomes a dislocated
metric space (metric-like space) [4, 17]. We will denote by (X, d;) a dislocated metric space. For x € X

and € > 0, By (x,€) = {y € X : dy(x, y) < ¢} is a closed ball in (X,d;). Every quasi-partial metric space is a
dislocated quasi metric space, but the converse is not true in general.

Example 2.3. If X = R" U {0}, then d,(x, y) = x + max({x, y} defines a dislocated quasi metric d; on X. But, it
is not a quasi-partial metric space. Indeed,

d,2,2) = 4> d,(1,2) = 3.

Reilly et al. [32] introduced the notion of left (right) K-Cauchy sequence and left (right) K-sequentially
complete spaces (see also [14]). We use this concept to establish the following definition.

Definition 2.4. Let (X, d,) be a dislocated quasi metric space.
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(a) A sequence {x,} in (X,d,) is called left (right) K-Cauchy if YV ¢ > 0, d ng € N such that ¥ n > m > ny,
dy(xXm, xn) < € (respectively dy(x,, Xn) < €).

(b) Asequence{x,}in (X, d;)dislocated quasi-converges (for short d,-converges) to x if lim d,(x,,, x) = lim dy(x, x,) =
0. In this case, the point x is called a d-limit of {x,}.

(c) (X, dy)is called left (right) K-sequentially complete if every left (right) K-Cauchy sequence in (X, dq) d,-converges
to a point x € X such that dy(x,x) = 0.

One can easily observe that every complete dislocated quasi metric space is also left K-sequentially
complete dislocated quasi metric space, but the converse is not true in general.

Remark 2.5. It is easy to see that, if x, € By, (xo,7) for all n € N and for some xo € X, r > 0, and the sequence {x,}

dg-converges to a point x* € X, then x* € By (xo, 7).

Definition 2.6. [38] Let (X, q) be a quasi-partial metric space.
(a) A sequence {x,}in (X,q) is called 0-Cauchy if lim q(x,, x,,) = 0or Lim g(x, x,) = 0.

(b) The space (X, q) is called 0-complete if every 0-Cauchy sequence in X converges to a point x € X such that
g(x,x) = 0.

Remark 2.7. By definitions, one can easily observe that if X is a O-complete quasi-partial metric space then it is also
a K-sequentially complete dislocated quasi metric space. But a K-sequentially complete dislocated quasi metric space
may not be a 0-complete quasi-partial metric space (see Example 3.12). Therefore, the results in a K-sequentially
complete dislocated quasi metric space are more general than those in a 0-complete quasi-partial metric space.

Recall also the following well-known notions.

Definition 2.8. Let X be a non-empty set and T, f : X — X be two mappings. A point y € X is called a point of
coincidence of T and f if there exists a point x € X such that y = Tx = fx, here x is called a coincidence point of T and
f. The mappings T, f are said to be weakly compatible if they commute at their coincidence points (i.e. Tfx = fTx
whenever Tx = fx).

Let W denote the family of all nondecreasing functions ¢ : [0, +c0) — [0, +0) such that };~; " (f) < +o0
for all t > 0, where ¢ is the n'" iterate of Y. The following lemma is a consequence of definition of V.

Lemma 2.9. If ¢ € VY, then Y(t) < t forall t > 0.

In the next section, we state our main results.

3. Main Results
First, we introduce some more notions which will be needed in the sequel.

Definition 3.1. Let (X, d;) be a dislocated quasi metric space, A C X, T : X — X be a self-mapping and a : XX X —
[0, +00). Then:

(i) The mapping T is said to be a-dominated on A, if a(x, Tx) > 1 for all x € A.
(ii) The function a is said to be a triangular function on A, if a(x, y) > 1 and a(y, z) > 1 implies that a(x, z) > 1 for
allx,y,z € A.
(iii) (X, d,) is a-regular on A if for any sequence {x,} in A such that a(x,, x,+1) 2 1 foralln > 0and x, > u € A
as n — oo we have a(x,,u) > 1 foralln >0

It is clear that if T is an @-dominated mapping on X then T is a-dominated on each subset of X, but T
can be @-dominated on some A C X, without being a-dominated mapping on X.
Next, we prove the main result of this paper.



