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Abstract. Let (E, || - [|) be a Banach space with a cone P. Let T,¢; : E > E (i =1,2,--,r) be a finite number
of mappings. We obtain sufficient conditions for the existence of solutions to the problem

Tx = X
(Pz(x) OEI i= 1/2/”' 1
where O is the zero vector of E, and T is a mapping satisfying a Ciri¢-contraction. Some interesting

consequences are deduced from our main results.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

In 1974, Ciri¢ [3] established the following fixed point theorem.

Theorem 1.1 (Cirié¢ (1974)). Let (M, d) be a metric space, and let T : M — M be a given mapping. Suppose that the
following conditions are satisfied:

(i) T is orbitally continuous on M;
(i) (M, d) is T-orbitally complete;
(iii) There exists a constant q € (0, 1) such that
min{d(Tx, Ty), d(x, Tx),d(y, Ty)} — min{d(x, Ty), d(y, Tx)} < qd(x, y),

forallx,y € M.
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Then, for every x € M, the Picard sequence {T"x} conveges to a fixed point of T.

Note that Theorem 1.1 provides just the existence of at least one fixed point. However, the uniqueness
is not satisfied in general. A nice counter-example is presented by Ciri¢ in [3]. For other related works, we
refer the reader to [1, 2, 4,7, 11, 12, 14] and references therein.

Let (E,|| - ||) be a Banach space with a cone P. Let T,¢; : E —» E (i = 1,2,---,r) be a finite number of
mappings. In this paper, we deal with the solvability of the system of operator equations

Tx = x,
{wi(x) O, i=1,2,-,1, M

where O is the zero vector of E, and T is mapping satisfying a Ciri¢-contraction simialar to (iii). We obtain
sufficient conditions for the existence of solutions to (1). Some interesting consequences are deduced from
our main results.

At first, let us introduce some concepts that will be used later. This is the aim of the next section.

2. Preliminaries

In this paper, the considered Banach space (E, ||-||) is supposed to be partially ordered by a cone P. Recall
that a nonempty closed convex set P C E is said to be a cone (see [8]) if it satisfies the following conditions:
P1)A>0,xeP = Ax€P.

(P2) —x,x e P = x = 0.
We define the partial order <p in E induced by the cone P by

(x,y) EEXE, x<pyey-xePl
Definition 2.1. Let ¢ : E — E be a given mapping. We say that ¢ is Og-level closed from the left, iff the set
lev(pZP ={x€E: ()=, 0}
is nonempy and closed.
Definition 2.2. Let ¢ : E — E be a given mapping. We say that ¢ is Og-level closed from the right, iff the set
levp_, :={x € E: ¢(x) <p O}
is nonempy and closed.

Example 2.3. Let E = IR be the set of real numbers. Let P = [0, 00), and let <p be the standard order in IR, denoted
by <. Let ¢ : R — R be a lower semi-continuous function. Suppose that

dxp e R: p(x) <0.

Then ¢ is O-level closed from the right. Indeed, the set levp_ is nonepmty since xo € levp_ . Moreover, if
{xn} C levp_ is a convergent sequence to x € R, then

0 = liminf p(x,) > @(x),
n—oo

which yields x € levp_ . Therefore the set levep_, is closed.
Example 2.4. Let ¢ : R — IR be an upper semi-continuous function. Suppose that
dxp e R: p(x) 2 0.

Then ¢ is O-level closed from the left. Indeed, the set levep,, , is nonepmty since xq € levp, . Moreover, if {x,} C levp,
is a convergent sequence to x € R, then
0 < limsup @(x,) < @(x),

n—oo

which yields x € levp, . Therefore the set leve,,  is closed.



V. Rakocevi¢, B. Samet / Filomat 31:11 (2017), 3193-3202 3195

Example 2.5. Clearly, if ¢ : E — E is a continuous mapping, then @ is Og-level closed from the left, and from the
right.

Remark 2.6. Note that the fact that ¢ : E — E is Og-level closed from the left, does not imply that ¢ is Og-level closed
from the right. Several counter-examples can be obtained. We invite the reader to check this fact by him self.

Definition 2.7. Let T : E — E be a given mapping. For a given x € E, we denote by O(x) the orbit of x, that is,
Ox)={T"x:n=0,1,2,---}, x€E.
We say that T is orbitally contiuvous on F C E, iff T is continuous on O(x), for every x € F.

