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Abstract. Very recently, N. Souayan and N. Mlaiki [Nazir Souayan and Nabil Mlaiki, A fixed point
theorem in S,-metric spaces, J. Math. Comput. Sci. 16 (2016), 131-139] and S. Sedghi et al. [S. Sedghi,
A. Gholidahneb, T. DoSenovi¢, J. Esfahani, S. Radenovi¢, Common fixed point of four maps in S,-metric
spaces, to appear in J. Linear Topol. Algebra], introduced the concept of S,-metric space as a generalization
of S-metric space. In this paper, we modified the definition of Sy-metric introduced by Souayan and Mlaiki
and prove some coupled common fixed point theorems in Sp-metric space. We also present an example to
confirm our theoretical results.

To the memory of Professor Lj. Cirié (1935-2016)

1. Introduction and Preliminaries

S.Sedghi, N. Shobe and A. Aliouche [28] introduced the concept of S-metric space by modifying D-metric
and G-metric spaces. The definition of S-metric space is as follows.

Definition 1.1. Let X be a nonempty set. An S-metric on X is a function S : X3 — [0, o) that satisfies the following
conditions, for each x,y,z,a € X,

1. S(x,y,2) 20,
2. S(x,y,z)=0ifandonly ifx = y =z
3. S(x,¥,2) < S(x,%,@) + S(y, v,) + S(z,2,0)

The pair (X, S) is called S-metric space.

Sedhi et. al. [28] gave following remarks.
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It is easy to see that every D*-metric is S-metric, but in general the converse is not true.
In [28] it is also shown the following lemma
Lemma 1.2. In an S-metric space, we have

S(x,x,y) = S(y, y,x)

S. Sedghi and Nguyen van Dung [27] remarked that every S-metric space is topologically equivalent to
a metric space.

Bakhtin [3] introduced the concept of b-metric space as a generalization of metric space. S. Czerwick
[6, 7] extended the Banach contraction principle is b-metric space.

The definition of b-metric is given below

Definition 1.3. [3] Let X be a nonempty set. A b-metric on X is a function d : X*> — [0, c0) if there exists a real
number s > 1 such that the following conditions holds for all x,y € X

(i) d(x,y) =0ifandonlyifx =y,
(i) d(x,y) =d(y,x)
(iii) d(x,z) <s[d(x,y) +d(y, z)]
The pair (X, d) is called a b-metric space.

Inspired by the works of Bakhtin [3] and Sedghi et. al. [28], Nizar and Nabil [35] introduced the concept
of Sp-metric space.

Definition 1.4. [35] Let X be a nonempty set and let s > 1 be a given number. A function S, : X> — [0, ) is said
to be Sy-metric if and only if for all x,y,z,t € X, the following conditions hold:

(@) Sp(x,y,z)=0ifandonlyifx =y =z,
(i) Sp(x,x,y) = Sp(y, y,x) forall x,y € X,
(iii) Sp(x,y,z) < s[Sp(x, x,t) + Sp(y, y, t) + Sp(z,z, 1)]
The pair (X, Sp) is called an Sy-metric space. See also ([29], Definition 1.7).

Remark 1.5. [35] Note that the class of Sy-metric spaces is larger than the class of S-metric spaces. Indeed, every
S-metric space is an Sy-metric space with s = 1. However, the converse is not always true.

Example 1.6. [35] Let X be a nonempty set and card(X) > 5. Suppose X = Xq U X, a partition of X such that
card(Xy) > 4. Let s > 1. Then

0, #x: yZZZO,
Sp(x,y,2) =4 3s, if(x,y,2)€ Xi;
1, if(xyz2)¢ Xy

forall x,y,z € X. Sy is a Sy-metric on X with coefficient s > 1.
Definition 1.7. [35] Let (X, Sp) be an Symetric space and {x,} be a sequence in X. Then

(i) A sequence {x,} is called convergent if and only if there exists z € X such that Sy(x,,x,,z) = 0asn — oo. In
this case we write lim, e X, = Z.
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(ii) A sequence {x,} is called Cauchy sequence if and only if Sp(xp, X4, Xp) — 0 as n,m — oo.