M. Arshad et al. / Filomat 31:11 (2017), 3041-3056 3044

Theorem 3.2. Let (X, d,) be a left K-sequentially complete dislocated quasi metric space and T,S: X — X be two
mappings. Let xo € X, r > 0 and there exists a function a : X X X — [0,+00) such that S and T are a-

dominated mappings on By (xo, 7). Suppose that xo € Bg,(xo,) and there exist nonnegative real numbers k,t such
that k + 2t € (0,1) and the following condition holds: if a(x,y) > 1 or a(y,x) > 1 and x, y € Bg (xo, 1), then

dy(Sx, Ty) < kdy(x,y) + t[d,(x, Sx) + dy(y, Ty)], 2)

dy(Tx, Sy) < kdy(x, y) + t[d,(x, Tx) + dy(y, Sy)] 3)
and

dq(x0/ SxO) < (1 - A)T, (4)
where A = ’{—fi Suppose that (X, dy) is a-regular on By (xo, ). Then there exists a common fixed point x* € By, (xo, 1)

of S and T. Moreover, d,(x*,x*) = 0.

Proof. For the given x( € X, define x; = Sxp and x, = Tx;. Continuing this process, we construct a sequence
{x,} of points in X, such that

Xois1 = Sxp; and xpi40 = Txpi41, wherei=0,1,2,....

By mathematical induction, we shall show that

Xn+1 € By, (x0,7),  a(xn, Xn41) 2 1 and
(Pn)

dg(xn, Xn11) < A'"dy(x0,x1), foralln € IN.

Using the inequality (4) and the fact that 0 < A = £ <1, we have

dy(xo,x1) = dy(x0,Sx0) < (1 = A)r <r.

This implies that x; € By (xo,7). Since S is an a-dominated mapping on By, (xo,7), we have a(xo, Sxo) =
a(xo, x1) 2 1. Therefore, using inequality (2) we obtain

dq(xl/ x2) = dq(S-XO/ Txl)
< kdq(x()/ xl) + t[dq(x()/ Sxo) + dq(xll Txl)]
= kdq(xo, xl) + t[dq(X(), xl) + dq(xl,xz)]

which implies that

k+t
dg(x1,%2) < mdq(xo, x1) = Adg(xo, X1)- ®)
Using inequality(5) we obtain
dg(xo, x2) < dg(xo, x1) + dg(x1, x2) < dg(xo,x1) + Ady(x0, 1)

=1+ A)dy(xo,x1) < L+ A)A-A)r=1-A)r<r.

Therefore, x, € Bg, (xo,7). Again, since T is an a-dominated mapping on Bg, (x0,7), we have a(x1, Tx;) =
a(x1,x7) > 1. Therefore, (P1) holds. Now, using inequality (3) we obtain

dq(XZ/ x3) = dq(Txll sz)
S kdq(xllxz) + t[dq(xll Txl) + dq(x2/ sz)]
= kdq(xl,xz) + t[dq(xl,xz) + dq(JCQ, X3)].
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Using (5) in the above inequality we obtain
Ay, 1) < 5Ly, 22) = Ay (o1, 12) < A% (0, 1) (6)
q 2,3_1_th1,x2— q\X1,X2) = q\X0,X1)-

Again, it follows from (5) and (6) that

dg(xo, x3) < dg(xo, x1) + dg(x1, X2) + dg(x2, x3)

< dg(xo, 1) + Adg(xo, x1) + A%dg(x0, x1)

_ 33
= (L A 220y (0, 31) = Ty, x1)
_ 33
<1 A(l—)\)r=(1—/\3)r$r.

T 1-A

Therefore, x3 € qu(xo, r). Again, since S is a-dominated mapping on qu(xo, r), we have a(xy, Sxp) =
a(x2,x3) 2 1. Therefore, (P2) holds. Suppose, (P1), (P2), ..., (P)) be the inductive hypothesis. We shall
show that (Pj;1) holds. For this, we consider two possible cases. First, suppose that j is even. Then, since
a(xj,xj+1) = 1 and using inequality (2) we obtain
dq(xj+1/ xj+2) = dq(sxj/ ij+1)
< kdy(xj, tju0) + [d (), Sx)) + g (jar, Txjen)|
= kdy (), xj11) + Hdg(xj, Xjs1) + dg(xjin, Xji2) |

Since (P;) holds, we obtain from the above inequality that

k+t ;
dq(xj+1/xj+2) < mdq(x]',x]'H) = /\dq(x]-,xjﬂ) < Ajﬂdq(Xo,xl).
Therefore, we have
dg(x0, Xj+2) < dg(xo, x1) + dg(x1, x2) + - -+ + dy(Xj11, Xj12)
<@+ A+ + A (xo,x1)

1- A2
<
=T1-A

1-Ar=(1-A2)r<r.

This implies that x> € Bg,(x0, 7). Since S is an a-dominated mapping on By, (x0,7), we have a(xj;1, Sxj11) =
a(xj4+1,Xj+2) 2 1. Therefore, (Pj;1) holds.

