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Abstract. In this paper, we discuss few existence result for solution of an infnite system of fractional
differential equations of order a (1 < a < 2), with three point boundary value problem in the interval [0,
T]. The problem is studied in the classical Banach sequence spaces ¢y and £, (1 < p < o), using Hausdorff
measure of noncompactness and Darbo type fixed point theorem. We also illustrate our results through
some concrete examples..

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction and Preliminaries

1.1. Measures of noncompactness

In what follows we will give a brief description of measures of noncompactness and condensing oper-
ators which will be used in subsequent sections.

Theorem 1.1. (Schauder [20]) Let C be a closed and convex subset of a Banach space E. Then every compact and
continuous map F : C — C has at least one fixed point.

In case of infinite dimensional normed spaces or metric spaces, the notion of measure of noncompactness
(MNC) plays an important role. This concept was introduced by Kuratowski ([12], [13]). There are various
type of MNCs in metric and linear topological spaces. In 1955, Darbo [8] proved a fixed point theorem, which
was a generalized form of the classical Schauder fixed point theorem and Banach contraction principle. For
a bounded subset S of a metric space X, the Kuratowski measure of noncompactness [12] is defined as

a(S) :==inf{6 > 0|S = U.,S;, diam(S;) < 6forl <i <n < oo} (1)
where diam(S;) denotes the diameter of the set S;, that is,

diam(S;) = supld(x, y)lx, y € S;}.
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Another, useful measure of noncompactness is the so called Hausdorff measure of noncompactness defined
as

x(S) = inf{e > 0| S has finite e-net in X}. 2)

We describe some basic properties of MNC'’s y and «a in the context of a Banach space. Let (E,||.|[) be a
Banach space [6], R, = [0, o), the symbols X and convX denote closure of X and convex closure of X,
respectively. Let Mg denote the family of non-empty bounded subsets of E and Nr denote the family of
non-empty and relatively compact subsets of E.

Let u : Mg — R, then y is said to be an axiomatic measure of non-compactness on the space E, if it
satisfies the following conditions.

1. u(X) = 0 for relatively compact subsets of E.
XcY = pX) < uY). (monotonicity)
w(X) = u(X). (invariant under passage to closure)
w(ConvX) = u(X). (invariant under passage to convex hull)
HAX + (1= A)Y) < ApuX) + (1 = A)uY) for A €0,1].
If {X,} is a sequence of closed sets from Mg, such that, if X,,1 C X, and lim, e p(X,;) = 0, then
Xoo = N0, Xy # .
7. (X UY) =max{u(X), u(Y)}. (maximum property)
8 wX+Y)<uX)+u®Y). (subadditive)
9. u(AX) = |Mu(X) for A e R, (semi-homegeniety)
10. u(X +a) = u(X) foreacha € E.  (invariant under translation)

o Gk W

Definition 1.2. Let Eq and E; be two Banach spaces and yy and uy be arbitrary MNCs on Eq and E; respectively.
An operator T from E; to E, is called a (u1-uz) condensing operator if it is continuous and u,(T(Q)) < u1(Q) for
every bounded noncompact set Q C E;.

Remark 1.3. IfE; = Ex and pq = po = p then T is called u-condensing operator.

Theorem 1.4 (Darbo [8]). Let Q) be a nonempty, closed, bounded and convex subset of a Banach space E and let
T : Q — Q be a continuous mapping such that there exists a constant k € [0, 1) with the property pu(T(Q)) < ku(Q),
then T has a fixed point in Q.

Proposition 1.5 ([4]). If W C C(I, E) is bounded and equicontinuous then the set u(W(t)) is continuous on I and

t

V) = sup (WD), #( | W<s>ds)s | wovenes.

The formula for computing measure of noncompactness for a general MNC in a given metric or normed
space is a rigorous task, however in some normed spaces the exact formula is available for Hausdorff MNC.
We mention the following result which is used in the subsequent sections.