(iii) (X, Sp) is said to be a complete Sy-metric space if every Cauchy sequence {x,} converges to a point x € X such
that

hm Sb(xn/ xn/ xm) = llm Sb(xn/xn/ x) = Sb(x/ x/ x)

n,m—00

(iv) Define the diameter of a subset Y of X by

diam(Y) := sup{Sp(x, v, 2)Ix, y,z € X}.

Sedghi et.al. [28] claimed that S-metric space is a generalization of a G-metric, that is, every G-metric is
an S-metric. But Dung et.al. [8] explained with following examples that the assersion of Sedghi et.al [28] is
not correct. Dung et.al. [8] further claimed that the class of all S-metric and the class of all G-metric are all
distinct.

In definition 1.4 condition (ii) is not true in general. In order to make definition 1.4 a general one, we modify
as follows.

Definition 1.8. Let X be a nonempty set and let s > 1 be a given number. A function Sy : X> — [0, 00) is said to be
Sy-metric if and only if for all x,y,z,t € X, the following conditions holds:

(@) Sp(x,y,z)=0ifandonlyifx =y =z,
(i) Sp(x,y,z) <s[Sp(x, x,t) + Sp(y, y, ) + Sp(z, z, )]
the pair (X, Sp) is called an S,-metric space.
Definition 1.9. A S;-metric Sy is said to be symmetric if
Sp(x,x,y) = Sp(y, y,x) forall x, y € X.
Now we recall one important definitions.

Definition 1.10. Let X be a non-empty set and let f,g : X X X — X be two mappings. A point (x,y) € X x X

is called coupled coincidence point of f and g if f(x,y) = g(x,y) and f(y,x) = g(y,x); then (g(x,y), 9 (y,x))
is called a coupled point of coincidence; a common coupled fixed point of f and g if f(x,y) = g(x,y) = x and

fly,x)=g(y,x) =y, (1], [2],[4], [5], [9][11] [13]-[21], [23]-[25], [30], [31], [34]).

2. Main Results

Now we prove our first common coupled fixed point result in the framework of complete symmetric S,
metric spaces:

Theorem 2.1. Let (X, Sp) be a complete symmetric Sy-metric space with parameter s > 1 and let the mappings
f,g9: X* > X satisfying

Sp(x, x,u) + Sp(y, v,
Su(Fx,y), F(,y), gu,0) < a b<xx“>; oy, y,9)

Sb(f(xf y)/ f(x/ y)/ g(ur U))S(x/ X, M)
1+ Sp(x, x,u) + Sp(y, y,0)

Sb(f(x/ y)/ f(xl y)/ g(ur U))Sb(yr Y, v)
3 1+ Sp(x, x, u) + Sp(y, y,0)

Su(x, x, f(x, 1))Sp(x, x, 1)
14 Sp(x, x,u) + Sp(y, y,0)

a;




forallx,y,u,v € Xand ay,az,...,.a; 2 0witha; +a, +az +as +as +ag +ay; < lands <
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Sb(xl X, f(xr y))sb(yr Y, Z))

°1 4 Sp(x, x, u) + Sp(y, y, )
Sp(u, u, g(u, v))Sp(x, x, u)

e 1+ Sp(x, x,u) + Sp(y, y,0)
. Sp(u, u, g(u,0))Sp(y, y,v)
1+ Sp(x, x,u) + Sp(y, y,0)

have a unique common coupled fixed point in X.

