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Abstract. In this article we determine the coefficient bounds for functions in certain subclasses of analytic
functions defined by subordination which are related to the well-known classes of starlike and convex
functions. The main results deal with some open problems proposed by Q.H. Xu et al.([20], [21]). An
application of Jack lemma for certain subclass of starlike functions has been discussed.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. introduction

Let A denote the family of analytic functions f in the unit disk D := {z € C : |z| < 1} normalized by
f(0) =0=f(0) - 1. If f € A then f has the following representation

fz)=z+ Z a,z". 1)
n=2

A function f is said to be univalent in a domain Q C C if it is injective in Q. Let S denote the class of
univalent functions in A. A function f € A is in the class S*(«), called starlike functions of order ¢, if

Re (Zf (Z)) >a for zeD
f(2)
and in the class C(«), called convex functions of order «, if
Re (1+Zf (Z))>a for zeD.
f(@)

Clearly the classes $* := S§*(0) and C := C(0) are the well- known classes of starlike and convex functions
respectively. It is well -known that C € 8* ¢ S. A function f € A is in the class SP(a), called a-Spiral

functions, if
- zf'(z
Re ( f@

f@@)

)>0 for zeD.
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The class SP(a) has been introduced by Spacek [17] in 1933.

Let f and g be analytic functions in the unit disk ID. A function f is said to be subordinate to g, written
as f < gor f(z) < g(z), if there exists an analytic function w : ID — ID with w(0) = 0 such that f(z) = g(w(z)).
If g is univalent, then f < g if and only if f(0) = g(0) and f(ID) C g(ID).

For A,B € C with |B| < 1, let S*[A, B] denote the class of functions f € A which satisfy the following
subordination relation

zf'(z) 1+Az
f(2) = 1+ Bz
Without loss of generality we may assume that B is a real. In view of S*[A,B] = S*[-A, -B], we can
consider -1 < B < 0. For particular choice of parameters A and B, we can obtain &* := §[1,-1] and
S* (@) := 8[1 - 2a, —1]. If we choose A = ¢7%* and B = —1 then SP(a) := S*'[e~%¢, -1].

Nasr and Aouf [10-12] and Wiatrowski [22] extended the classes S*(a) and C(«) by introducing S*(y)
and C(y), the class of starlike functions of complex order y and the class of convex functions of complex
order y respectively.

More preciously, a function f € A is said to be in the class S*(y), if it satisfies the following condition

for zeD.

Re(1+7l/(z}(;g)—l))>0 for zelD and yeC\{0}.

Similarly, a function f € A is said to be in the class C(y), if it satisfies the following condition

Re (1+71/(ZJJ[C:;S)))>O for zelD and yeC\{0}.

The function classes S*(y) and C(y) have been extensively studied by many authors (for example, see [2-6]).
For fixed § > 1, the classes M(f) and N(B) are defined by

MP) = {feﬂ:Re(ij:;S))<,B forze]D} and
N@) = {feﬂ:Re(1+Z]f:;S))<ﬁ forze]D}.

If we choose y = (1 — ) then the class M(B) := S*(1 — f) and N(B) := C(1 — B). The classes M(B) and N(B)
have been extensively discussed by Obradovic et al. [13] and Firoz Ali and Vasudevarao [1].

In 2007, Altintas et al. [7] introduced the classes Sc(y, A, ) and B(y, A, B, ). A function f € A is in the
class Sc(y, A, B) for y e C\ {0},0 < A <1and 0 < < 1if it satisfies the following condition

1(20zf/ @) + L= NfE)Y
Re (1 3 ( Azf @+ 1-Hf@)

Clearly S$*(y) := Sc(y, 0,0) and C(y) := Sc(y, 1,0). A function w = f(z) belongs to A is said to be in the class
B(y, A, B, w) if it satisfies the following non-homogeneous Cauchy-Euler differential equation

1))>ﬁ for zel.

, d*w dw

e p(p + Dw = (u+ 1)(p +2)9(2),

where g € Sc(y, A, B) and p € R\ (=00, —1]. In [7], the authors obtained the coefficient bounds for functions
in the classes Sc(y, A, ) and B(y, A, B, u) but the results were not sharp.