Theorem 1.6. [4] Let Q be a bounded subset of the Banach space X = co. As (e, e®,...) is a Schauder basis for o,
the Hausdorff MNC yx for Q is given by

xeQ

Xa(Q) = lim {sup (maxkznlxkl)} (3)

Theorem 1.7. [4] Let Q be a bounded subset of the Banach space X = €, for 1 < p < oo. As (eW,e®@,...) isa
Schauder basis for £, the Hausdorff MNC x for Q is given by

1/p
X6,(Q) = lim Jsup [Z |xk|"] 4)

x€Q k>
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1.2. Fractional differential equations

The theory of fractional calculus is regarded as the natural generalization of the integer order calculus.
The subject was first formally presented by eminent mathematicians Liouville and Riemann in nineteenth
century. In contemporary study of scientific and engineering problems the theory of fractional differential
and integral equations have found novel applications in a large variety of topics such as image processing
[7], polymer science [15], control theory [19] etc. Besides, modelling of certain human behavior also leads to
formulation of fractional differential or integral equations [10]. The fractional differential equations under
various conditions have been studied by [1], [3], [11], [14], etc. The three point boundary value problem
given by 5 for a coupled system of FDE on the interval (0, 1) was studied by Bashir et. al. [3]

D%u(t) = f(t,v(t), DPu(t)), t € (0,1),
DFo(t) = g(t, u(t), D7o(t)), t € (0,1) 5)
u(0) =0, u(1) = au(&), v(0) =0, v(1) = av(§),

wherel < a,<2,p,9a>00<&<1l,a-g>1,B-p=>1aé%"! <1and a&f! < 1. D is the standard
Riemann-Liouville fractional derivative operator and f : [0,1] X E — E. We describe briefly certain basic
properties of fractional derivative. Let @ > 0 and n = [@] + 1 = N + 1, where [a] denotes the ceiling function
(smallest integer greater than or equal to ). For a function f : (0, o) — R, the fractional integral of order «
is defined as follows

R B A |
110 = 5 | G

provided the integral on the right exists. Similarly the fractional derivative of order a for a function f is
defined as

w1 a\" 1

We mention the following properties of the operators I and D, for a, f > 0, we have
FIf() = 1 f(t) (6)

DI f(t) = f(b) )

For a > 0, the general solution of the fractional differential equation D*u(t) = 0 with u € C(0,T) N L}DC(O, o)
is given by

u(t) = Citv L+ ot 2 4 - 4 Cpt* N

where C; € R,i =1, 2,...N. Hence I*D*u(t) = u(t) + C1#*~! + Cot*2 + - - - + Cyt*N. Let C(J) be the Banach
space of all continuous functions defined on | = [4,b] C R with sup norm ||u(#)|lc = SUPyg; [u(t)].

Proposition 1.8. Let f € C[0, T] be a given function and 1 < a < 2. Then the unique solution of
Du(t) = f(t), u(0) = 0, u(T) = au(¢) (8)

is given by

T
u(t) = fo K(t,s)f(s)ds )
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where K(t,s) is the Green’s function, given by K(t,s) = T | k. (L) E<t<T
20L,8), ¢ ST =

(t =) (T =al*™) =t (T =) " —a(E —s)*']; 0<s <t
Ki(t,s) = §=t* (T = s)* ! —a(E —s)*']; t<s <,

—(HT —95)"1); E<s<T.

(t=s)* (T =a&*) = t* (T =5)* " —a(E —s)*7'; 0<s <&,
Ky(t,s) = (E=5)" (T —a&* ) = ((T - 9))*}; E<s<t,

~(HT -s)* L t<s<T.