Similarly, one can see that if j is odd, then (P;;1) holds, which completes the inductive proof. Thus, we
can write

dg(xu, Xn11) < A"dy(xo,x1) forall n e N. (7)

Next, we shall show that the sequence {x,} is a left K-Cauchy sequence. Indeed, for n,m € N with m > n
using (7) we have
dq(xn/ xm) < dq(xnr xn+1) + dq(xn+1/ xn+2) +oee+ dq(xm—lz xm)
< A"dq(xo, Xl) + )\"”dq(xo, Xl) +--- 4+ Am_ldq(X(), xl).
This implies that

n
dg(xXn, Xm) < 1/1—Adq(xo,x1) forall n,me IN,m > n. (8)
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1-A
% < 1, for every € > 0 we can choose 1y € IN such that A" < ————¢ for all n > ny.

Since 0 < A =
dq(xolxﬂ

Therefore, it follows from the inequality (8) that
dg(xn, xp) < & forall m>n>n.

Hence, the sequence {x,} is a left K-Cauchy sequence in X. By left K-sequential completeness of X, there
exists x* € X such that

lim d,(x,, x") = lim d,(x", x,,) = 0. )

n—oo

We shall show that x* is a common fixed point of the mappings S and T.

By Remark 2.5 we have x* € qu(xo,r). Now, by the assumption we have a(x,, x*) > 1 for all n € NN,
therefore for any n € IN we have

dg(x", Sx7) < dg(x", Xan+2) + dg(xan+2, SX7)
< dg(x", x2n42) + dg(Tx2n41, SX7)
< dq(X*/ Xons2) + kdq(x2n+1/ x') + t[dq(x2n+1/ Txon11) + dq(x*z Sx")]
= dq(X*/ Xons2) + kdq(x2n+1/ x') + t[dq(x2n+1/ Xons2) + dq(x*/ Sx)].

Using the inequalities (8) and (9) in the above inequality, we obtain
dy(x",Sx") < tdy(x", Sx7)

and since 0 < t < 1, the above inequality implies that d,(x",Sx*) = 0. Similarly, one can show that
dy(Sx*,x*) = 0. Therefore, dy(x*, Sx*) = d,(Sx",x") = 0, i.e., x* = Sx*. Similarly, one can show that x* = Tx".

Thus, S and T have a common fixed point x* in B(xo, 7). As S is an a-dominated mapping on By, (xo, )
we have a(x*, Sx*) = a(x*, x*) > 1. Therefore,

dy(x*, x7) = dy(Sx", Tx")
< kdg(x7, x7) + t[dy(x", Sx7) + dy(x7, Tx")]
= (k+2t)d,(x", x7).

Since k + 2t € (0, 1), we must have d,(x", x*) = 0 and the proof is complete. [

Example 3.3. Let X = Q* U {0} and letd, : X? x X? — X be defined by d,((x1, y1), (x2, 2)) = X1 +2y1 + % + 1.
Then it is easy to show that (Xz,dq) is a left K-sequentially complete dislocated quasi metric space. If
(%0, y0) = (2,1), r = 20, then

B4,((2,1),20) = {(x,y) € X : x + 2y < 32}.

In particular, (2,1) € By ((2, 1), 20).
Let S, T : X* — X? be defined by

xYy . X y) -
zJ <. xy ‘
S(x,y) = (5,5), if x +2y < 32 and T(xy) = (3’6 / if x + 2y < 32;
(4x2,5y +2), ifx+2y > 32 G2 +1,y), ifx+2y> 32

Also, define a: X2 X X? — [0, +c0) by

1, ifﬂ+y1+x2+y2s32;

al((X1, , (X2, =
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Clearly, S and T are a-dominated mappings on By, ((2,1),20). Let k = Lit=1ltheni=%4=3¢]0,1),and

1-Ar=(1- 2)20 =5,

(0, 10), S50, 10) = (2, 1), 52, 1) = 5 <5 = (1= Ay

Observe that, for (33,0) ¢ By, ((2,1),20), we have
4,(5(33,0), T(33,0)) = d,((4356, 2), (3268, 0)) = 5994

and d,((33,0),(33,0)) = 92—9 and d,((33,0),5(33,0)) + d,4((33,0), T(33,0)) = 3880. Therefore, there are no k, ¢
such that k + 2t € (0, 1) and the inequality (2) is satisfied. So the contractive condition does not hold on X?.
On the other hand, if (x1, y1), (x2, ¥2) € qu((2, 1),20), then

a5, 0, T ) = (2 ). (3, )

N .

5 5 6 6
< (0, ), (2, ) + 5[, ), S, 92) + (32, 42), TGz, )|

Also,

dg(T(x1, Y1), S(x2, y2)) = d, ((% %) (% %))

o h o »
~3 3 10 5

< G, 1), a2 + 3G, ), T, ) + G ), S )

Therefore, all the conditions of Theorem 3.2 are satisfied. Moreover, (0,0) is the common fixed point of S
and T.

