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Abstract. In this paper we prove the local uniqueness of the fixed point of the probabilistic g-contraction
in fuzzy metric space.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

The first fixed point theorem in probabilistic metric spaces was proved by Sehgal and Bharucha-Reid
[21] for mappings f : S — S, on Menger space (S, ¥, Tm), where Tyy = min . The real operation of triangular
norms was introduced in the theory of probabilistic metric spaces by K. Menger [15], see [7-9, 11, 20, 22]. It
turns out that t-norms are crucial operations in several fields, e.g., in statistics by copulas ([13, 14]), fuzzy
sets, fuzzy logics (see [11]) and their applications, but also, among other fields, in the theory of generalized
measures [11, 17, 23] and in nonlinear differential and difference equations [17]. Further investigations of
the fixed point theory in a more general Menger space (S, ¥, T) was connected with investigations of the
structure of the t-norm T, see [1, 4, 7]. Further development of the fixed point theory was obtained in a
more general space - fuzzy metric spaces, see [2, 3, 6,7, 16, 24].

We present in this paper a result on the local uniqueness of fixed point in fuzzy metric space. In Section
2 we give some results related t-norms. In Section 3 we give the definition of fuzzy metric space and Section
4 is devoted to the main result of the paper, the local uniqueness of the fixed point of the probabilistic
g-contraction in fuzzy metric space.

2. Triangular Norms

A triangular norm (t-norm for short) is a binary operation on the unit interval [0, 1], i.e., a function
T : [0,1]*> — [0,1] which is commutative, associative, monotone and T(x,1) = x for every x € [0,1]. A
method of construction a new t-norm from a system of given t-norms is given in the following theorem, see
[7,11].
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Theorem 1 Let (T )kex be a family of t-norms and let (Jak, Bx[rex be a family of pairwise disjoint open subintervals of
the unit interval [0,1] (i.e., K is an at most countable index set). Consider the linear transformations @i : [ax, fr] —
[0,1],k € K, given by

Then the function T : [0, 1]> — [0, 1] defined by

o (Telpr(), () if (x, y) € Jow, B[,
T(x,y) =

min(x, y) otherwise,

is a triangular norm, which is called the ordinal sum of (T )kek-

An arbitrary t-norm T can be extended (by associativity) in a unique way to an n-ary operation taking
for (xq,...,x,) €[0,1]", n € N, the values T(xy, ..., x,) which is defined by

n n-1
Tx=1, TxizT(T xi,xn):T(xl,...,xn).
i=1 i=1 i=1

n
Specially, we have Ty(x1,...,x,) = max (Z xi—(n-1), 0) and Tm(xy, ..., x;) = min(xy, ..., x,).
i=1

We can extend T to a countable infinitary operation taking for any sequence (x,,)sen from [0, 1] the values

e8] n
T xi=LIm T x. (1)
i=1 "R =

n
The limit on the right side of (1) exists since the sequence (T xi) N is non-increasing and bounded from
=1 "€

below.
In the fixed point theory it is of interest to investigate the classes of t-norms T and sequences (x;)sen
from the interval [0, 1] such that lim x,, = 1, and

n—o0

n—oo .

(o8] (o]
Iim T x; = 1}1_1)1;10']' Xpsi = 1.
i= i=1

= [Ixi and for every sequence (x,)nen from the interval [0, 1]

In the classical case T = Tp we have (Tp)n
i= i=1

with Y (1 — x,) < oo it follows that
i=1

fim (1), = Jim [T =1
=n

The equivalence

E (1—x1-)<oo =4 limel'=l
n—oo .
i=1 =

holds also for T > Ti..
In the paper [4] the condition

is investigated for some classes of t-norms T and sequences (x;);en from [0, 1].
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3. Fuzzy Metric Spaces

By [12] we have the following definition.

Definition 2 A fuzzy metric space in the sense of Kramosil and Michdlek is a triple (X, M, T), where X is a nonempty
set, T is a t-norm and M is a fuzzy set on X? x [0, co[ satisfying the following conditions for all x,y,z € X and s, t > 0

(FM-1) M(x,y,0) =0;

(FM-2) M(x,y,t) =1, forallt > Qifand only if x = y;
(FM-3) M(x,y,t) = M(y, x, t);

(FM-4) M(x,z,t+s) > T(M(x, y,t), M(y, z,5));
(FM-5) M(x,y,-) : R* — [0, 1] is left continuous.

We additionally suppose that M(x, y,t) > 0 for t > 0.