) {Kl(t,s), 0<t<&

Proof. The general solution of of FDE is
u(t) = I*f(t) + C1t* 1 + Cot*2 where C;, C, € R.
Using u(0) = 0 gives C, = 0. Using the second boundary condition we get

_ 1 T fleds F f(s)ds ]
G= (Tt —aga-t) Uo (T —9)'"T(a) afo (& —s)T(a)

(" w1 (HT =9)*1 ] fs) 1 T .
“(t)‘fo [“‘S) 1_(Tﬂ-l—aéa—w]r(a)‘is_<Ta—1—aéa—1>r<a>ft (T =)™ fds

a ¢ _ a-1
+ (Ta—l _ aéa—1)r(a) j()‘ (t(é 5)) f(S)dS

which gives the kernel K;(t,5) and K»(t,s). O

Remark 1.9. It can be verified that the Green’s function K(t,s) defined on rectangle [0, T] X [0, T] as Ki(t,s) :
[0,&] %[0, T] = Rand Ky(t,s) : [§,T] X [0, T] = R is continuous w.r.t. to t and s.

1.3. System of fractional differential equations

In this section we describe, what we refer to as an infinite system of fractional differential equation.
Infinite systems of ODE'’s was first studied by Persidskii [18] with the aid of classical tools such as successive
approximation and the classical Banach fixed point principle. The infinite systems of differential equations
emerge in study of various topics of nonlinear analysis. For example semidiscretization of certain parabolic
partial differential equation leads to an infinite system of ODE [21], while modeling certain physical
phenomenon in theory of neural sets, branching process and mechanics ([9], [22]).

The theory of infinite systems of differential equations can be regarded as a particular case of differential
equations in Banach spaces, where the infinite system can be represented as an ordinary differential equation.
Consider the following infinite system of fractional differential equations

D®u;(t) = fi(t, u(t)), t<€(0,T)
u(0) =u) =0, u(T) = aui(&); i=1,2,3... (10)
1<a<?2, afd 1 < Ta1,

where each u;(t) is a differentiable function of class Cl**1. We will denote the sequence {wi)}2, = u(),
{wi(0)}2; = uo, (ui(O)}2, = u(&) and {fi(t, u(t))}2; = f(t, u(t)) which is an element of some Banach sequence
space (E, ||.]l). We rewrite the above system as follows

{D"‘u(t) = f(t,u(t)), t€(0,T) (11)

u(0) = ug, u(T) = au(é).

where f : I X E — E and up, u(&) € E. As in Banach sequence space (in general in any infinite dimensional
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linear space) a closed and bounded set is not necessarily compact set, mere continuity of the function
f doesn’t guarantee the existence of a solution of differential equation. We will use the tools such as
measure of noncompactness(MNC) and condensing operators to establish the existence of solution for
11. For each i € IN, fractional differential equation 10 has a solution if and only if the integral equation

ui(t) = j(;t Ki(t, s) fi(s, u(s))ds has a solution, for each i € IN, Kj(t, s) = K(t, s) described in proposition 1.8 .

2. Solution in Sequence Space ¢y

In this section we investigate the solution of infinite system 10 in the Banach sequence space ¢y, the
space of sequences convergent to 0, equipped with the norm ||x|| = sup{lx;| : i = 1,2,3,...}. The function
f(t,u®) = (fi(t, u(t)), fo(t, u(t)), f3(t, u(t)),...) is defined on I X cp — ¢ and each f; is a real valued function.
We have the following assumptions:

(A1) {u?), and {u;(&)}, belong to co.

(A2) f(.,u)is measurable for each fixed u.

(A3) Foranytelandu€cpandn=1,2,3,...
|fu(t, u(ED] < pu(t) + gu(t) supllus] = i 2 ).

where p;(t) and g;(t) are real valued functions and continuous on I such that sequence (p;(t)) converges
uniformly on I to the zero function identically and the sequence (g;(t)) is equibounded on I.

(A4) The family of functions {(fu)(f)}: is equicontinuous at each point of the space cy.

Theorem 2.1. If the assumptions A1-A4 are satisfied by the system 10, then if QMT < 1, it admits at least one
solution u(t), such that u(t) = {u;(t)}° € co for each t € [0, T1, where M = maxscr |K(t, 5)|, sup; sup,, |g:(t)] < Q.