If we take T = S in Theorem 3.2, we obtain the following result.

Corollary 3.4. Let (X, d,) be a left K-sequentially complete dislocated quasi metric spaceand S: X — X bea mapping.
Let xg € X, r > 0 and there exists a function o : X X X — [0, 4+00) such that S is an a-dominated mapping on

Bg, (x0, 7). Suppose that xo € B(xo, 1) and there exist nonnegative real numbers k, t such that k + 2t € (0,1) and the
following condition holds: if a(x,y) = 1 or a(y,x) > 1 and x, y € Bg (xo, 1), then

dy(5x,Sy) < kdy(x, y) + t[d,(x, Sx) + dy(y, Sy)],
and

dl](xOI SxO) < (1 - A)T’,

where A = ’{—fi

dy(x*,x7) = 0.

If (X, dy) is a-regular on Bg, (x0,7), then there exists a point x* in Bg, (x0,7) such that x* = Sx* and

Corollary 3.5. Let (X, d) be a complete dislocated metric space and S, T: X — X be two mappings. Let xo € X, r >0
and there exists a function o : X X X — [0, +00) such that S and T are a-dominated mappings on By(xo, r). Suppose
that xo € By(xo, r) and there exist nonnegative real numbers k, t such that k + 2t € (0, 1) and the following condition
holds: if a(x, y) = 1 or a(y,x) > 1 and x,y € By (xo, 1), then

d(Sx, Ty) < kd(x, y) + t[d(x, Sx) + d(y, Ty)]
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and
d(x()/ SX()) < (1 - /\)7’,

Zu(here /; = ]1% If (x,d) is a-reqular on By(xo, 1), then there exists a common fixed point x* of S and T. Moreover,
x*,x)=0.

In the next theorem, we give a sufficient condition for the uniqueness of common fixed point.
Theorem 3.6. Suppose that all the conditions of Theorem 3.2 are satisfied. In addition suppose that:
(i) The function a is a triangular function on W.
(ii) Forx,y € W there exists zg € W such that a(x,zp) > 1, a(y, zo) = 1.
(iii) Forall z € W such that a(Sxg,z) > 1 the following condition holds

dy(xo, Sx0) + dy(z, Tz) < dy(xo,z) + dy(Sxo, Tz).

Then S and T have a unique common fixed point x* in By, (xo,r) and dy(x*, x*) = 0.

Proof. Define the sequence {x,} as in the proof Theorem 3.2. Then, {x,}, dq—converges to a common fixed
point x* € By, (xo, 7) of the mappings S and T such that a(x,,x*) > 1 for all n > 0, (P,) holds and d,(x*, x*) = 0.
In order to prove uniqueness of x*, suppose that y is another point in By, (xo, ) such that y = Sy = Ty. Since

S is an a-dominated mapping on By, (xo, ), we have a(y, Sy) = a(y, y) > 1. Therefore,

dg(y, y) = dg(Sy, Ty)
< kdy(y, y) + tldy(y, Ty) + dy(y, Sy)]
= (k+2t)d,(y, ).

Since k + 2t € (0, 1), the above inequality implies that d,(y, y) = 0.

By assumption, there exists a point zg € By, (xo,7) such that a(x*,zp) > 1 and a(y,z9) = 1. Define a
sequence {z,} in X such that,

Zoir1 = T2»;, and zp;4» = Szp;4q1 forall i > 0.
Using mathematical induction, we shall show that
a(zy,zpe1) 2 1, alxy,z,) = 1 foralln € IN;
dg(Zn, Zns1) < A"dy(20,21) for all n € IN; (P,)
dy(Xn, zn) < A"1, zy € By (xo,7) for all n € N.

Since T is an a-dominated mapping on By (xo, 7) we have a(zo, Tzo) = a(zo,z1) > 1. Since « is a triangular

function on By, (xo, ) and a(x,, x*) > 1, a(x",z9) > 1 we have a(xy, zo) > 1 for all n > 0. Therefore, using (iii)
we obtain

dg(x1,21) = dg(Sx0, Tzo) < kdy(xo,z0) + t[dy(x0, Sxo) + dy(z0, T20)]
< kdg(xo, 20) + t[dy(x0, zo) + dg(Sxo, T20)]
< kdq(X(), Zo) + t[dq(xo, Z()) + dq(xl,zl)]



M. Arshad et al. / Filomat 31:11 (2017), 3041-3056 3049

which implies that
k+t
dg(x1,21) < 1__tdq(xO/ZO) = Ady(xo,2z0) < Ar. (10)