Definition 2.8. Let T,;: E — E (i =1,2,--- ,7) be a finite number of mappings. We say that T is a Ciri¢ operator
with respect to {¢pil_,, iff there exists some q € (0, 1) such that

min{||Tx — Tyl|, [lx = Tx|l, lly — Tyll} — min{|lx — Tyll, lly — TxIl} < qllx - yll,

for every (x, y) € E X E such that
(Pi(x) SPOE, i=1,2,"‘,7

and
@iy) 2p 0, i=1,2,--- 1

Remark 2.9. Let T,; : E — E (i=1,2,--- 1) be a finite number of mappings. If T is a Ciri¢ operator with respect
to {(pi}lf:l, then by symmetry, we have

min{||Tx — Tyl|, [lx = Txl, [ly = Tyll} - min{llx — Tyl|, [ly — TxIl} < gllx — yll,

for every (x, y) € E X E such that
(Pi(x) ZPOE, 1.:1,2,"‘,7’

and
Piy) <p Op, i=1,2,---,r.

Now, we are ready to state and prove our main results.

3. Main Results

In order to make easy the lecture of the paper, let us start with the case of one equality constraint.

3.1. The case of one equality constraint
We consider system (1) with r = 1 and ¢ = ¢.

Theorem 3.1. Let T, ¢ : E — E be two giving mappings. Suppose that the following conditions are satisfied:
(i) T is orbitally continuous on levp_ ;
(ii) T is a Ciri¢ operator with respect to ¢, that is,
min{[[Tx = Tyl|, [lx = Txll, lly = Tyll} = min{llx = Tyll, [ly = Txl} < gllx - ylI,
for every (x,y) € E X E such that ¢(x) <p O and ¢(y) =p Og;
(ii1) @ is Og-level closed from the left;

(iv) There exists xo € E such that ¢(xp) <p O;
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(v) For every x € E, we have
@) <p 0 = @(Tx) =p O
and
@(x) 2p 0 = ¢@(Tx) <p Of.
Then the Picard sequence {T"xy} converges to a solution to (1) withr = 1 and @1 = .
Proof. Let x; € E be such that
@(x0) <p O.

Such a point exists from (iv). From (v), we have
@(x0) <p Op = @(Txo) 2p O.

Define the sequences {x,} in E by
Xn+1 = Txn/ n :011121"'

Then we have
@(x1) 2p O.

From (v), we have
p(x1) 2p 0¢ = @(Tx1) <p Of,

that is,
¢(x2) <p O.

Again, using (v), we get from the above inequality that
@(x3) 2p O.
Then, by induction, we obtain
@(x21) <p O, @(x2011) 2p 0g, n=0,1,2,--- (2)
Using (ii) and (2), by symmetry (see Remark 2.9), we obtain

min{||Tx,—1 — Txull, 11 — Txp-1ll, X0 — Txull} — min{llx,,—1 — Txpll, 6, — Tx-all}
Sq”xnfl_xnnf n= 1/2/31"' ’

that is,
min{|lx, — xpr1ll, 1Xa-1 = Xull, 10 — Xprall} = min{llx,—1 — xpp1ll, s — x4}
Sq”xn—l_xnnr n=l,2,3,"' 7
which yields
min{|lx, — Xpall, -1 — xall} < gllx-1 —xall, n=1,2,3,--- (3)

We distinguish three cases.
Case 1. If xon = xon41, for some N = 0,1, - - - In this case, we have

xon = Txon.

Moreover, from (2), we have
@(xon) <p O, @(x2n) = p(xon+1) 2p Ok.

Therefore, p(xon) € P and —@(x2n) € P. Since P is a cone, we deduce that

@(xon) = O.
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Hence, x,n € E is a solution to (1).
Case 2. If xon4+1 = Xon42, for some N = 0,1, - - - We argue exactly as in case 1 to see that xpn41 is a solution to

D).
Case 3. If x, # x,41, for every n =0, 1, - - - In this case, using (3) and the fact that g € (0, 1), we deduce that
llxn = Xpsll < gllxn—1 —xull, n=1,2,-- 4)

Since g € (0,1), we deduce from (4) that {x,} is a Cauchy sequence in the Banach space (E, || - [[). Therefore,
there exists some x* € E such that

lim [lx, — x| = 0. )
Since T is orbitally continuous on leve_ , then T is continuous on O(xp). Therefore, by (5) we deduce that

lim [Jx,1 = To'll = 0. (6)
By the uniqueness of the limit, we obtain

Tx = x" )
On the other hand, from (2), we have

{xon1} Clevep, , n=0,1,--
Since ¢ is Og-level closed from the left, we deduce from (5) that x* € leV(pZP, that is,
(") Zp Of.