In 2011, Srivastava et al. [18] introduced the classes S(A,y, A, B) and K(A, v, A, B, m, ). A function f € A
is in the class S(A, y, A, B) if it satisfies the following subordination condition

1(zAzf'(2) + (1 = V) f @)Y 1+ Az
W ere+a-nf@) ) " 1+B

1+ for zeD,
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wherey €e C\{0},0 <A <1land -1 < B < A < 1. Similarly, a function w = f(z) belongs to A is said to be
in the class K(A,y, A, B, m, u) if it satisfies the following non-homogeneous Cauchy-Euler type differential
equation of order m

m
na"w
Z —
dz"

qm-1 m=1 m-1
+ (T)(y tm-1 s (Z) 1] (u+pw=g@ [ [a+j+1), (2)

m—1
dz i

where g € S(A,v,A,B), p € R\ (—oo,—1] and m € IN \ {1}. For particular choice of the parameters A and B,
we obtain Sc(y, A, B) :== S(A,y,1-28,-1), S*(y) := S(0,y,1,-1) and C(y) := S(1,y,1,-1). The coefficient
bounds for functions in the classes S(A, y, A, B) and K(A, y, A, B, m, u) have been investigated by Srivastava
et al. [18] but the results are not sharp. Recently, Q-H Xu et al. [20] obtained the following sharp coefficient
bounds for functions in classes S(A,y, A, B) and K(A, y, A, B, m, 1) with some restriction on the parameters.

Theorem A. [20] Let f € S(A,y, A, B) be given by (1), wherey e C\{0},0<A<1land -1<B<A<1If
ly(A=B)=B(n-2)| 2 (n-2),
then

I1/5 (A= B)y - jB]
1+Am-1)m-1)"

la,| < nelN\ {1} 3)

and the estimates in (3) are sharp.

Theorem B. [20] Let f € K(A,y, A, B, m,u) be given by (1), wherey € C\{0,,0 < A <1,-1<B<A<1,
p€R\ (=00, =1]and m e N\ {1}. If

[y(A=B)—Bn-2)| = (n-2),
then
o < T A= By = BT e+ j+ 1)
(1+A(n = D)(n = DT (w+j +n)

n,meNN\ {1} (4)

and the estimates in (4) are sharp.

In 2013, Xu et al. [20] proposed the following two problems concerning the coefficient bounds for
functions in the class S(A, y, A, B).

Problem 1.1. If the function f € S(A,y, A, B) is given by (1) withy € C\{0},0 <A <1and -1 < B <A < 1then
prove or disprove that

[T/ I(A = B)y — jB|

ol < T G )y

nelN\{1}. 5)

Problem 1.2. If the coefficient estimates in (5) do hold true then prove or disprove that these estimates are sharp.

In 2013, Xu et al. [21] considered the class SP(A, B) by the condition that a function f € A is in the class
SP(A, B) if it satisfies

zf'(z) . 1+ Az

fo P ig:

where —1t/2 < f < /2 and -1 < B < A < 1 and obtained the following coefficient bounds for functions in
this class.

(1+itanp) for zeD,
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Theorem C. [21] Let f € SP(A, B) be given by (1) with —t/2 < B < 71/2, -1 < B <A <landn e N\ {1}.
Suppose also that

(A= (n—1)B)*cos® B + (n — 2)*(B*sin® f — 1) > 0. (6)

Then

) neN\ (1) 7)

n-2 ) .
I(A — B)e " cos g — jB|
|a,| < ( .
g j+1

and the estimates in (7) are sharp .

We note that Theorem C is proved under the additional assumption (6). In the same paper the authors
proposed the following two problems concerning the coefficient bounds for functions in class SF(A, B)
without assuming the additional condition (6).

Problem 1.3. If the function f € SP(A, B) is given by (1) with —1/2 < B < /2 and =1 < B < A < 1, then prove
or disprove that

T (I(A = B)e ™ cos - jB
< [ (8 )ejffsﬁ B nemya ®)
j=0

Problem 1.4. If the coefficient estimates in (8) do hold true then prove or disprove that these estimates are sharp.