Proof. Let xo, yo € X be arbitrary points. Define

Xok+1 = f (ov2k, yzk)

Xokr2 = G(Xok+1, Yok+1)

fork=0,1,2,,.... Then

Sp(X2ka1, Xok+1, X2k42)

;o Yok+1 = f (yzk, X2k)
;o Yok = G(Yore1, X2ke1)

Su(f (xax, Yax), f(X2k, Yox), 9(Xake1, Yor+1))
. Sp(xax, X2k, Xok+1) + Sp(Yor, Yok, Y2k+1)

1

2
Su(f (ks Yar), f (ks Yor), 9(Xoks1, Yora1))Se(Xok, Xk, Xok+1)
1+ Sp(xox, X0k, X2k+1) + Sp(Yor, Yok, Yor+1)
. Su(f (eax, Yox), f (X2k, Yor)s 9(X2k41, Yor+1))Sp(Yaks Yo, Yok+1)
3

IN

1—(12—[13 —e—A7
a+asg+as

1+ Sp(xox, X2k, X2k+1) + Sp(Yok, Yok, Yor+1)
Sv(xak, Xak, f(X2k, Y2k))Sp(Xak, Xok, Xok+1)
14 S (ear, Xok, Xaxr1) + So(Yar, Yok, Yare1)
Sp(Xok, Xk, f(X2k, Y2u))Se(Yoks Yok, Yok+1)
* T+ Sy (ak, Xok, X2kr1) + So(Yaks Yok, Yoka1)
Sp(k+1, Xok+1, F(X2k+1, Yok+1))Sp(X2k, X2k, X2k+1)
1+ Sp(xox, Xk, X2k+1) + Se(Yok, Yok, Yor+1)
Sp(Xoka1, X2kr1, G(X2kr1, Y2ka1))Su(Yoks Yoks Yok+1)
1+ Sp(xk, Xk, X2k41) + So(Yoks Yok, Yok+1)
. Sp(x2k, Xk, Xok41) + Sp(Yor, Yok, Y2k+1)

e

= o 7

Sp(Xok+1, X2k+1, X2k+2) St (XK, X2k, X2k1)
»
1+ Sp(oar, Xk, Xor+1) + Sp(Yor, Yok, Y2k+1)
Sp(Xok+1, Xokr1, X2k+2) So(Yok, Yok, Yok+1)
3
1+ Sp(xok, X2k, X2k+1) + Sp(Yok, Yok, Yok+1)
Sp(2k, Xk, Xok+1)Sp(Xok, Xok, X2k+1)
4
1+ Sp(xox, Xk, Xok41) + Sp(Yok, Yok, Yok+1)
Sp(x2k, X2k, X2k+1)Sp(Y2ks Y2k, Y2k1)
1+ Sp(xox, X2k, X2k41) + Sp(Yoks Yok, Yok+1)
Sp (X1, Xoks1, X2k4+2) St (XK, X2k, X2k1)
6
1+ Sp(xak, Xk, Xok+1) + Sp(Yor, Yok, Yok+1)
St (X1, X2k+1, X2k+2) So (Y2k, Yok, Yor+1)
7
1+ Sp(xox, X2k, Xok41) + Sp(Yaks Yok, Yok+1)

+a

+as

3338

1)

. Then f and g
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Sp(xx, Xk, X2k+1) + Sp(Yor, Yok, Y2k+1)
S M 2
+(aq + as)Sp(xXox, X2k, Xox+1) + (@6 + a7)Sp(Xok+1, Xok+1, X2k42)

+ (a2 + a3)Sp(Xok+1, Xok+1, X2k+2)

So,
ay a1
(1 —ap — az — as — a7)Sp(Xok+1, Xoke1, Xoks2) < (3 + a4 + a5) Sp(Xok, Xok, Xoks1) + Esb(ka/ Yok, Y2k+1)

and therefore,

% + a4 + as
Sp(Xoks1, Xokr1, Xoke2) < Sp(Xok, Xok, Xok+1)
1—112—{13—116—117
ay
2
+ Su(Y2ks Yok, Y2k+1)-
1—a,—a3—ag—ay (ks Yo Y2ir)
Proceeding similarly one can prove that
a
5 + a4 + as
Sp(Yok+1, Yok+1, Yok+2) < Sp(Yoks Yok, Yok+1)
1—{12—113—116—117
a
2
+ Sp (XK, Xok, Xok+1)