Since zg € qu (x0,7), using (10) we obtain

dg(x0,21) < dy(xo,x1) + dy(x1,21)
< (1= A)r + Ady(xo, 20)
<A-MAr+Ar<r

This implies that z; € By, (xo, 7). Now since a(zo,z1) > 1, by use of (3) one can show that

k+
dy(z1,22) < 1—d (20,21) = Ady(z0,21)-

Again, since S is an a-dominated mapping on qu (xo,r) wehave a(z1, 5z1) = a(z1,22) > 1. As, aisa triangular

function on Bg, (xo0,7) and a(x1,z0) 2 1, a(zo,21) = 1, we have a(x1,z1) > 1. Therefore (P}) holds.
Since a(z1,22) > 1, by use of (2) we have

k+
dy(2z2,23) < 1—dq(21,2’2) = M,y (z1,22) < A*dy(zo,21).

Again, since a(x1,z1) > 1, we obtain by (3) that

dy(x2,22) = dg(Tx1,S5z1) < kdy(x1,21) + t[dy(x1, Tx1) + dy(21, Sz1)]
< kdg(x1,21) + tA[dy(x0, Sxo) + dy(20, T20)]

which gives with (iii)
dy(x2,22) < kdg(x1,21) + tA[dy(x0, z0) + d4(Sxo, Tzo)]
< (k+ tA)d(x1,z1) + tAr.
Using (10) and the fact that zp € W in the above inequality we obtain
dg(x2,20) < (k+ tA)Ar + tAr = (k+ tA + HAr = A%r.
Therefore,
dg(x0,22) < dg(x0, 1) + dg(x1, X2) + dg(x2, 22)

< dy(x0, x1) + Ady(xo, x1) + A2<r

Thus, z, € By, (xo, 7). Again, since Tisan a-dominated mapping on Bg, (xo, 1) we have a(zy, Tzy) = a(zy,z3) > 1.
Also, since a(xa,z9) 2 1, a(z9,2z1) = 1 and a(z1,22) = 1, by triangular nature of o, we have a(xy,z;) > 1.
Therefore, (P}) holds.

Suppose, (P}), (P), . (P;.) is the inductive hypothesis. We shall show that (P} 1) holds. For this, we

consider two possible cases. First, suppose that, j is even. Then, since a(zj,z;1) = 1, by (3) one can show
that

k +t
dg(zj+1,2j42) £ —— q(Z]/Z]+1) < My (20, 21).
Since a(x;j,z;) > 1 we obtain by (2) that

dq(x]-+1,zj+1) = dq(ij, TZ]‘) < kdq(x]‘, Z]‘) + t[dq(x]-, SXj) + dq(Z]‘, TZ]‘)]
< kdg(x;,zj) + tA/[dg(x0, Sxo) + dq(z0, T20)]
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which gives with (iii) and (P;)

dg(xjs1,zj01) < kdg(x, 2j) + tA[dy(x0, Z0) + dy(Sxo, Tzo)]
< kMr + tA[r + Ar]
= (k+t+ ADAr = Al

Therefore,

dg(x0,zj+1) < dg(x0, x1) + dyg(x1,Xx2) + - +dg(xj, Xj11) + dg(Xj11,Zj11)
< dy(xo,x1) + Adg(xg, x1) + -+ + Ady(x0, x1) + A7
<A=Nr+AA=A)r+-+AA=ADr+ Ay =1

Thus, zj,1 € qu(xo,r). Again, since S is an a-dominated mapping on B, (xo,7) we have a(zj11,5zj41) =
a(zj41,zj+2) 2 1. Also, since a(xj11,20) 2 1, a(zy,2p41) 2 1, n = 0,1,...,j + 1, by triangular nature of a, we
have a(xj;1,2j:1) 2 1. Therefore, (P;. ,1) holds.

Similarly, one can see that if jis odd, then (P;, .1) holds, which completes the inductive proof.

Now, since a(x*,z9) > 1 and a(zo, z4+1) for all n > 0, by by triangular nature of @, we have a(x*,z,) > 1
for all n > 0. Therefore, for any n € N we have

dy (X", z2) = dg(Tx", Szop-1)
< kdg(x', zon-1) + tdy (X", TX") + dg(z2n-1, Szan-1)]
= kdy(Sx", Tzpn-2) + tdy(zon-1,224) (since dy(x*, Tx") = 0)

< k2dq(X*1 Zon-2) + ktdq(ZZn—Zr Zon-1) + tdq(ZZn—lz Zon)

< kZ”dq(x*, Zo) + kzn_ltdq(Z(), Zl) + -+ ktdq(Zzn_z, Z2n—1) + tdq(ZZn—LZZn)-

k k(1-t
Since 1= (k =7 ) < 1, using (P;,) in the above inequality we obtain

dy(x*, z20) < kzndq(x*,zo) + kzn_ltdq(zo,zl) +eet ktAz"‘qu(zo,zl) + t)\Z”‘ldq(zo,zﬂ