But by (v) and (7), we obtain
(") = (Tx") <p Of.

Hence, we have ¢(x*) € P and —¢(x*) € P. Since P is a cone, we get
(") = Ok. (8)
Finally, (7) and (8) imply that x* € E is a solution to (1). [

Remark 3.2. Observe that the conclusion of Theorem 3.1 is still valid if we replace condition (iii) by the following
condition:

(iii’) @ is Og-level closed from the right.

Indeed, we have just to replace ¢ by —¢ in Theorem 3.1 to get the desired result.

By Remark 3.2, we have the following result.
Theorem 3.3. Let T, ¢ : E — E be two giving mappings. Suppose that the following conditions are satisfied:
(i) T is orbitally continuous on leV(pSP;
(ii) T is a Cirié operator with respect to @, that is,
min{||Tx — Tyll, [lx = Txl, [ly = Tyll} = min{|lx = Tyll, [ly — Txll} < gllx = yll,
for every (x, y) € E X E such that ¢(x) <p O and ¢(y) =p Og;
(iii’) @ is Og-level closed from the right;

(iv) There exists xo € E such that ¢(xp) <p O;
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(v) For every x € E, we have
p(x) <p 0p = @(Tx) >p O

and
@(x) 2p 0 = @(Tx) <p Of.

Then the Picard sequence {T"xo} converges to a solution to (1) withr = 1 and @1 = ¢.

3198

Remark 3.4. Observe that from the proof of Theorem 3.1, Theorems 3.1 and 3.3 are still valid if we replace condition

(i) by the following condition:
(i) T is orbitally continuous on leve, .

3.2. The case of a finite number of equality constraints

Now, we study the solvability of system (1) with > 2. We have the following result.

Theorem 3.5. Let T,p; : E —» E (i = 1,2,--- ,r) be a finite number of mappings.

conditions are satisfied:
(i) T is orbitally continuous on (\i_; leve;_ ;
(ii) T is a Ciri¢ operator with respect to {¢:}._,;
(iii) @i, i=1,2,---,r,is Og-level closed from the left;

(iv) There exists xy € E such that
@i(xo) <p OE/ i= 112/'” e

(v) For every x € E, we have

@i(x)<p0g,1=1,2,---,r = @i(Tx) 2p 0, i=1,2,---

and

(Pi(x) ZP OEI l = 1/2/"' T = (Pz(Tx) SP OE/ l = 1/2/"'

Then the Picard sequence {T"x,} converges to a solution to (1).

Proof. Let xj € E be such that
(Pi(x()) Sp O, 1=1,2,---,1

Such a point exists from (iv). From (v), we have
0i(Tx0) 2p 0, i=1,2,- .

Define the sequences {x,} in E by
xn+1 = Txn/ n= 0/ 1/2/“'

Then we have
(Pi(X1) >p 0, i=1,2,---,r

From (v), we have
Qi(Tx1) <p0g, i=1,2,---,1,

that is,
@i(x2) <pOp, i=1,2,---,1.

Again, using (v), we get from the above inequalities that

(Pi(x3) >p 0, i=1,2,---,r1

Suppose that the following

, 7
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Then, by induction, we obtain
@i(xon) <pOp, i=1,2,---,r ©)
and
@i(xon41) 2p 0, i=1,2,---,1. (10)

Using (ii), (9), and (10), we obtain

min{||Tx,—1 — Txull, IXn-1 = Txp-1ll, Ixn = Txull} — min{|lx,—1 = Txull, llxn — Txu-ll}
Sq”x?’l—l_-’Xl’l”/ n= 1/2/3/'” 7

that is,
min{||x, = Xpe1ll, 1x0-1 = xall, X0 = Xpe1ll} = min{llxn—1 = Xp1ll, I = x4}
Sq”xn—l_xnnl n= 1r213/"' ’
which yields
min{|lx, — Xpall, 1X0-1 = Xull} < gllxp-1 —xall, 7=1,2,3,--- (11)

We distinguish three cases.
Case 1. If xon = xon41, for some N = 0,1, - - - In this case, we have

xon = Txon.
Moreover, from (9) and (10), we have
@i(x2n) <p O, @i(xon) = @i(xons1) 2p 0, i=1,2,--- 1.
Therefore, ¢;(xon) € P and —@;(xon) € P, foreveryi=1,2,---,r. Since P is a cone, we deduce that
Qi(xon) =0, i=1,2,---,1

Hence, xon € E is a solution to (1).
Case 2. If xon4+1 = Xon42, for some N = 0, 1, - -- We argue exactly as in case 1 to see that xpn41 is a solution to

(1).
Case 3. If x, # x,41, for every n =0, 1, - - In this case, using (11) and the fact that g € (0, 1), we deduce that

Xy = xpaall < gllxp-1 —x4ll, n=1,2,---

Since g € (0,1), we deduce that {x,} is a Cauchy sequence in the Banach space (E, || - ||). Therefore, there
exists some x* € E such that

lim ||x,, — x*|| = 0.

n—oo

Since T is orbitally continuous on (;_; leve; <pr then T is continuous on O(xp). Therefore, we have
lim ||x,.1 — Tx*|]| = 0.
n—oo

By the uniqueness of the limit, we obtain

*

Tx" = x".