It is interesting to note that if we choose A = 0 and y = 1/(1 + i tan ) then the class S(A, y, A, B) reduces
to SP(A, B). Hence it is sufficient to study Problem 1.1 and Problem 1.2 for functions in the class S(A, v, A, B).

The problem of coefficient estimates is one of the most exciting problem in the theory of univalent
functions. For f € S of the form (1), it was proved that |a,| < 2 and proposed a conjecture |a,| < n for
n > 3 by Bieberbach in 1916. This celebrated conjecture was proved affirmatively by Branges in 1984. This
motivates us to determine the coefficient bounds for functions in some subclasses of analytic functions
which are defined by the subordination and these classes are related to the well-known classes of starlike
and convex functions.

The main aim of this paper is to attempt the aforementioned problems in much detailed. In fact, the
main results of this paper deal with some open problems proposed by Q.H. Xu et al.([20], [21]).

Before proving our main results, we recall the following lemma due to Xu et al. [20].

Lemma 1.5. [20] Let the parameters A,B A,y and m satisfy y € C\{0},0< A <1,-1<B <A <landm e IN\{1}.
Ifly(A — B) — B(m — 2)| > (m — 2), then

& |A-B) - Bk— 1P - (k- 1] =
YA =B + kZ [' e ((k(_ 1)!))2 L ’] ]1 [y(A~B) - jBF
=2 j=

[T} (A - B) - Bji?
((m - 2)!)?

2. Coefficient estimates

In this section, we will estimate the modulus of the coefficients of function of the form (1), which belong
to the class of S(A,y, A, B) and K(A,y, A, B, m, u). Moreover, the inequalities obtained will be examined in
terms of sharpness.
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Theorem 2.1. Let f € S(A, v, A, B) be of the form (1), wherey € C\{0},0<A<1,-1<B<A<1landn e N\{1}
be fixed and define A = |y(A — B) — B(k — 1)| — (k - 1).

(i) If A2 <0, then

[¥I(A - B)
T m-1DA+An-1)"

(ii) If Ayy = 0, then

[T/ ly(A - B) - jB|
3] < (-1 +An-1) (10)
(iii) If Ay > 0and Agsq <0 fork=2,3,...,n—2, then
IT'2 (A - B) - jB|
k-Din-1)A+A(n-1)

lan| <

lan| < (11)

The estimates in (9) and (10) are sharp.

Proof. The proof of part (ii) can be found in [20]. But for the sake of completeness of the result, we include
it here. Let f € S(A,y, A, B). Then there exists an analytic function w(z) in D with w(0) = 0 and |w(z)| < 1

such that
1 + 1 (z(Azf"(z) + 1 = A)f(2)) 1) 1+ Aw(z)
(Azf'(z) + (1 = V) f () " 1+ Bw(z)’

Using the series expansion (1) of f(z) in (12) and then after simplification we obtain

(12)

Z(k 1)1 + Ak - D)azt =
k=2

y(A-B)z+ i()/(A —B) = B(k—1))(1 + A(k - 1))akzk)a)(z)

k=2

which can be written as

Z(k D + Ak = 1)a2s + Z b2t —( (A= B)Z+Z(y(A B) — B(k — 1))(1 + A(k - 1))akz) @)

k=2 k=n+1
for certain coefficients by. Since |w(z)| < 1, an application of Parseval’s theorem gives

n o n— 1

Y =12+ Ak =D + Y Il < yRA =B + Y (1p(A - B) = Bk = DP)(1 + Ak — 1)laif

k=2 k=n+1 k=2

and therefore

n-1

(1= 121+ At = 1) < PA=BP + ) (1704 = B) = Bk = D = (k= 17 )L+ Ak = PP (1)
k=2

For n = 2, it follows from (13) that
[yI(A — B)
1+A
Note that if Ay > 0 then Ay_1 > 0fork =2,3,..., because

las| < (14)

h(A=B)—(k—2)B|>y(A-B)—(k—=1)B|—|B| > (k—=1) -1 =k—2.
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Again, if Ay < 0then Ay <0fork=2,3,..., because
[y(A-=B)—kB|<|y(A-B)—(k—1)B|+|BI<(k—1)+ 1=k