1-a,—as—a¢—ay

Adding (2) and (3) we have

Sp(Xoks1, Xokt1, X2k42)  +  Sp(Yorse1, Yoke1, Y2ks2)
a1 +asg + as
< Sp(x2k, X0k, X +8S
P —— a7[ b (X2, X2k, Xok+1) + So(Yoks Yok, Yok+1)]
Therefore,
Sp(Xoks1, Xokt1, X2k42)  +  Sp(Yoks1, Yoke1, Y2ks2)
< h[Sp(xok, Xok, Xok+1) + Sp(Yor, Yok, Yor+1)]

a1+a4+as

1—a2—a3 —Ae—az < 1 :

where h =

Also, we can show that

+

Su(Yok+2, Yok+2, Yok+3)
h[Sp(Xoks1, Xok41, X2k42) + Sp(Yors1, Yok, Yox+2)]
< HP[Sp(xak, Xk, X2k+1) + Sp(Yak, Yok, Yors1)]

Sp(Xok42, Xok+2, X2k43)

IN

Continuing this way, we have

Sb(xm Xn, xn+l) Sb(ynr Yu, yn+1)

+
< h[sb(xn—lz Xn-1, xn) + Sb(]/n—lr Yn-1, ]/n)]

< hz[sb(xn—Zr Xn-2, xn—l) + Sb(yn—Zr Yn-2, yn—l)]
< . S H[Sp(x0, %0, X1) + Sp(Yo, Yo, Y1)l

If Sp(xn, X, Xns1) + So(Yns Yn, Yns1) = Sp,, then
Sy, < hSp,, <H*Sp,_, < ... <H"Sy,.

So form > n,

3339
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Sv(Xn, Xu, Xm) + So(Yns Y, Ym) < 8[25p(Xn, Xu, Xnt1) + Sp(Xnt1, Xne1, Xm)
+25u(Yn, Y, Yna1) + Sb(yn+1; Yn+1, ]/m)]
= 28[Sp(xu, Xn, Xns1) + So(Yus Y, Yns1)]
+8[Sp (X1, Xns1, Xm) + So(Yn+1, Yns1, Ym)]
< 25[Sp(xn, Xn, Xpa1) + Sb(yn/ Yu, ]/n+1)]

+S2[25b(xn+l/ Xnt1, Xn42) + Sp(Xnt2, Xn42, Xim)

+25b(]/n+1/ Yn+1, yn+z) + Sb(]/n+2/ Yn+2, ]/m)
= 25[Sp(xn, Xn, Xn+1) + So(Yns Y, Yns1)]
+252[Sb(xn+lr Xp+1, Xn+2) + Sb(yn+1r Yn+1, yn+2)
+52[Sb(xn+2/ Xn+2, Xm) + Sp(Yna2, Yns2, ]/m)]
25[Sp(Xn, Xn, Xn+1) + Se(Yn, Yn, Yns1)]
+25%[Sp (X1, Xna1, Xns2) + Sp(Yus1, Yns1, Yns2)
oo+ 28" Sy (2, X2, Xime1) + Sp(Ym—2, Ym-2s Yin—1)]
+5" [ Sp(Xm-1, Xm=1, Xm) + So(Ym—1, Ym—1, Ym)]
2[Sp(xn, Xn, Xn+1) + So(Yn, Yn, Yn+1)]
+25%[Sp (X1, Xna1, Xns2) + So(Yus1, Yns1, Yns2)
+25° [Sp(Xn+2, Xna2, Xna3) + Sb(yn+2r Yn+2, ]/n+3)]
Fooo + 28" NS (X2, X2, Xim-1) + Sp(Ym—2, Y2, Yim—1)]
+25" 7 [Sp(X-1, Xm-1, Xm) + Sp(Ym-1, Ym-1, Ym)]
2(sh™ + P W™ + S 4 L+ TS,
2sh"[1 + sh + (sh)* + ...]Sy,

2sh™

= ——§,—>0asn—-oo

1-sh

IA

IA

which shows that {x,} and {y,} are Cauchy sequences in X. As X is complete S,-metric space, so there exists

X,y €

X such thatx, - xand y, = yasn — oo.

Now we will prove that x = f(x,y) and y = f(y, x). On the contrary suppose thatx # f(x,y)ory # f(y, x).