A sequence (x,)nen in X is a Cauchy sequence if for every € > 0 and A € ]0, 1] there exists ng(e, A) € N
such that M(x,, x,,, €) > 1 = A, for every n,m > ng(e, A). A fuzzy metric space is complete if every Cauchy
sequence converges.

4. A Fixed Point Theorem in Fuzzy Metric Spaces

It is well known that the uniqueness of a fixed point of probabilistic g-contraction does not follow
immediately, as in the case of a Menger space, since lim; . M(x, y,t) = 1 does not hold generally. One of
the solution of this problem is to assume that on (X, M, T) the following condition holds

M(x,y,t) = C, for every t > 0 implies C = 1. (2)

In this paper we shall prove that a kind of the local uniqueness can be obtained without condition (2).
Let Fix(f) denote the set of fixed points of a function f : X — X.

Definition 3 Let (X, M, T) be a fuzzy metric space. A mapping f : X — X is a probabilistic q-contraction (q € 10, 1)
if

x
M(fpl; prI x) 2 M(pll PZ/ a)
for every p1,p2 € X and every x € R*.

Theorem 4 Let (X, M, T) be a complete fuzzy metric space, T acontinuous t-norm at the point (1,1), f : X —» X a
probabilistic g-contraction and there exists xo € X such that

lim S/O'M(xo, fxo, ql) =1 3)

n—oo .

If x = limy e f"x0 and
A= {y | y € XltlimM(XO/y/ t) = 1}1

then A N Fix(f) = {x}.
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Proof. Condition (3) implies the existence of lim,_,. "X, as in the case of Menger spaces, and the continuity
of f implies that x € Fix(f), see [7].
Firstly, we shall prove that x € A, i.e., that

tlim M(xg, x,t) = 1. 4)

In order to prove (4) we shall prove that for every A € ]0, 1] there exists t' > 0 such that M(xp, x,#') > 1 - A.
Let n,m € IN. Then

M(xo, fxo, q%) T(1, M(xo, fxo, q%))
1
= T(T( e (T (T(l,M(xO, fxo, q—)) . )
(m)—times

-OIS M(XQ, fxo, %)

i=n

V

Therefore by (3) we obtain
lim M ER
lim M(xo, fxo, q”)_ :

Since M(xo, fxo, -) is nondecreasing we obtain that
tlim M(xo, fxo,t) =1. )

Since for every m € N and t > 0 we have

M(fme/ fm+1JC0, f) > M(fm_ler fmer s)

> M(xo,fxo, q%),
(5) implies that for every fixed m € IN we obtain
tlgg M(f™xo, f" 1 xo, t) = 1. (6)
Let n be an arbitrary but fixed natural number. Then for every t > 0 we have

M(Xo, fn.XQ, t) > T(M(JCO, fn71XQ, %), M(fnile, f”xo, %))

>

> T(T( (T (Mo, fx0, 3 ) Mo, 30, 5 ) M0, 30, 5)
N———
(n—1)—times

Since the t-norm T is continuous at the point (1,1) then (6) implies that

tlim M(xo, f"xo0,t) =1 @)
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forafixedn € N. Let A € ]0,1[,f > 0, and 6(A) € 10, 1[ such that
T1-6,1-0)>1-A.

Since lim,_,o f"xp = x there exists ny(t, 6) € IN such that
t
M(x,f”oxo, E) >1-0.

By (7) we obtain that there exists #(6) > 0 such that

M(xo,f”‘)xg, @) >1-0.

Let ' = max{t, #(6)}. Then we obtain

, o & ) £(0)
M(x/ xO/t ) > T(M(x/ f” Xo0, E)/ M(fﬂ X0, Xo0, T))
> T(1-96,1-9)
> 1-A
Therefore x € A N Fix(f).
If y € ANFixf then y = fy and lim; o M(xo, y,t) = 1. Then

M(x,y,t) = M(fx, fy,t)
t
> M(x, Yy, 6)
> M(x, v, i)
q?l
t t
> T(M(x, v, ﬁ),M(x, v, ﬁ))
Therefore

Mz, y,t) > T( lim M(x, y, %) lim M(x,y, %)) =T(1,1) = 1.

Hence x = yand so A NFix(f) = {x}. O

Remark 5 For a class of g-probabilistic contraction and t-norm of H-type Fang [2] proved a similar result (Theorem

4.1) about the local uniqueness of the fixed point in fuzzy metric spaces.
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