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Abstract. For -1 < B < 1and A > B, let S*[A, B] denote the class of generalized Janowski starlike functions
consisting of all normalized analytic functions f defined by the subordination zf'(z)/ f(z) < (1+Az)/(1+ Bz)
(zI < 1). For -1 < B <1 < A, we investigate the inverse coefficient problem for functions in the class
S*[A, B] and its meromorphic counter part. Also, for -1 < B < 1 < A, the sharp bounds for first five
coefficients for inverse functions of generalized Janowski convex functions are determined. A simple and
precise proof for inverse coefficient estimations for generalized Janowski convex functions is provided for
the case A =28 -1 (8> 1) and B = 1. As an application, for F := f}, A =28-1(8 > 1) and B = 1, the sharp
coefficient bounds of F/F’ are obtained when f is a generalized Janowski starlike or generalized Janowski
convex function. Further, we provide the sharp coefficient estimates for inverse functions of normalized
analytic functions f satisfying f’(z) < (1+2z)/(1+ Bz) (lz2l <1,-1 < B < 1).

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction and Preliminaries

Let D denote the unit disc. Let A be the class of all normalized analytic functions f : ID — C of the
form f(z) = z + apz* + azz® + - --. The subclass of A consisting of univalent functions is denoted by S. An
analytic function f is said to be subordinate to an analytic function g, written f < g, if f = g o w for some
analytic function w : D — ID with w(0) = 0. If g is univalent, then f < g is equivalent to f(0) = g(0) and
f(D) c g(ID). Let ¢ be an analytic univalent function with positive real part mapping ID onto domains
symmetric with respect to real axis and starlike with respect to ¢(0) = 1 and ¢’(0) > 0. Let $(¢) denote the
class of all analytic functions p : ID — C such that p < ¢. For such ¢, Ma and Minda [22] introduced the
subclasses S*(¢) (K(@)) of S consisting of functions f € S such that zf'(z)/ f(z) (1 + zf"(z)/ f'(2)) € P(p).
For different choices of ¢, several well-known classes can be easily obtained from these classes which
were earlier considered and studied one by one for their geometric and analytic properties. For instance,
S (1+2)/(1-2)) = & and K((1 + z)/(1 — z)) =: K, the usual classes of starlike and convex functions
respectively; for 0 < a < 1, S*((1 + (1 —2a)z)/(1 — z)) =: S*(@) and K((1 + (1 — 2a)z)/(1 - 2)) =: K(a), the
well-known classes of starlike and convex functions of order «, respectively introduced in [31]; for0 < @ < 1,
S (1 +2)/(1 - 2))*) =: SS'(a) is the well-known class of strongly starlike functions of order a introduced
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in [6]. In [22], the authors gave a unified treatment to the geometric as well as analytic properties of these
well-known classes.

We observe that the distortion theorem, upper bound of |f|, rotation theorem, upper bound of Feketo-
Szego coefficient functional |az — ya%l (4 € R) for f € K(p) given in [22] still hold for a normalized locally
univalent function f satisfying 1 + zf"(z)/ f'(z) < ¢(z) if we drop the condition that ¢ has positive real part.
Consequently, the growth theorem and upper bound of Feketo-Szegé coefficient functional |a3 — pa3| (u € R)
follow for a normalized analytic function f satisfying zf’(z)/f(z) < ¢(z) even if ¢ does not have positive
real part. This motivates one to consider the following subclasses of A, for -1 < B <1, A > B,

2" (2) * 2f/ )

[0 € P[A,B]} and S7[A,B] {f eA: @ € PlA, B]}

where P[A, B] := P((1 + Az)/(1 + Bz)). For -1 < B < A <1, §'[A,B] is a subclass of S* introduced by
Janowski [11] and for particular values of A and B, it reduces to several known subclasses of S*. Precisely,
S1 - 2a,-1] =: S*(a) (0 < a < D[31]; S, 1/M-1] = S*(M) (M > 1/2)[10]; S'[,-pl = S" (0<p<1)
[26]; S*[1-p,0] = S’i_ﬁ (0 < B < 1) [34]. Note that, for -1 < B < 1 < A, the functions in the classes
K[A, B] and S*[A, B] may not be univalent but must be locally univalent in ID and non-vanishing in D \ {0},
respectively.