Then Sy(x, x, f(x,y)) =11 >00r Sp(y, y, f(y,x)) =1 > 0.
Using inequality (1)
L = Splxx f(x,y)
< s[2Sp(x, X, Xpa1) + Sp(Xpa1, Xnar, £, ¥)]
= s[2Sp(x, x, Xp11) + Sp(f (Xu, Yn), f (X, Y), f(x, 1))
Sp(xXn, Xn, X) + Sp (Y, Y, V) Sp(f (X, Yn), f (X, Yn), £, Y))Sp(Xn, X4, X)
< 250 % ) + S[“l 2 T 5, 2 2) + So (Yo U )
. Sp(f (xn, Y), f (X, Y, £ YDS6 Yy Y V) s Sp(xn, Xn, f(Xn, Yn))Sp(Xn, Xu, X)
’ 1+ Sp(xp, X, X) + Sp (Y, Y, V) 1+ S, X, ) + So(Yn, Yn, Y)
Su s X, f s Yu))S6 Y Y, V) p Sp(x, x, f(x, Y))Sp(Xn, Xu, X) s Sp(x, x, £, Y)Se(Yns Y, V)
1+ Sy, X, %) + Sp(Yn, Yn, V) 1+ Sy, X, X) + Sp(Yn, Yn, V) 1+ Sy (2, 2, X) + So(Yn, Y, V)
Since {x,,} and {y,} are convergent to x and y, therefore by taking limit as n — oo we get l; < 0, which is a

contradiction, so Sy(x, x, f(x, y) = 0) which gives x = f(x, y).
Similarly, we can prove that vy = f(y,x). Also, we can prove that x = g(x, y) and y = g(y, x). Hence (x, v)
is a common coupled fixed point of f and g.

|
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In order to prove the uniqueness of the coupled fixed point, if possible let (p, q) be the second common
coupled fixed point of f and g.

Then by using inequality (1), we have

S(f(x,y), f(x, v), 9(p, )
S 60 %,P) + (v, 1, )

Su(f(x,y), f(x, v), 9(p, 9))Se(x, X, p) ‘s Se(f(x,y), £, v), 9, D)Se(y, v, 9)
1+ Sp(x,x,p) + Sp(y, ¥, q) 1+ Sp(x, x,p) + Sp(y, v, 9)
i Sb(xr X, f(x/ y))sb(xr X, P) +as Sb(xr X, f(xr y))Sb(% Y, Q)
1 +Sb(x/x/p)+sb(yry/q) 1 +Sb(xrer)+5b(]/r]/r‘7)
. Sv(p,p, 9(p, 9))Sp(x, x, p) fa So(p, v, 9(p,9)))S6(y, ¥, 9)
1+ Sp(x,x,p) + Sp(y, ¥, q) 1+ Sp(x,x,p) + Su(y, v, q)
Sp(x, x, p)Sp(x, x, )
1+ Sp(x,x,p) + Sp(v, y,9)
So(x, x,p)Sp(Y, Y, q) s Sp(x, x, x)Sp(x, x, p)
1+ Sp(x, x,p) + Sp(y, ¥,9) 1+ Sp(x,x,p) + Sp(y, ¥, 9)
ne So(%, %, )Sp(Y, ¥,4) n So(p, p, p)Se(x, x, p)
1+ Sp(x,x,p) + Sp(y, ¥, q) 1+ Sp(x, x,p) + Sy, ¥, 9)
S, P, P)Su(Y, ¥, q)
"1+ Sy(x,x,p) + Su(y, 1,9)

Sb(xr X, P)

IA

+a

a
= S (S xp) + Sy, v, ) + a2

+a

Accordingly,
a
Sb(xr X, P) < El(Sb(x, X, P) + Sb(]// Y, Q)) + ﬂzsb(x, X, P) + H3Sb(x, X, P)/
which implies

a

S X, X p S . 4
b( r ) < 2—01—2&2—203 b(y’y,q) ( )
Similarly,
S ( ) < 4 S (x X p) (5)
oYY, q 2—a1—2a2—2a3 P\ A E):