Proof. Let u(t) = {u;(t)}2; be function which satisfies the boundary conditions of the problem 10, and each
u;(t) is continuous on I. Define the operator ¥ : C(I, cp) — C(I, cg) as

T
(Tu)(t)zj(; K(t,s)f(s, u(s))ds (12)

By assumption A2, ¥ is well-defined, we show that # is bounded w.r.t the classical norm on C(/, ¢p), which
is given by [[ul| = max{|[u(t)lle, : t €I}

T
IFw O, = f K(t,9) (s, u(s))ds
0 @
T
= supf K(t,s) fu(s, u(s))ds
n>1 0
T
< Snlilf fo IK(t, $)| | fu(s, u(s))lds
T
< sup f IK(E, )| (pas) + 3a(5) supllis)] : i > nl)ds
n>1 0
T T
< sup [K(t, s)| pu(s)ds + sup IK(t, 5)| gn(s) sup{lui(s)| : i > n}ds
n>1 JO n>1 JO
T
maxier||(Fu)(®lle, < maxtez{sup f [K(t,9)l qn(S)SuP{Iui(S)I:iZn}dS}
n>1 JO
IFull < QMT .|[ull
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The above inequality reduces to
r< QMT.r
Let 1y denotes the optimal solution of the inequality. Consider the set B = B(uy,r9) = {u(t) € C(I,co) :

llullciey < 1o, w(0) = 0, u(T) = au(&)}, which is closed, bounded and convex, clearly ¥ is bounded on B.
Now we show that # is continuous. Arbitrarily fix v € B,

T T
f K(t,5) s, u(s))ds — f K(t,5)fs, o(s))ds
0 0

P00 - Fool, = sup
"~ T
< sup f K, )| fu(s, u(s))ds — Fuls, 0(s))lds
n>1 0
T
p f K 9 1Lfu(s, w(@)ds — £us, o)l ds
0

Now using assumption A4 for any v € B and for any arbitrary € > 0, there exists 6 > 0 such that
I(fu)(t) = (fo)(D)lle, < + for each t € I and for each u € B such that [ju — v|| < 0.

T
I(Fu)®) = (Fo)Dll, < fo Kt s)II(fu)(s) = (fo)(S)lle,ds

IN

T
€
A_/IH}SXIO |K(t,s)|ds <e.

thus ¥ is continuous.
Now we establish the continuity of (Fu) in (0, T). Let fy € (0,T) and € > 0 be arbitrary then, by continuity
of K(t,s) w.r.t t we have 0(tp, €) > 0 such that for |t — ty| < 6, |[K(t,s) — K(to, s)| < €/(QT|[u(s)llc,)-

I(F)(E) = (F u) ko),

sup
nx>1

T T
fK(t,s)fn(s,u(s))ds—f K(to,s) fu(s, u(s))ds
0 0
T
fo IK(t, 5) = K(to, )l sup |fu(s, u(s))lds
T

IA

IA

fo IK(t,5) — K(to,s)| sup(pn(s) + gu(@){i(9)] : i > n})ds

n>1

IN

T
fo IK(t,5) — K(to, )| 4u(s) supllus(s)| < i > n})ds

nx1

IN

T
0 fo IK(E,5) = K(to, )| [4()llods < c.

We claim that operator # is condensing with respect to Hausdorff MNC y on the space C(I, cp). Using the
formula 3, we conclude that Hausdorff MNC for B ¢ C(I, ¢y) is defined as

Xc(t,eo)(B) = sup x¢,(B(t))
tel
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Xo(FB) = lim {sup (max |Fu; (t)I)}
n—=00 | yep \ 121
T
< lim {sup (max f K(t,s) fi(s, u(s))ds )}
n=e0 Lue \ 21 [Jo
T
< lim {sup (maxf [K(t, s)| (pi(s) + gi(s) sup{luk(s)| : k = i}) ds)}
n=00 | yep \ 21
< Qlim {sup (maxf [K(t, s)| sup{luk(s)| : k> i}ds)}
=0 | yeB
sup x¢,(FB) < QMT sup lim {sup (max |t (t)l)}
tel tel "7 LueB \ 121
Xce)(FB) < QMTxc(,c)(B).