2n * 2n—1 k k 2n-1
= 12"d,(x", 20) + tdy(20,71) A [“X*"'* £ ]
tdq(Zo,Zl)/\zn_l
B —

A

<Kd,(x",z0) +

Since A, k € [0, 1), it follows from the above inequality that

,}5?0 dy(x*, z20) = 0. (11)
Similarly, we can show that

lim d, (z20,) = lim dy (2., ) = lim dy(y,221) = 0. (12)
Using (11) and (12) we obtain

dg(x", y) < dg(x", 220) + dg(z20,y) > 0 as n — oo,
dy(y, x*) < dy(y, zon) + dg(zon, x) > 0 as n — oo.

Thus, dy(x*, y) = dy(y,x) = 0,i.e.,, x* = y and the uniqueness follows. [
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Corollary 3.7. Let (X, d;) be a left K-sequentially complete dislocated quasi metric space and T,S: X — X be two

mappings. Let xo € X, r > 0, xo € qu (xo, 7) and there exist nonnegative real numbers k, t such that k + 2t € (0,1)
and the following conditions hold:

dy(Sx, Ty) < kdy(x,y) + t[d,(x, Sx) + dy(y, Ty)],
dy(Tx, Sy) < kdy(x, ) + Hdg(x, T) + dy(y, Sv)],

forallx,y € Ba, (xo, 1) and
dl](x()/ SXO) < (1 - A)T’,

where A = % Then there exists a unique point x* in B, (xo, r) such that x* = Sx* = Tx" and d,(x*, x*) = 0. Moreover,

S and T have no fixed point in By (xo, ) other than x.

Proof. The proof follows by the previous results, taking @: XXX — [0, c0) witha(x, y) = 1forallx,y € X. O

In Theorem 3.2, the condition (4) is imposed in order to restrict the contractive conditions (2) and (3) to

Bg,(xo, 7). However, the condition (4) can be relaxed by imposing the conditions (2) and (3) to all elements
x,y € X such that a(x, y) > 1 or a(y, x) > 1, as stated in the next theorem.

Theorem 3.8. Let (X,d,) be a left K-sequentially complete dislocated quasi metric space. Suppose, there exist a
function a : X X X — [0, +00) and nonnegative constants k, t such that k + 2t € (0,1) and the following conditions
hold:

dy(Sx, Ty) < kdg(x, ) + tdy(x, S2) + dy(y, Ty)),
dy(Tx,Sy) < kdy(x,y) + t[d,(x, Tx) + dy(y, Sy)],

orall x,y € X such that a(x,y) > 1 or a(y,x) > 1. If (X,d,) is a-reqular, then there exists a point x* in X such that
f y y y q S p
x'=S5x" =Tx"and dy(x*,x) = 0.

The presented results can be used for obtaining (unique) common fixed point theorems for three or four
mappings. We state here just a unique common fixed point result for four mappings in left K-sequentially
complete dislocated quasi metric space in a closed ball. It can be proved by using the technique given in
[15].

Theorem 3.9. Let (X, dq) be a dislocated quasi metric space and S, T, f,g : X — X be four mappings satisfying

SX,TXC fX=9gX. Letxoe X, r>0, fxg € Bdﬁ( fxo,1r) C fX and there exist nonnegative real numbers k,t such
that k + 2t € [0, 1) and the following conditions hold:

dq (Sx, Ty) < kdy(fx, gy) + tldy(fx, Sx) + dg(gy, Ty)],

dy (Tx,Sy) < kd,(gx, fy) + t{d,(fx, Tx) + dy(gy, Sy)]
forall fx, fy € By (fxo,r) and

dq(fxO/ Sxo) < (1 - /\)1’,
where A = ’{—fi
T, f and g have a unique common fixed point fz in By, (fxo,r). Also dy(fz, fz) = 0.

If fX is left K-sequentially complete subspace of X and (S, f) and T, g are weakly compatible, then S,

The study of existence of fixed points in partially ordered sets has been initiated by Ran and Reurings
[31]. Agarwal et al. [3], Ciri¢ et al. [12] and several other researchers presented new results for nonlinear
contractions in partially ordered metric spaces and noted that their theorems can be used to investigate a
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large class of problems (see also [22] and the survey paper [21]). The authors of [2, 8, 28-30] and several
other papers gave some fixed point theorems in ordered dislocated metric spaces.

In several cases, fixed point results in spaces equipped with partial order can be obtained as special
cases of results using a-compatible and a-dominated mappings.