Adding (4) and (5) we have

M
—a1—2a2—2

Sp(x, x,p) + Sp(y, ¥, 9) < 7 . [Sv(x, x,p) + Su(v, v, 9)],
and we get

20—a1—ay —a
U-a-a j%ammm+&wJ4nsa

2—a1—2a,—a
. 2(1-a1—-a,—a3)
Sincea; +ay +as <1, 2—a1—2a,—2a3

y=qie, (x,y) = 9.
Thus f and g have unique coupled common fixed point. This completes the proof. [

> 0 we have that Sp(x, x,p) + Sp(v, y,q) = 0, which implies that x = p and
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Corollary 2.2. Let (X, Sp) be a complete symmetric Sy-metric space with parameter s > 1 and let the mapping
f: X% > X satisfying

Sb(f(x' y)'f(xr ]/),f(u, U))
< Sb(xr X, M) + Sb(y/ Y, U)

2
a Sb(f(X, y)/ f(x/ y)/ f(M, v))Sb(x, X, u) ‘a Sb(f(xr ]/)/ f(x/ y)r f(u/ U))Sh(y/ Yy, ?J)
21+ S x5, 1) + Sy(y, ,0) 1+ S, x, 1) + Sy(y, ,0)

Sp(x, x, f(x, y))Sp(x, x, 1) s Sp(x, x, f(x, ¥)Su(y, y,0)
! 1+ Sh(x/ X, Ll) + Sb(]// Y, U) > 1+ Sb(x/ X, M) + Sb(]// Y, U)
Sp(u, u, f(u,v))Sp(x, x, u) o Sp(u, u, f(u,0))Sp(y, y,0)
¥ 1+ sb(x/ X, u) + Sb(yr Y, U) ¢ 1+ Sb(x/x/ u) + Sb(]// Y, U)

forall x,y,u,v € Xand ay,az,...,a7 > Qwithay + ay + a3 + as + as + ag + ay < Land s < % Then f has a
unique coupled fixed point in X.

Our second common coupled fixed point result is the following:

Theorem 2.3. Let (X, Sp) be a complete symmetric Sy-metric space with parameter s > 1 and let the mappings
f,9: X*> —> X satisfy

So(f(e, ), f(x, ), 9(u,0) < BlSh(x’x'u);Sb(yryrv)

N Sp(x, x, f(x, ¥)Sp(u, u, g(u, v))
PS50, 93, ) + Sut, 1, £1,0) + Sox %, 1) + o, 1, )]

(6)

forall x,y,u,v € X and B, B are non-negative real numbers with f1 + o < 1 and s < 1;?. Then f and g have
unique common coupled fixed point.

Proof. Let xy.yo be arbitrary points. Define

Xok+1 = f (2ok, X2k) Yok+1 = f (yzk, X2k)
Yoo = G(Xoks1, Yoke1) 5 Yokr2 = G(Yoka1, Xok41)
fork=0,1,2,.... Then

Sp(Xoka1, Xok+1, X2k42)

= Sp(f (xor, Yox), f(Xok, Yor), 9(Xok+1, Yok+1))
. Sp(ocak, Xok, Xoke1) + Sp(Yok, Yok, Yorke1)
=By >
8, Sp(Xok, Xk, Xok+1)Sp (XK1, X2k41, X2k+2)
1 + s[Sp(xox, Xk, Xok42) + Sp(Xoks1, Xoke1, Xoks1) + Sp(Xok, Xok, Xor+1) + Sp(Yor, Yok, Yor+1)]

1
< %(Sb(XZk/ Xok, X2k+1) + Sp(Yak, Yok, Yok+1)) + P2Sp(Xoke1, Xoks1, Xok42)

Accordingly we have,

B1

Sp(Xoka1, Xoks1, Xoke2) < m[sh(kaIXZk/x2k+l)+Sb(y2k/ Yok, Yor+1)]- ()