As QMT < 1, implying ¥ is a Darbo condensing operator with darbo constant QMT, thus by Theorem1.4
¥ admits at least one fixed point in B, which is a solution for 10 in the space C(I, cp). Moreover for each
t € [0, T], u(t) € kery,,- O

Example 2.2. Consider the following system of FDE in cy

(n+1)? m=n_ (1+m?2)(n2)

D4/3un(t) — texp(-nt) + Z Uy (£) te (0, T) (13)
1n(0) = 0, uy(T) = V4u,(T/2); n=1,23....

w(T/2) = {un(T/2)};2, € co

Here & = T/2 and a = V4, and fa(t,u(t)) = fexp(nt) 4 Yo —n0__  Here kernel Ki(t,s) and K;(t,s) are

(n+1)2 m=n (1+m2)(n2) "
. Ki(t,;s), 0<t<T/2,
r@/3)(IT-2T) | Ky (t,s), T/2 <t <T.
(t = s)Y3(NT — N2T) — 13[(T = s)/3 = V2(T - 25)13]; 0<s <t
Ki(t,s) = § —tP[(T — )3 = Y2(T - 25)'%]; t<s < I,
—(HT-9)); T<s<T
Ka(t,s) = {(t — )3T = N2T) - [T - 5)° = V2T - 25)°; 0<s < L,

given as K(t,s) =

(t—s)'"P(T - V2T) - (T - s)'?, T <s<t,—((T —9)'/% t<s<T.
Assumption (Al)and (A2) are satisfied. Moreover |f,(t, u(t))| < pn(t) + g.(t) sup{|lu;(t)| : i > n} where

_ texp(—nt) 1w 1
P = Grap W0 = m L T

We first show that f(t, u(t)) € cp. For any arbitrary ¢ € [0, T] and u € ¢y we have
: . [texp(= ﬂt) |1 (8)]
t ) = |G 4 Y e

, T s
i (G suplon i)

-
< hm (sup Ium(t)l ) =0.

>n

IN

It can be seen that assumption A4 is satisfied by functions p,(t) and g,(t). p.(t) converges uniformly to zero
and g,(t) is equibounded by %2 = Q. Now we show that assumption A4 is also satisfied. Lett € I, v € ¢ be
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arbitrarily fixed, take any € > 0,

I(f)(®) = (fo) (Dl sup |(fu)u(t) = (fo)u (D)

n>1

= sup |fn(t, M(t)) - fn(tr U(t))|

n>1

U (1) - V()
A +m)n2) = (1+m?)(n?)
um(t) - Um(t)
(1 + m2)(n?)
2
sup [, () = 0, (B -

n>1

= sup
n>1

m=n

IA

sup
nzl >y

IA

2

s 6
< lu(t) - v(t)llcO? < €. when||u(t) —v(t)ll, <6 = e;.

Thus the system of FDE satisfies the hypotheses of the Theorem?2.1, hence it has at least one solution in
C(, cp). The interval of solution is [0, T] where T is choosen such that T < %I.

3. Solution in Sequence Space £,

Various types of infinite systems of ordinary differential equations have been studied by several au-
thors, such as Cauchy initial value problem in sequence spaces £; by Banas et. al [5], and similar problem
in sequence space ¢, was studied by Mursaleen et. al. [16]. The second order boundary value problem, for
ODE in space ¢; was investigated by Aghajani et. al. [2] and [17]. In this section we consider the infinite
system11 of fractional differential equation in the sequence space ¢, for 1 < p < co.

We will investigate the solution under the following assumptions:

(B1) w(T) € £,.
(B2) f = (f1, f2,...) continuously transforms the set I X £, to £,.