If A, < 0 then from the above discussion we can conclude that Ay < 0 for all k > 2. It follows from (13)
that

(n = 1>+ A = 1)lasf* < Iy*(A - BY?
and consequently

ly|(A - B)

T N T

(15)
Equality in (15) is attained for the functions f,,(z) where f,(z) satisfies the following differential equation

Azfl(2) + (1= A)fu(2) = 2(1 + Bz )

Next, let A,-1 > 0. Then from the above discussion we have Aj, A3, Ay, ..., Ay—2 = 0. From (14) it is
clear that (10) is true for n = 2. Suppose that (10) is true for k = 2,3,...,n — 1. Then using the induction
hypothesis, it follows from (13) that

(= DAL+ A(n = 1),
<PA =B+ Y (Ily(A - B) = Bk = D = (k= 1) (1 + Ak — 1)laif?

[y

<P@A-B2+ Y (I(A - B) = Blk = D - (k= D) (L + Ak - D)?
k=2

=
- N

T1%25 (A - B) - jBP
(k=121 + A(k - 1))?°

An application of Lemma 1.5 shows that

[T75 (A = B) — jBP
((n-2)1y2

(n =121 + A(n = 1)), <

and consequently,

[T} Iy(A - B) - jB|
la,| <
(n=-1DHA+A(n-1))

By the mathematical induction, (10) is true for all n > 2. The equality in (10) is attained for the following

function
/\7?1

AL (*__t1 gt for B#O0,A#0
Tk A(1+BH) T ’

z

floy={ 0T

Z 1-A

1, e dt for B=0,A#0

for B#0,A=0

zeAV? for B=0,A=0.
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Now if we assume that Ay > 0 and Ay,; < 0fork =2,3,...,n—2. Then Ay, A3, Ay, ..., Ar—1 = 0 and
Ak, Aks3, - .., An—p < 0. Using (10) and Lemma 1.5 in (13), we obtain

(n =121+ A(n = 1)l

k
<yPA-BP+ Y (Iy(A - B) = Bl - DP — (= 17) (1 + A - D larf
=2

I1/5 ly(A - B) — jBP
((1-1))?

k
<lyPA=-B?+ ) (Iy(A-B)=Bl- 1P - (1 -1))
=2

IS A -B) - jBP
- ((k=1)1) '
from which (11) follows. 0O
Theorem 2.2. Let f € K(A,y,A,B,m, ) be of the form (1) and y e C\{0,,0 < A <1,-1<B<A<1lme
N\ {1} and peR\(—oo,-1]. Define Ay = [y(A—B) — Bk —1)| — (k- 1).
(i) If Ay <0, then

M@A-B) I u+j+1)

-1+ (n-1)A) 7% Yu+j+n) (16)

la,| <
(n

(ii) If Ap—q1 2 0, then

ol < 155 (A= B) = jBI TT}5 (u+ j+1) )
o T (n=DIL+ A —1))Hj=0(y+]+n)

(iii) If Ak 20 and A1 <0 for k=2,3,...,n—2, then

o< IS A-B) - jBl 15 (u+j+1) .
T = DE = DA+ A= D) [Tk )

The estimates in (16) and (17) are sharp.
Proof. Let f € K(A,y,A, B,m, u) be of the form (1). Then there exists g € S(A,y, A, B) of the form g(z) =
Z+ Y en byz" such that (2) holds. By comparing the coefficients on both sides of (2), we obtain
[H%W+ﬁby
On =\ w1, . ..~
Hj:ol(H +j+n)

wherem,n € N\ {1} and u € R\ (=0, —1]. Then the desired results follow from Theorem 2.1. The sharpness
of (16) and (17) easily follow from the sharpness of (9) and (10). [

Corollary 2.3. Let f € Sc(y, A, B) be given by (1).
(i) If2y(1 = B)+ 1| <1, then

21 - p)
S m-DA+m-1A) (19)