On the other hand, from (10), we have

’
{XZ,,+1} C ﬂ leV(Pin’ n=01,---
i=1
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Hence, by (iii) we deduce that x* € ([, levgoizp, that is,

@i(x)2p0g, i=12,---,r
But by (v) and the fact that Tx* = x*, we obtain

Qi(x") =@i(Tx")<p 0, i=1,2,---,r

Hence, we have ¢;(x*) € P and —@;(x*) € P, foralli=1,2,---,r. Since P is a cone, we get

pi(x)=0g i=12---,r
Therefore, we proved that x* € E is a solution to (1). O
Remark 3.6. As in the case of one equality constraint, the conclusion of Theorem 3.5 is still valid if we replace
condition (iii) by the following condition:
(iii’) @i, i=1,2,--- ,r, is Og-level closed from the right.

Remark 3.7. As in the case of one equality constraint, Theorem 3.5 is still valid if we replace condition (i) by the
following condition:
(') T is orbitally continuous on (i_; leve;, .

4. Some Consequences

In this section, some interesting consequences following from the above results are presented.

4.1. A common fixed point result

LetT, S : E — E be two giving mappings. We consider the following common fixed point problem: Find
x € X such that

x = Tx,
{x = Sx. (12)
Observe that system (12) is equivalent to
X = Tx
! 1
{ ¢x) = O, (13)

where ¢ : E — E is the mapping defined by
p(x)=Sx—-x, x€E. (14)

Let us define the sets
Hy={x€E: Sx <p x}

and
H), ={x € E: Sx>p x}.

We have the following result.
Corollary 4.1. Let T,S : E — E be two giving mappings. Suppose that the following conditions are satisfied:
(i) T is orbitally continuous on Hi;

(ii) There exists a constant q € (0,1) such that for every (x,y) € EXE,

Sx <px, Sy 2py = min{||Tx — Tyll, llx — Txll, lly — Tyll} — min{|lx — Tyl|, lly — TxII} < gllx — yll;
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(iii) Hy is a closed subset of E;
(iv) There exists xg € E such that Sxg <p xo;

(v) For every x € E, we have
Sx<px = S(Tx) =2p Tx

and
Sx >px = S(Tx) <p Tx.

Then the Picard sequence {T"x,} converges to a solution to (12).

Proof. Using the fact that (12) is equivalen to (13), and taking in Theorem 3.1 ¢ : E — E, the mapping
defined by (14), we obtain immediately the desired result. [J

Remark 4.2. The most used techniques for the solvability of (12) are based on a compatibility condition introduced by
Jungck [9]. Such techniques are interesting and can be useful for the solvability of certain problems (see [5, 6,9, 10, 13]
and references therein). However, two major difficulties arise in the use of such approach. At first, the compatibility
condition is not always satisfied, and in some cases it is not easy to check such condition. Moreover, the numerical
approximation of the common fixed point is constructed via the axiom of choice using certain inclusions, which makes
difficult its numerical implementation. The result given by Corollary 4.1 presents a new approach to study common
fixed point problems.

4.2. A fixed point result

Taking S = I (the identity mapping) in Corollary 4.1, we obtain the following fixed point result, which
is similar to Theorem 1.1.

Corollary 4.3. Let T : E — E be a giving mapping. Suppose that the following conditions are satisfied:
(i) T is orbitally continuous on E;

(ii) There exists a constant q € (0,1) such that for every (x,y) € EXE,

min{||Tx — Tyll, [lx = Txl, [ly = Tyll} - min{[lx = Tyll, [ly — Txll} < gllx = yll.

Then, for every x € E, the Picard sequence {T"x} converges to a fixed point of T.

Remark 4.4. Observe that Corollary 4.3 can be deduced also from Theorem 1.1. Indeed, since E is a banach space,
then E is is T-orbitally complete. For the definition of the notion of T-orbitally complete sets, we refer the reader to [3].
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