(B3) There exist nonnegative functions g;(t) and r;(t) such that for any ¢ € I and u(t) € £,.
Ifilt, Wl < qit) + ri®)lui ()P

(B4) gi(t) are continuous and the series )_;-; gi(f) converges uniformly on I.
(B5) The function sequence 7;(t) is equibounded on I, and lim;_, sup r;(f) is integrable over L.

(B6) The sequence of function {(fu)(t)}: is equibounded at each point of ¢,.

Theorem 3.1. If the system 11 satisfies the above assumptions B1-B6 and MT 7RV < 1, then it has at least one
solution u(t) such that u(t) = {u;(t)}2, € {y(p > 1) for each t € [0, T], where M = max;sepo,r) K(,5), 7i(t) is
equibounded by R and Q = sup,; lq(t), q(t) = L2, q:(t).

Proof. Let u(t) = {u;(t)}2; be function which satisfies the boundary conditions of the problem 11, and each
u;(t) is continuous on I. Define the operator ¥ : B € C(I, £,) — C(I, {;) as

T
(Tu)(t):j(; K(t,s)f(s, u(s))ds (14)
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By assumption B2, ¥ is well defined on C(I, {,). We show that ¥ is bounded in the classical supremum
norm on C(I, £,), given by |[ul| = sup,; [lu(t)lle,-

T P
oo, = | [ K6 ues
0 gp
- T p
< Tv M f u(s, u(s))ds
; il )
p-1 T
< Tr»M f |£,,(s, u(s))Pds
Z; Ul )
p-1 T
< 7MY [ @0+ nemens
n>1 0
o prZ 0 Z ! Pd
< T»M a(8)ds+ T 7 R f [t (s)IPds
0 nzlq n>1 Y0
IFulP < TF MPQ+supTT R luy(h)P
tel n>1
IFwlP < T% MQ+T7 Riull

Above inequality can be written as
2p-1
P<Tr (MPQ + Rr)

Let ry denotes the optimal solution of the inequality. Now consider the set B = B(ug, o) = {u(t) € C(I,{;) :
||M||C(1,gp) <71, u0) =0, u(T) = au(&)}, which is closed, bounded and convex. Now we show that ¥ is
continuous. Arbitrarily fix v € B,

T T ’
" _ " [ K y n\o, ds — K 4 n\=s d
;K?‘u) (1)~ (Fo)u(0) Z; fo (1,9)fuls, u(s))ds fo (t:9)fuls, o(s))ds
T
< Yy f K(t, )P |fuls, u(s))ds — fuls, v(s))Pds
n>1 0
T
< Tlepf Z|fn(s,u(s))ds—fn(S,U(S))|pd5

n>1

Now using assumption B6 for any arbitrarily fixed v € Band € > 0, there exists 6 > Osuch that )~ [(fu)(t)—
(fo)®)PP < € /(TM) for each t € I and for each u € B such that [u — ||, < 6.

1/p - T 1/p
D(fu)n(t)—(%)n(t)w] < TPM[ [ Z|fn<s,u<s>>ds—fn<s,v<s>>|f’ds]
n1 nx1

)1 T p
e - oo, < Tm( [ ) <e

thus ¥ is continuous.
Now we establish the continuity of (¥ u) in (0, T). Let ty € (0, T) and € > 0 be arbitrary then, by continuity
of K(t,s), there exists 6 = 8(ty, €) > 0 such that, for |t — fo| < 6, we have |K(t,s) — K(to, s)| < T"Pe”/(QT + rR),



M. Mursaleen et al. / Filomat 31:11 (2017), 3421-3432 3430

where R = fOT lim,,—,co SUP 7(3)ds.