Recall that, if (X, <) is a pre-ordered set and T : X — X is such that Tx < x for all x € A C X, then the
mapping T is said to be dominated on A. Define the set V by

V={xy)eXxX:x<yory=x}.

From the previous theorems, as a sample, we derive the following result in pre-ordered left K-sequentially
complete dislocated quasi metric space.

Theorem 3.10. Let (X, <,d,) be a pre-ordered left K-sequentially complete dislocated quasi metric space, xy € X,

r>0and S, T : X — X be two dominated mappings on By (xo, 1). Suppose that there exist nonnegative real numbers
k, t such that k + 2t € (0,1) and the following conditions hold:

d,(Sx, Ty) < kdy(x,y) + t[d,(x, Sx) + dy(y, Ty)],
dy(Tx, Sy) < kdy(x, y) + t[dy(x, Tx) + dy(y, Sy)]

for all (x,y) € (Ba,(xo0,7) X By, (x0,7)) NV and
dy(x0,Sx0) < (1 = A)r,
where A = ’{—ti If for any sequence {x,} in qu(xo, 1) such that (x,,x,+1) € V, X, = u as n — oo implies that

(u,xn) €V for all n > 0, then there exists a point x* in By (xo,r) such that x* = Sx* = Tx" and dy(x*,x") = 0. In
addition, suppose that:

(i) (x,v),(y,z) € Vimplies (x,z) € V.
(ii) For x,y € By (xo, 1) there exists zg € By, (xo, ) such that (x,zo), (y,z0) € V.
(iii) For all z € By, (xo, ) such that (z, Sxo) € V the following condition holds

dy(xo, Sx0) + dy(z, Tz) < dy(xo,2) + dy(Sxo, Tz).

Then, x* is the unique common fixed point of S and T in By (xo, 7).
Proof. This follows from Theorem 3.6 taking a : X X X — [0, +00) defined as

ot 4) = {1, if (v, y) € V;

0. otherwise,

O

A corollary similar to Corollary 3.7 can be formulated.
Now we present a common fixed point result using contractive conditions that involve auxiliary function
1 € W (see Preliminaries).

Theorem 3.11. Let (X,d,) be a left K-sequentially complete dislocated quasi metric space and S, T: X — X be two
mappings. Let xo € X, v > 0 and there exists a function a: X X X — [0, 00) such that S and T are a-dominated

mappings on By, (xo, 7). Suppose that xo € By, (xo, r) and there exists 1 € W such that the following condition hold: if
a(x,y) = 1ora(y,x) = 1 and x, y € By (xo, 1), then

max{d,(5x, Ty),d,(Tx, Sy)} < P(dy(x, y)) (13)
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and

i
Z Yi(d,(xo, Sx0)) <7, forall j > 0. (14)
i=0

If (X, dy) is a-regular, then there exists a common fixed point x* of S and T and d,(x", x*) = 0.
If, in addition, for any two common fixed points x*, y* of S and T in By, (xo, r) we have a(x*, y*) > 1, then S and T
have a unique common fixed point in By, (xo, 7).

Proof. For the given xj € X, define a sequence {x,} of points in X such that,
X2i+1 = Sle', and X2it2 = TXZ,‘H, where i = 0, 1, 2,....
By mathematical induction, we shall show that

{ Xy € By (xo,7) forall neN )

dy(Xn, Xni1) < P*(dy(x0,x1)) forall neN.
By (14), we have

j
Z ! (dy(xo, Sx0)) < r for all j € N U {0}

i=0

In particular, for j = 0, we obtain x; € qu(xo,r). Since S is an a-dominated mapping on Ba, (x,7) and
Xo € Bg,(xo,7) we have a(xo, x1) = a(xo, Sxo) > 1. Now,

dy(x1,x2) = dy(Sxo, Tx1) < max{d,(Sxo, Tx1),ds(Txo, Sx1)}.
The above inequality with (13) gives
dg(x1, x2) < Y(dy(xo, x1)).

Therefore, (P{') holds. Suppose that (P}), (PY), ..., (P;.’) is the inductive hypothesis. We shall show that
(P}’ 1) holds.