Recently, the classes S*[28 — 1,1] and K[26 — 1,1] (8 > 1) have been studied by several authors, see
[24, 25, 37]. Moreover, the upper bound of the Feketo-Szegd coefficient functional |a3 — pa| (u € C) for
f e K[26-1,1] or f € S[28 — 1,1]; the distortion theorem, upper bound of |f|, rotation theorem for
f € K[28-1,1]; and the growth theorem for f € S*[2f -1, 1] are given in [1] which can actually be deduced,
even for the functions in the generalized classes S*[A, B] and K[A, B] (-1 < B <1 < A), from the results in
[22] and the inequality (7) in [13, p. 10]. Also, for =1 < B <1 and A > B, one can consider the meromorphic
counter part of S*[A, B], namely, the class L*[A, B] consisting of analytic functions of the form

b by
g(z)=z+b0+;+z—2+~- (1)

‘K[A,B]z{feﬂ:l+

defined on C \ D such that zg'(z)/9(z) € po(ID) where py : D — C is defined by po(z) = (1 + Az)/(1 + Bz). For
-1 < B <A £1, the class X*[A, B] has been considered in [3] and the particular choices of A and B give the
meromorphic counter parts of the classes corresponding to those of S*[A, B] such as Z*[1 — 2a, —1] =: Z*(a)

(O <a<1)[27); Z[1,1/M = 1] = Z(M) (M > 1/2)[38]; £[B,—p] = = (0 < p < 1)[26]; T[1-B,0] =: X}
(0 < B < 1). Hallenbeck [8] considered the class J consisting of functions f € S such that f* € £, where
P = 7)((1 +2)/(1 - z)). Further, Libera and Ztotkiewicz [16, 18] investigated the inverse coefficient problem
of functions in the class 3. For =1 < B < A <1, let 3[A, B] denote the subclass of S consisting of functions
f € Ssuch that f’ € P[A, B].

The problem of estimating the coefficients of inverse functions lay its origin in 1923 when Léwner [21]
gave the sharp coefficient estimates for inverse function of f € § along with the sharp coefficient estimation
for the third coefficient of f € S. Later, several authors [5, 7, 28, 33] gave alternate proofs for the inverse
coefficient problem for functions in the class S but the inverse coefficient problem is still an open problem
even for the well-known classes K and S*(a) (0 < a < 1), although the sharp estimates for initial inverse
coefficients are known for these classes, for details see [12, 14, 15]. This leads to several works related to
the inverse coefficient problem for functions in certain subclasses of S, see [2, 17, 19, 20, 23, 29, 35, 36].
Recently, the inverse coefficient problem is completely settled in [1] for functions in the classes S*[2 — 1, 1]
or Z'[28-1,1] or K[26-1,1], > 1.

In this paper, we are mainly concerned about the determination of the sharp inverse coefficient bounds
for functions in the classes S*[A, B] or Z*[A, B] (-1 < B < 1 < A). Also, we are giving the sharp coefficient
bounds for the inverse functions of functions in the class J[1,B] (-1 < B < 1) and the sharp first five
coefficient bounds for the inverse functions of functions in the class K[A,B] for -1 < B <1 < A. Apart
from this, we present a slightly simpler proof than the proof given in [1] for the sharp inverse coefficient
estimation for functions in the class K[28 — 1,1] (8 > 1). As an application, for F := f‘1 and g > 1,
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the sharp coefficient bounds of F/F’ are obtained when f € S$*[28 - 1,1] or f € K[26 — 1,1]. Further,
under some conditions, the sharp coefficient estimates are determined for functions in the class *[A, B]
(-1<B<1<A).

We need the following lemmas to prove our results.

Lemma 1.1. [9, Theorem II, p. 547] Let Q) be the family of functions f such that for |z| < p with p > 0,
f2) = Lolqiaxz" (a1 # 0). Iff € Q and ¢ is the inverse function of f, then ¢ € Q). For any integer t, let

f@ =Y alz" and Pw) =Yoo bDw in some neighbourhoods of the origin, where a? and b are zero for
n < t. Then ;
bf,lt) = Zﬂ(_;n), n#0.