T T 4
Y Fu® - Fulf = Y, f Kt ) fols, u(s)ds - f Kltors)fuls, u(s))ds
n>1 n>1 0
< TP 1f IK(t,s) — K(to,s)lpZIfn(S u(s))Fds
n>1
< ! f IK(t,5) = K(to, ) Y (@u(s) + ra(s)lus(s))ds
n>1
— T
(g [ oo e T
I(Fu)t) = (Fu)tolle, < e

We proceed to show that operator ¥ is condensing with respect to Hausdorff MNC x on the space C(I, £;),
using formula 4 we define

Xc,t,)(B) = sup xe, (B(1)).

tel

1/p
XIFBE] = lim {squ {Z rquJ }

. L/p
< ’}g& {slzg (;‘ f(; K(t,s) fi(s, u(s))ds ] }
1- 1/p
< 7% lim {sup[ f IK(t, )P (4i(5) + (o) (s)|f’)ds] }
n—=0 1 ,eB
1- 1/p
< T7Mlim {sup( f (qi(s) + ri(s)|u; (s)IP)ds) }
n—=00 | eB
< T%M&i_r& {sup [f Zq,(s)ds+RZf |u; (s)IPds] }
sup xe, (FB)#)] < sup T [ M hm {sup [RTZ |ut; (t)|p] } < MTZI;’pRl/?’)((B).
tel tel ueB i>n

2—
AsMT7 R < 1 implies ¥ is a Darbo condensing operator, thus by Theorem 1.4 ¥ has a fixed point in B,
which is a solution of 11 in space C(I, {,), p > 1. Moreover for each t € [0, T], u(t) € kerxcq,,). O

Example 3.2. Consider the following system of FDE in the space {»

Br1)p

1,(0) =0, un(T) = V2u,(T/3); n=1,23.... (15)

{D5/4u (t) tsm( nt) Zk . ug(f) In(1+#) te (0, T)

where u(T/3) = {u,(T/3)}, € &2
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Comparing with our result we have, £ = T/3 and a = V2 and fa(t, u(t)) =
system of FDE is transformed by the following equation

1 T
ua(t) = [ k@956 ues
T(5/4)(TV4 = V2(T/3)4) Jo §
o Ki(ts), 0<t<ZI
_ 1 3
where K(t,s) is given by K(t,s) = R S {Kz(t ), I <t<T
(6 AT (Y — AT sy (A 05 <,
Ki(t,s) = {—tV4(T = )4 = (& - 25)4]; t<s < T,
—(HT—9)*); T<s<T.
(t _ S)1/4(T1/4 _ (%)1/4) _ t1/4[(T _ S)1/4 (ZT 25)1/4] <s< %/
Ko(t,s) = (t — s)V4(TV* - (%)1/4) — (KT —s))/4, % <s<t,

—(HT —s))V4; t<s<T.

Assumption Bl is satisfied, moreover f € ¢, and f is continuous.

{(fu)(t)}ser is equicontinuous. Let v € £, and t € [0, T] be arbitrary, for € > 0 choose 6 := €

2,

Y1t u) - £t v@)|

n>1 == k3(n +1)3 k3(n +1)
< ;‘ ; uk(t) ;3?(}1;;(1) llr)1§1 + t)
< Zl '1251:1 )t6>I2 kZ G) ;6vk<t>|2
< Z = +1)t§'2|| (t) = o(0)IE,
< %Iln(l + T)Pllu(t) — (B,

IFn® = (fo)Blle, <
Now we show that f satisfies (B3)

€, since [[u(t) — v(t)|le, < O.

visi 2
fut,u@yp = | s | y () In(1 + £)

n2 kKn+1)3

k>n

k>n
I m2In(l +1)

< BT 0R
< it T ogse MOl

' \/fsin(—nt)
n2

k3(n + 1)3

2 In(1+t
t/n* and () = L),

gn(t) =

2 ur(t) In(1 + ¢t) Z () In(1 + t)

3431
Vi sm( nt)

w(f) In(1+t)
Zk—n kk3 (n+1)3 - Th

We show that (B6) is satisfied i.e.

V945
nin(1+T)

The functions g,(t) are continuous and the series Y, 4.(f) converges

uniformly to q(t) = |t|5; 90, satisfying B4, also, lim,_, #,(f) = 0 which is integrable over I thus assumption B5
is satisfied. Hence by Theorem1.7 the system 15 has at least one solution in ;.
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