+

Suppose that j is even. Then using (14) and the induction hypothesis we obtain

dg(x0,xj11) < dy(x0,x1) +dg(x1, x2) + -+ - + dg(xj, Xj41)
< dg(x0,x1) + P(dy(x0, 1)) + -+ + P/ (dg(x0, x1))

j
=Y ¥dyxo, 1) <7
i=0
Therefore, xj,1 € Bg,(x0,7). Again, since T is an a-dominated mapping on Bg, (xo,7) and x; € Bg, (x0,7) we
have a(xj, xj.1) = a(xj, Txj41) = 1. Now,
dq(xj+1/ xj+2) = dq(sxjr ij+1) < max{dq(sxjr ij+1)/ dq(Tx]’r ij+1)}-
The above inequality with (13) and (P}’) gives
dg(xjs1, Xja2) < P(dg(xj, xj41)) < Y7, (x0, x1)).-

Therefore, (P;‘/+1) holds. Similarly, one can see that (P;;1”) holds if j is odd, which completes the inductive
proof. Now, we are going to show that the sequence {x,} is a left K-Cauchy sequence.
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Let ¢ > 0 be given. Since ;7 §"(t) < co for all t > 0, let n1(¢) € N be such that ¥, lpk(dq(xo,xl)) <e.
Then, for n,m € IN with m > n > n(¢) we obtain,

m—1 m—1
(0, %) < ) dy(i 1) < ) (g (0, 31))
k=n k=n
< K (d, (0, 1)) < €.
nxn(e)

Therefore, the sequence {x,} is a left K-Cauchy sequence in X. By the left K-sequential completeness of X,
there exists x* € X such that

lim d,(x,,, x") = lim d,(x", x,,) = 0. (15)
n—oo

n—o0

We shall show that x* is a common fixed point of the mappings S and T.
By Remark 2.5 we have x* € By, (x0,7). Now, by assumption we have a(x,,x*) > 1 for all n € IN, and
therefore for any n € IN we have
dq(x*r Sx') < dq(x*/ Xon+2) + dq(x2n+2/ Sx")
= dy (X", xon42) + dg(Tx241, SX7)
< dy (X, xon42) + max{d;(Sxzn1, TX"), dg(Tx2n+1, SX7)}
< dg(x", xan+2) + P(dg(x2041, X7))
< dg(x7, xon42) + dg(x2n41, X7).
Using (15) in the above inequality we obtain d,;(x*, Sx*) = 0. Similarly, one can show that d,(Sx*, x) = 0.
Therefore, d,(x*, Sx*) = d,(Sx*,x") = 0, i.e., x* = Sx*. Similarly, one can show that x* = Tx". Thus, S and T
have a common fixed point x* in By, (xo, 7).

The final assertions of this theorem can be proved in the same way as for Theorems 3.2 and 3.6, so the
details are omitted. O

Example 3.12. Let X = Q" be the set of all nonnegative rational numbers and let d, : X X X — X be defined
by:

dy(x,y) =2x+yforallx,y € X.
Then, (X, d,) is a left K-sequentially complete dislocated quasi metric space. Let S, T : X — X be defined by
X, 2x
-, fxe[0,2] NQ; — i +
S ifxe[0,2]NQ . ifxe[0,2]NQ
3x, ifxe€(2,0)NQY, 4x, ifx e (2,00)NQ".
Take xo = 1 and r = 4. Then By (xo,7) = [0,2] N Q" and xy € Bg, (xo, 7). Define a function a: X X X — X by
ax,y)=12x—y+3|forallx,y e X.

Clearly, S and T are a-dominated mappings on By, (xo, 7). Let i € W be given by i(t) = £. Now,

dy(x0, Sxo) = dy(1,S1) = d, (1, }1) -

- 9v- 1 9
1 -_—_ —_ — .
12:0 Y'(dy(x0, Sxo)) = 1 12:0, 3 <3 2° 4.

NI I©
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First, notice that, although «(3,3) = 6 > 1, but the contractive condition (13) does not hold for x = y = 3.
Indeed, if the contractive condition (13) hold for x = y = 3, then we would have

max{d,(S3, T3),d,(T3, S3)} < 1(d,(3,3))

it implies that 33 < 1)(9). Since 1) € W, we have 33 < ¢(9) < 9. This contradiction shows that the contractive
condition (13) does not hold on X.

On the other hand, if x, y € Bg, (o, ) then we consider the following two cases:
Case 1. If max{d,(Sx, Ty), d,(Tx, Sy)} = d;(Sx, Ty), then

_ x 2y X 2y Xy
dtl(sx/Ty)—dq(Z/ 7)_2 4 + 7 <2 3 + 3 —ll’(dq(x/]/))'

Case 2. If max{d,(Sx, Ty), d,(Tx, Sy)} = d4(Tx, Sy), then

g (B Y, X Y
dq(Tx,Sy)—dq(7,4)—2 <2 24 = gy ).

Thus, the contractive condition (13) holds on By (xo, 7). Therefore, all the conditions of Theorem 3.11 are
satisfied and S and T have a common fixed point (which is x* = 0).

Taking T = S in Theorem 3.11 we obtain a corollary, similar as Corollary 3.4 of Theorem 3.2.
Taking

1, if(x,y)eV;

alx y) = 0. otherwise,

we obtain a corollary, similarly as Theorem 3.10 is derived from Theorem 3.2.
We omit the details.
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