Forn =0, bg) is defined by

i POz = f'@)
— T f@)°

Lemma 1.2. [32, Theorem X, p. 70] Let f(z) =1+ Yo q ay2" and g(z) = 1+ Y,y byz" (z € D) be such that f < g.
If g is univalent in 1D and g(ID) is convex, then |a,| < |b1].

By using the above lemma, the following result is proved. This has been proved in [4] for the case
-1<B<A<L

Lemma13. Ifp(z) =1+ Y12, ez’ is in P[A,B] (<1 < B < 1,A > B) then |c,| < A — B. The bounds are sharp.

Proof. Since p € P[A,B], p(z) < (1 + Az)/(1 + Bz). Let g(z) := (1 + Az)/(1 + Bz). Clearly, g is univalent in ID.
For -1 < B < 1, g(D) is the disc |w — (1 — AB)/(1 — B?)| < (A — B)/(1 — B?). For B=1and B = -1, g(D) is the
left half plane Re(w) < (1 + A)/2 and the right half plane Re(w) > (1 — A)/2 respectively. Therefore, g(ID) is
convex and hence by Lemma 1.2, |c,| < A — B for each n. Define a function p,, : D — C as

1+ AZ"

_ _ no_ _ o,
1+an—1+(A B)z" — B(A — B)z”" + .

pn(z) =
Clearly, the result is sharp for the function p,. O

The following lemma follows easily by induction on m and for -1 < B < A < 1, it is given in [4, Lemma 2,
p- 737].

Lemma 1.4. Let A > B, =1 < B < 1. Then for any integer t and m € IN, we have
zﬁ A-Br+Bj\*_ B2t2+E (((A= Byt +BK)’ ﬁ (A=B)t + Bj)*
m | 1) =@4-B =)
j=0 k=1 j=0
2. Main Results

The following theorem gives estimates for inverse coefficients of functions in the class S*[A, B] (-1 <
B<1<A).

Theorem 2.1. Let f € S'[A,B] (-1 < B <1< A)and f~Y(w) =: F(w) = w+ Yy yuw" in some neighbourhood of
the origin. Then for each n > 2,

2
|)/nS1H( n(A — B)+mB). @

n m+1
m:

The result is sharp.
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Proof. For any integer t > 0, let

9(z) = (@)_t

(-t),j
+Z;‘aj 27 (< 1).
]:

z
Then
200 H@
@ T f@ ®
Since f € S*[A, B], we have
zf'(z) 1+ Aw(z) )

fz) 1+ Buw(z)

for some analytic function w : ID — ID with w(0) = 0. The equations (3) and (4) give

i ja§f” = —w(z)|(A - B)t+Z —t)+At)“ ]
j=1

which can be rewritten as

Z]a( D2 + Z b2 = —w(z)

j=s+1

,_.

S—

(A-B)t+ (B(]—t)+At) ]
J

I\
—_

where

Z b2 = Z ]a( t)z]+w(z)[i —t)+At (t ]
j

j=s+1 j=s+1 =s

Since |w(z)| < 1 (]z| < 1), squaring the moduli of both sides, we have

t)z]+ Z bz

j=s+1

2

s—1
<|{(A-B)t+ B( —t)+At ”
j
j=1

Integrating along |z| = 7, 0 < r < 1 with respect to 0 (0 < 0 < 2n) and applying Parseval’s identity that for
an analytic function g : D — C of the form g(z) = Y.~ Anz",

271 )
% O |g(re®)P? do = ; AP (0 <7<1)

we have

Zlm P+ Z bR < (A - B)2t2+ZIB — 1) + Atflal P,

j=s+1

Letting r — 1 yields
S s—1
Z; ja™P < (A~ BPR + Z; BGj — 1) + AtPla P
J= j=

and therefore,

s—1
sa P < (A-BRR + Y (- Byt +Bj) ~ )P, (5)
j=1
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We shall show that, for—-1<B<1,A>1,t>(s—1)(1-B)/(A-B)ands > 1,
( ) < (A B t+mB 6
| 11( o ®)

We proceed by induction on s. For s = 1, equation (5) gives
(=1
la; I < (A= B)t.