The equality in (19) occurs for the solution of equation

lan| <

Azfl@) + (1= D ful2) = 2(1 — 2" 1) o0
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(ii) If 2y(1 = B) + (n = 2)| = (n — 2), then

[T/ 2y(1 =) + i

ol < DI+ = DAY @0)
The inequality (20) is sharp.
(iii) If12y(1 = B) + (k= 1)| > (k — 1), then
L oRya-p+ji
ol < DG AT = D)
Corollary 2.4. Let f € B(y, A, B, u) be given by (1).
(i) If2y(1-B) + 1| < 1, then
2yl - p) (u+ (g +2)
ol < DA =D D 1)
The inequality (21) is sharp.
(ii) If 2y(1 = B) + (n — 2)| > (n — 2), then
n—2 _ .
o < [Tz RyA =)+ ]l (u+1)(u+2) 2)

Tm-DIA+m-DA) (u+n)(p+n+1)
The inequality (22) is sharp.
(iii) If2y(1 =) + (k= 1)| > (k — 1), then

IT525 12y(1 = p) + i (+1)(u +2)

S G D a = DI+ (= D) (1)

The following two results give the sharp coefficient bounds for functions in the classes S*(y) and C(y)
under some assumptions.

Corollary 2.5. Let f € S*(y) be given by (1).
(i) If 2y + 1| < 1, then

lan| < o1 (23)
The equality in (23) occurs for the functions f,(z) where f,(z) is defined by
filz) = 2(1 = 2T,
(ii) If |2y + (n = 2)| > (n - 2), then

[T} 12y + jl

<
lan| < =1

(24)

The inequality (24) is sharp for the function f(z) where f(z) is defined by

zZ

f(Z)=m-

Corollary 2.6. Let f € C(y) be given by (1).
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(i) If 2y + 1| < 1, then

2ly|
nn-1)"

lan| < (25)

The equality in (25) occurs for the functions f,(z) where f,(z) is defined by

fie) = (=27
(i) If |2y + (n — 2)| = (n — 2), then

I3 12y + jl

la,| < "
n.

(26)

The inequality (26) is sharp for the function f(z) where f(z) is defined by

© o dt
o= [ it

It is interesting to note that if we choose y = 1 — f in Corollaries 2.5 and 2.6 then we can obtain the
sharp coefficient bounds for functions in the classes M(f) and N(B). In fact these results extend the results
obtained by Firoz Ali and Vasudevarao [1].

3. Application of Jack Lemma

In 1999, Silverman [16] investigated the class G, for 0 < b < 1 which involves the quotient of analytic
representations of convexity and starlikeness of a function. More precisely, for 0 < b < 1, consider the
following class

1+zf"(z)/ f(z)
G ::{ efﬂ:‘——l <b forzeD;.
=V PRI
It was proved [16] that G, € S*(2/(1 + V1 + 8b)). In 2000, Obradovi¢ and Tuneski [14] improved this result

by showing G, = S*[0, -b] € 5*(2/(1 + V1 + 8b)). In 2003, Tuneski [19] found a nice relation among A, B and
b so that functions f in the class G, also belong to the class S*[A, B]. In this paper, we prove a sufficient
condition for function f € G, to be in the class SP(a).

The following lemma, known as Jack lemma, is helpful in proving for our main results.

Lemma 3.1. [8] Let w be a non-constant analytic function in the unit disk ID with ©(0) = 0. If |w(z)| attains its
maximum value on the circle |z| = r at the point zg then zow’(zo) = kow(zo) and ko > 1.

The recent applications of Jack lemma we refer to [9, 15]. Using the above Jack lemma we prove the
following lemma.