Similarly we can show that

Sp(Yor+1, Yok+1, Yoke2) < 2(1ﬁ—_1[&)[5b(x2k; Xok, Xok+1) + So(Yak, Yok, Yor+1)] 8)
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Adding (7) and (8) we have

Sp(Xok+1, Xok+1, X2k42)  + So(Yok+1, Yoke1, Yok+2)
< I flﬁz [Su(x2x, Xk, Xok41) + Sp(Yor, Yok, Yor+1)]
= k[Sp(xax, Xk, Xak+1) + Sp(Yok, Yok, Yok+1)]
where k = %

Analogously we can show that

+ Sp(Yoke2, Yoks2, Yoks3)
< k[Sp(Xoket1, Xoke1, X2k42) + Sp(Yorse1, Yore1, Yoks2)]
< K[Sh(xak, Xak, Xake1) + So(Yak, Yok, Yake1)]

Sp(X2k42, Xok+2, X2k43)

Now, if Sp(xp, Xu, Xpt1) + Sb(ynz Yu, yn+1) = Sp, then
Sy, < kSp,_, <K*Sp, , < ... <K'Sy,

So, for m > n we have

Sv(Xn, X, Xm) + Sp(Yn, Yn, Ym) < S[25p(Xn, X, Xn1) + Sp(Xn+1, Xna1, Xim)
+255(Yn, Yu, Yns1) + So(Yn+1, Yn+1, Ym)]
= s[25p(xn, Xn, Xps1) + 25p(Yn, Y, yn+1)]
+5[Sp (X1, X1, Xm) + Sp(Yn+1, Yns1, ym)]
< 25[Sp(xn, Xn, Xn+1) + So(Yn, Y Ynr1)]

+57[28p (X1, Xna1, Xne2) + Sp(Xna2, Xns2, Xim)

+25p(Yn+1, Ynss yn+2) + Sb(]/n+21 Yn+2, ym)
= 25[Sp(xn, Xn, Xn+1) + Sp(Yns Yy Yne1)]
+252[Sb(xn+1/ Xna1, Xn+2) + So(Yns1, Yns1, Yns2)
+5[Sp(Xn+2, Xn+2, Xm) + Sb(yn+2/ Yn+2, ym)]
25[Sp(Xn, X, Xn+1) + So(Yns Yos Yn+1)]
+252[Sb(xn+1/ Xn+1, Xna2) + Sb(]/n+1/ Yn+1, ]/n+2)
Fooo + 28" NSy (X2, X2, Xim-1) + Se(Ym—2, Yim—2, Ym-1)]
+8" [ Sp(Xm—1, Xm—1, Xm) + Sb(ymflz Ym-1, ym)]
25[Sp(xn, Xn, Xns1) + Sp(Yns Yns Yne1)]
+252[Sb(xn+1/ Xp+1, Xne2) + Sb(]/n+1/ Yn+1, ]/n+2)
+...+ 25”1_”_1[Sb(xm_2, Xm-2, Xm=-1) + Sp(Ym-2, Ym—2, Ym-1)]
+25" " [Sp(Xp—-1, Xm-1, Xm) + Sb(ym—l/ Ym-1, ]/m)]
< 2(sk" + KT 4 L+ s"TETTHS,

25k"[1 + sk + (sk)* + ...]Sp,

2sk™

= 1_SkS;,O—>O as n— oo

IA

IA

Therefore {x,} and {y,} are Cauchy sequences in X. Since X is complete S,-metric space, there exist
x,y € X such that x, - xand y, = yasn — oo.