Since—1< B <1land A > B, for fixed j > 1, ((A—B)t+ Bj)2 — 7 =((A-B)t-j(1-B))((A-B)t+j1L+B)) > 0
if t > j(1 — B)/(A — B). Assume that (6) holds fors < g —1and ¢t > (g — 1)(1 — B)/(A — B). Then by using
induction hypothesis and the equation (5) for s = g, we have

ql j-1

_ A - B)t+mB
D2 < (A - B2 + A B)t B (A-Bjt+mB

lqag ~I° < ( ) L ( + ] ||O 1

which by using Lemma 1.4 gives

q-
(~t) (A B)t + mB
lag 7l < I I( m+1

Thus, (6) holds for s = g and hence by induction (6) holds for all s > 1. By applying Cauchy’s integral
formula for F’, it can be easily seen that

1
yu=al (n22). 7)

Since A > 1, therefore (n —2)(1 - B)/(A—B) <n—2(n > 2). So, for t = n and s = n — 1, the equation (6) gives

(A—-Bn+mB
il = < ]1(—)

m+1
m=

Define a function f; : D — C by

) =

z(1+Bz)A BB B+0
B=0.

The result is sharp for the function f;. O
ForA=2-1,B =1 (B > 1), the above theorem reduces to [1, Theorem 4.3, p. 14].

Corollary 2.2. Let f € S[28—1,1] (B > 1) and f~H(w) =: F(w) = w + Y, yuw" in some neighbourhood of the
origin. If F(w)/F'(w) = w + Y,,2, 6,w", then |05| < 2(B — 1) and for n > 2,

n-1 .
o < 2= [ ] (=2E=2H)

=2 J
The result is sharp.
Proof. Since f € S*[28-1,1]1 (8 > 1), zf'(2)/ f(z) € P[2B — 1,1]. This gives

2f'(2)
f@@)

=p(2)
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where p(z) = 1+ c1z + 22 + --- € P[2 — 1,1]. In terms of F := {1, the above equation becomes

F(w)
F'(w)

= wp(F(w)).

Using power series expansions of F/F’, p and F, we obtain

o co (n-1
2 o' = )| Y e | ©)
n=2 n=2 \ j=1

where y,,_1,; denotes the coefficient of w"1in the expansion of F(w)/. In fact, VYn-1,; = Sj(y2,73,..., Vn2)isa
polynomialin y»,v3, ..., yn-2 with non-negative coefficients and y,,-1,,-1 = 1. On comparing the coefficients
of w", we have

—

n—

on = CiVn-1,j-
j=1
An application of Lemma 1.3 gives
n-1
164 < 2(8=1) Y Silyal lyal, .- yucal). (10)

=1

Define g1(z) := e7™ f1(¢™z) where f; is given by (8) for A = 28— 1 and B = 1. Clearly, g; € S*[28 —1,1]. Then
Gi(w) := g;l(w) =w+ Y, Aw" and Gy(w)/ Gi(w) =w - Y e Byw" where w lies in some neighbourhood
of the origin,

2n-=DB-1)+]
j

n—1
B,:=2(8-1), B, :=2(5—1)H( (n>2)
=2

and

n-2
A, = 1 H(M) (n>2).

n m+1
m=0

Proceeding as in (9) for g1 and then comparing the coefficients of w" give

n—1
B, =2(8-1) Z Si(Az, A, ..., Au) (n > 2). 11)

j=1

Since f € S$'[2 - 1,1], applying Theorem 2.1 in (10) and using (11) give [6,| < B,,. Clearly, the sharpness
follows for the function g;. [

Corollary 2.3. Let g, given by (1), be in 2*[A,B] (-1 < B <1 < A) and n(1 — B) — (A — B) < 0. Then for each

n>0,
bn] < H((A mBiJ{mB)

The result is sharp.
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Proof. Tt is easy to observe that for any g € Z*[A, B], there exists f € S*[A, B] such that for z € C\ D,
g(z) = 1/f(1/2). Also, we note that the expansions of f(z)~! about the origin and f(1/z)"! about the infinity

have same coefficients. Thus, if z/f(z) =1+ Y ;4 aﬁ,_l)z” (z € D), then for z € C \ D, we have