Lemma 3.2. Let p be an analytic function in the unit disk 1D with p(0) = 1 and A = e~** be a complex constant with
lae| < 7t/2. If p satisfies the following condition

zp'(z) - (A+1)z

@) (% AR =h(z) for zeD 27)
then
p(z) < 11+_AZZ for zeD, (28)

that is, p € SP(a).
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Proof. Let p(z) = (1 + Aw(2))/(1 — w(z)). Then w is analytic in ID and w(0) = 0. A simple computation shows
that
zp’(z) - (A + 1)z’ (2)
PE - A+

Now the subordination relation (28) holds if and only if |w(z)| < 1 for z in ID. Assume that there exists a
point zy € ID such that |w(zp)| = 1. Then by Jack lemma, zow’(z) = kow(zp) and ko > 1. For such z, we have
zop’ (20)/P*(20) = koh1(w(zo)) which does not contain in h;(ID) because |w(zp)| = 1 and ky > 1. This contradicts
the subordination condition (27). Hence |w(z)| < 1 for all z € ID which yields the desired result. [

for zeD.

Using Lemma 3.2 we prove the following theorem.
Theorem 3.3. Let f € Aand A = e~ be a complex constant with |a| < 1/2. If

1+zf"(z)/f'(2) <1+ 1+ A):z

zf'(2)/ f(z) 1+ A2 for zeD

then f € SP(a).

Proof. Letp(z) = Z;(S) Then p is analytic in ID and p(0) = 1. A simple computation shows that

zp'(z)  1+zf"(2)/f(2) (1+A)z
= -1<——= for zeD.
p2(2) z2f"(z)/ f(z) (1+ Az)?
In view of Lemma 3.2, it follows that p(z) < (1 + Az)/(1 — z) and hence f € SP(a).
Using Theorem 3.3, we obtain the following result. 0O

Corollary 3.4. Let A = e72 be a complex constant with |a| < /2. Then G, C S'[A,-1] = SP(a) when
b=|1+A|/4

Proof. For f € Gy, we have

1 + 144 ’
M<1+bz for zeD.
zf'(2)/ f(2)
Lethy(z) =1+ ((11:;42))22 . Then a simple computation shows that

minflia(e®) — 1 : 0 € [0,27)} = 1 ZA|.

If b = |1 + Al/4 then by using the definition of subordination we obtain 1 + bz < hy(z). Therefore from
Theorem 3.3, it follows that f € S*[A, -1] :== SP(a). O

3.1. Starlike univalent functions of order o
Let B(zp; r) denote the open ball centered at zy and radius r. We say that f € H(a),0 <a <1, if fe A
and A,(z) = io},f((zz)) maps the unit disk ID into B(1; 1). Since the conformal mapping B(w) = (1 + w)~! maps D

onto Rew > 1/2, one can see that the classes S*(a) and H(«) coincide.
Let f € H(a) and consider the function h(z) := hg(z) = (j%)ﬁ -1, where 0 < g < 1. If f € H(a),

1/2 < @ < 1, using Jack’s lemma, Ornek [15] showed that & satisfies the condition of the Schwarz lemma: h
maps D onto itself and /(0) = 0, and he has proved

Lemma 3.5. Let f € H(a),1/2<a <1and 1/ = 2(1 — ). Then

) |z
(D) 1f)I < m
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(i) |f"(O) < 2/B.
For B =1, we find

. |z|
@) If@I < —=
/) (1 -1z
(i) 1f"(0)] < 2.
zk!(z
Example 3.6. Let kg(z) = z(1+2)"/f,0 < B < 1. Then k:—((z)) = Ap, where Ag(z) = 1 - %ﬁ Since Ag maps D onto

Rew >1- 21—5 One can see that kg belongs S*(a) if and only if p > If 1/ > 2 then kg is not univalent in ID.

_1
20—

The subject related to Jack’s lemma has been discussed by Ornek [15] in a recent paper. Recently,
Mateljevi¢ [9] has extended Ornek’s result and obtained the following.

Theorem 3.7. If f belongs S*(a), 0 < a < 1,and 1/8 = 2(1 — a), then

. |z
(i) 1f2) < W

(i) |f(0)] < 2/B.

In particular, it can be seen that Ornek’s result (i') | f(z)| < ﬁ and (ii")| f”(0)| < 2if f belongs to the class
8*(1/2). For convex functions (i’) holds. Since convex functions are in S*(1/2), this result is a generalization
of corresponding one for convex functions.

Acknowledgement: The authors thank the referee for useful comments and suggestions. The first author
thanks UGC for financial support.
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