Now, we will show that x = f(x,y) and y = f(y, x). Suppose on contrary that x # f(x,y) or y # f(y,x),
so that Sy(x, x, f(x,v)) =1 > 0 or Sp(y, v, f(y,x)) = [, > 0. Consider the following and using inequality (6),
we get
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ll = Sh(x,x,f(x, y)

S S[zsb(x/ x/ xn+1) + Sb(xn+1/ xn+1/ f(x, y))]
= s5p(x, x, Xns1) + 8Sp(f (Xn, V), f(Xn, Yi), £ (2, 1))
- Sv(Xn, X1, X) + Sp(Yn, Y, V)

SSp(x, X, Xp41) + S[ﬁl 5

Sp(Xn, Xn, f (X, Yn))Sp(x, %, f(x, 1))
1+ S[Sh(xn/ X, f(x/ ]/)) + Sb(x/ X, f(xn/ yn)) + Sb(xn/ Xn, X) + Sb(ynl Yn, y)
S
= 55p(x, X, Xp41) + %[Sb(xn,xn,x) + So(Yn, Yn, )]
Sb(xn/ Xn, xn+1)Sb(xr X, f(x/ ]/))
1+ 5[Sp(xp, X, f(x, ) + Sp(x, X, Xns1) + Sp (X, X, X) + Sp(Yn, Y, Y)

+ﬁ2

+ﬁ2
Taking the limit as n — oo we get

Sb(x,x,f(x, 3/)) <0

Therefore

Sp(x, %, f(x,¥)) =0

which implies that x = f(x, ). Similarly, we can prove that y = f(y,x). Also, we can prove that x = g(x, y)
and y = g(y, x). Hence, (x, y) is a common coupled fixed point of f and g.

In order to prove the uniqueness of the common coupled fixed point of f and g, if possible let (p, q) be
the second common coupled fixed point of f and g.

Then by using inequality (6), we have

Sp(x,x,p) = Sp(f(x,v), f(x,y),9(p,q))
< %(Sb(x, x,p) + Sp(v, v,9))
+p Sv(x, x, f(x, ))Se(p, p, 9(p, 9))
1+ [Su(x, %, 9(p, 9) + Su(p, P, fCr, 1)) + Sp(x, x,p) + Su(y, 1, 9)]
Therefore,

5105, p) < 2 (Sut ) + S0y, 3,0,

and 5 5
(L= 550 %,p) < 5 Su(y, ).
So,
B1
Sp(x,x,p) < Sy, v, 9) )
2-p1
Similarly,
p1
Sb(y/ Y, Q) < Sb(x/ X, p) (10)
2-p1

Adding (9) and (10) we have

B1

2_&wxmnm+su%%w1

Sp(x,x,p) + Se(y, y,9) <
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ie.,
2(1-p1)
P51 3, )+ Su(y, )] < 0
2-p1
But 2(21_—£l) > 0. Therefore Sy(x, x,p) + Sp(y, y,q) = 0. Which implies thatx =pand y = g,i.e., (x,v) = (p,9).

Thus f and g have a unique common coupled fixed point. [J

This completes the proof.
Corollary 2.4. Let (X, Sp) be a complete symmetric Sy-metric space with parameter s > 1 and let the mapping
f: X* > X satisfying

Sb(xr X, u) + Sh(y/ Y U)

Sh(f(x, y)/f(x/ ]/)/f(uzv)) < ﬁl 2

+ Sp(x, x, f(x, ]/))(“, u, f(”r 0))
P2 1+ s[Sp(x, x, f(u,v) + Sp(u, u, f(x,y)) + Sp(x, x, 1) + Sp(y, y,v))]

forall x,y,u,v € X and p1, B, are non-negative real numbers with f1 + fo < land s < %

coupled fixed point.

. Then f has a unique

Example 2.5. Let X = R be the set of real numbers,

Sp(x,y,2) =|x—z|+ |y —z| forall x,y,z€ R
where s = 2 < 3. Then (X, Sp) is an Sy—metric space. Let f(x,y) = g(x, y) = %
For the pair (f, g) as well as for all x, y,u,v € R we have

Sb(f(xr y)r f(x/ y)r 9(14/ Z)))

2x—-y+11 _2u—v+11‘

12 12
_ lx—ul | ly—ol
- T3 "6
1
< g(lx—u|+|y—vl)
1 (S(x, x,u)+ Sy, y, v))
-3 2

In equation (1) is satisfied with ay = % and a; = a3 = a, = as = ag = ay = 0. Note that corollary 2.2 is also satisfied.
Therefore the pair (f, g) has a unique coupled fixed point (x,y) = (1,1).0
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