M— 1 - . (-1),-n
. _zf(l/z)_1+;a" z "

On comparing the coefficients, we obtain

by=al) (>0 (12)

+1
An application of (6) for t = 1 and s = n+1 in the equation (12) gives the desired estimate. Define a function
g1 :C\DD— Cby

1
H1/z)

where f is given by (8). The result is sharp for the function g; given by (13). O

q1(z) = (13)

For A =2-1,B =1 (B > 1), the above result is mentioned in [1, Theorem 4.5, p. 17]. Next, we prove the
meromorphic counter part of the Theorem 2.1.

Theorem 2.4. Let the function g € X*[A,B](-1 < B <1 < A)and g~ Y (w) = w+Y. . Fnw™" in some neighbourhood
of the infinity. Then |jg| < A — B and

al< H((A_B)—”WB) (n>1).

ol m+1

The result is sharp.

Proof. Since g € L*[A, B], there exists f € S*[A, B] such that for z € C \ D, g(z) = 1/f(1/z) and g~} (w) =
1/ f’l(l/ w), see [28, Theorem 2.4, p. 459]. Therefore, for each n > 0,

7l = ) (14)

where )/5:1) is the coefficient of w1 in 1/(wf(1/w)) = 1+ X2, 5w,
Since f € S'[A, B], we have zf'(2)/ f(z) = q(z) € P[A, B]. If q(z) = 1 + Y1 guz", then by applying Lemma
1.1, we have

oo S@ g 1 o
p;ooylpzp —m— = —Z[1+;qnz].

Therefore, in view of (14) and Lemma 1.3, |y| = I)/Ill =|q1l < A—B.Forn > 1, an application of Lemma 1.1

and the inequality (6) for t = n,s = n + 1 in (14) gives

n
O ) T 1 (-n) 1 (A—B)n+mB
lynl_W”“l_E'a””ISEH( m+1 '

The sharpness follows for the function g; given by (13). O

For A=28-1,B =1 (B > 1), the above theorem reduces to [1, Theorem 4.8, p. 18]. Recall that for
-1<B<AZ<1,

3[A, B] = {feS:f’(z) <3 +AZ}.

1+ Bz

The following theorem gives the sharp inverse coefficient estimates for functions in the class 3[1, B] and its
proof is based on the fact thatif p € P[A,B] (-1 < B <A <1),thenl/p € P[-B,-A] (-1 < -A<-B<1).
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Theorem 2.5. For -1 < B < 1, let f € 3[1,B] and g(z) = foz(l —1)/(1 = Bt)dt (|z| < 1). If f(w) =: F(w) =
W+ Yoo " and gH(w) =: G(w) = w + Yy Ayw" where w lies in some neighbourhood of the origin, then for
eachn > 2, ly,| < A, The result is sharp.

Proof. Since f’ € P[1,B], f'(z) = p(z) for some p € P[1, B]. Let w = f(z) then f’(z)F’(w) = 1 and so we have
F'(w) = P(F(w))
where P(z) := 1/p(z) = 1+ Y.,4 c,2" € P[-B, —1]. This gives

1+ Z(n + Dypw" =1+ Z cnF(w)".
n=1 n=1
On comparing the coefficients of w", we have
n
(+ 1)y = ) cyni (02 1) (15)

i=1

where y,,; denotes the coefficient of w" in the expansion of F(w)' and y,,, = 1. Since ¢'(z) = (1-z)/(1 - Bz) €
PI1, B], proceeding as above, we have

G'(w) = 11_B—GG((;]‘;) (16)
which gives
i(n + 1) A" = i(l — B)G(w)".
n=1 =1
Comparing the coefficients of w"™!, we get
n-1
nAy=(1=B)) A (122) (17)

i=1

where A,_1,; denotes the coefficient of w"! in the expansion of G(w) and A,_1,-1 = 1. We first show that
A, > 0for all n > 2. By using the power series expansion of G in (16) and on comparing the coefficients of
both sides, we obtain

24,=1-B, 3A;=(1-B+2)A, and
n-2

(1 +1)An1 = (1= B+n)A, + Z(k + DA Ans (1> 2).
k=1

Since -1 < B <1, Ay = (1 - B)/2 > 0. By using induction on #, it can be easily seen from the above relations
that A, > 0 foralln > 2.

Next, we shall show that for all n > 2, |y,| < A,. We proceed by induction on n. Since P € P[-B, -1],
by using Lemma 1.3, |c;| < 1 — B for each i > 1. Clearly, the result holds for n = 2. Assume that |y;| < A;
fori < n—1. Itis easy to observe that y,; = Si(y2,¥3,...,Vs-1) is a polynomial in y», v3, ..., yn-1 with
non-negative coefficients and thus |y,,| < Si(lyal, lyal, ..., [yn-1l) < Si(A2, As, ..., An-1). Therefore, in view of
(15) and (17), we have

n—1 n-1 n-1
Alyal < Y leillyn1d < (1= B) ) Si(As, As, ..., Aua) = (1=B) ) Ay = nA,
i=1 i=1 i=1

where A,_1; = Si(A2, As, ..., Ay—2) is the coefficient of w"™! in the expansion of Gw). O
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For B = —1, the above theorem reduces to the theorem given in [18].

The following theorem has been proved in [1, Theorem 4.4, p. 14] by using the coefficient bounds of
the functions in the class P but we are providing a slightly different proof by making use of the coefficient
bounds of the functions in the class P[28 — 1,1] (8 > 1) which shortens the computations involved in the
proof to some extent.

Theorem 2.6. Let f(z) = z+amz* +a3z° +--- € K[28—1,1]1 (B > 1) and f~H(w) =: F(w) = w+ Y yrp ynw" in some
neighbourhood of the origin. Then for n > 2,

n-2
< 1 H(Z(ﬁ—l)+m(2ﬁ—1) ‘

yal < m+1

S |

m=0

The result is sharp.
Proof. Since f € K[28 —1,1], we have 1 + zf"(z)/f'(z) = p(z) where p(z) = 1 + Y2, ¢iz' € P[2 - 1,1] and
B > 1. This gives

d (Fw)) _ 1— F(w)F”(w)

dw \F'(w)) (F'(w))?
where w = f(z) lies in some disk around the origin. Integrate the equation (18) along the line segment [0, w]
and using the power series expansions of F and p, we have

oo oo (n-1 k
;ynwn - zny”w + Z{nZ‘ kyk;qz:c]ny"kki 1] " (19)

p(F(w)) (18)

n=2 \ k=1

where y1 = 1 and 7, denotes the coefficient of w"* in the expansion of F(w)/ with y,_ ¢ = 1.
On comparing the coefficients of w”, we have

n-1 n—k
1=y =) — k — Y ki (122) (20)
k=1 j=1
Define a function f; : D — C such that
fiz) = (1 —z)%FD. (21)
Then Fy(w) := f;'(w) = w + Ayz* + A3z® + - -- where forn > 2,
(26 -1) +m2B -1
e

We shall show that for all n > 2, [y,| < A,. We proceed by induction on n. Since p € P[2-1,1] (B > 1),
an application of Lemma 1.3 gives |c;| < 2(8 — 1) for each j > 1. Therefore, the desired estimate holds
for n = 2. Assume that the theorem is true for j < n — 1 and thus we have [y;| < A; for j < n -1
Since y,,j = Si(y2,73,.-.,Vn-1) is a polynomial in y5, y3, ..., y»-1 with non-negative coefficients, we have
Vil < Sillyal 1yl ... lya-1l) < Sj(A2, As, ..., Ay-1). An application of induction hypothesis and bounds of
¢j in (20) gives

(n - 1)I7/n|<2(l3—1)Z 'y"'lzukﬂ

—k

n-1
<2 - 1)2 Z (A2, As, ..., Ayin)

=28 - 1)2 k+1ZA,,k] (23)
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where A; = 1 and A,y ; denotes the coefficient of w" ¥ in the expansion of F; (w) with A,y ,—x = 1. We now
show that for each n > 2,

2( - 1)2 k+1ZAnk, (n—1)A,. (24)

For fi, given by (21), we have
. zfi'(z)  1-(2p-1)z
fi(@) -z

In terms of Fy := f;!, the above equation can be rewritten as

d (Fl(w)) 1 Fi)F(w) —1-(28-1)Fi(w)
dw \Fj(w)) ~ (F@)? —  1-F@)

By proceeding as in (19), we obtain

[e] (o] (& n-1 n—k A X
_ no_ _ n=K,j n
Z —ZnAnw 2(8-1) ZkAk = |w
n= n=1 n=2 \ k=1 j=1

On comparing the coefficients of w", we get

(n— 1A, =2(8 - 1)2 k+ - ZAn_k,j (n>2).

This proves (24) and hence, in view of (23), we have |y,| < A,. The sharpness follows for the function f;,
givenin (21). O

Corollary 2.7. Let f € K[28—1,1] (8 > 1) and f~H(w) =: F(w) = w + Y, ynw" in some neighbourhood of the
origin. If F(w)/F'(w) = w + Yo, 0,w", then |05 < B — 1 and for n > 2,

(ﬁ—l)”3(25+m(2ﬁ—1))

nn—1) m+1

164 <

The result is sharp.

Proof. On integrating the equation (18) along the line segment [0, w] and using the power series expansions
of F/F’, F and p, we have

n—1

+ i S,w" = w + i ¢j yn;’j w" (25)

n=2 n=2 j=1

where y,,_1,; denotes the coefficient of w" 1 in the expansion of F(w)/ with y,,-1,-1 = 1. Note that Vn-1,j =

S j(yz, ¥3,...,Vn-2) is a polynomial in Y5, y3, ..., Ys—2 With non-negative coefficients. On comparing the
coefficients of w" in (25) and using Lemma 1.3 and Theorem 2.6, we have

Si(Az, As, ..., Aua)

_26-1 ZAnfl,j (26)



V. Ravichandran, S. Verma / Filomat 31:11 (2017), 3539-3552 3549

where A, _1; = Sj(A2, A3, ..., Ay-2) denotes the coefficient of w1 in the expansion of F; (w) withA,_1,-1 =1
and F; is given by (22). Corresponding to Fy, F1(w)/F|(w) = w — Y ey Byw" where

_ _2(8-1) Y (28 +m@2p-1)
By:=(-1) and Bn'_n(n—l)m_o( p— )(n>2).

For fi, given by (21), by proceeding as in (25), we have

On comparing the coefficients of w”", we obtain
2( _ 1) n-1
Bn = ﬁT ZlAn_Lj. (27)
]:

In view of (26) and (27), the desired estimates follow. [

In the generalized class K[A,B] (-1 < B < 1 < A), the technique used in the Theorem 2.6 does not hold
true. However, we are able to give the sharp estimation for the initial inverse coefficients for functions in
KA, B].

Theorem 2.8. Let f(z) =z +axz> +a3z2% +--- € K[A,Bl (-1 < B<1<A)and f Y (w) =: Fw) = w+ Y5y yuw"
in some neighbourhood of the origin. Then forn=2,...,6,

155 ((A-B)+mA
SY, (e E]

m+1
m=0

The result is sharp.

Proof. Since f € K[A,B], 1 +zf"(2)/f'(z) < (1 + Az)/(1 + Bz) which is equivalent to 1 + zf"(z)/f'(z) <
(1 - Az)/(1 — Bz). Let g(z) := zf'(z) = z + Y ,pop 1a,2" and p(z) := z9'(z)/9(z) = 1 + byz + byz> + ---. Then
p(z) < (1 = Az)/(1 — Bz) and for n > 1, we have

n-1
(n — 1)na, = Z(n — k)b (28)
k=1
It is easy to observe that if p < ¢, then
= pl(Z) — 1 = 2 cee
p(z) = (P(Pl(z) " 1), @) =14+ciz+cz"+---€P. (29)

Using (28) and (29) for ¢ = (1 — Az)/(1 — Bz), the coefficients a; can be expressed in terms of c;, A and B, see
[30]. In particular, we have

1
ap = _:L(A = B)cy,

_ 1 2
a3 = 5(A~B) ((A-2B+1)c -20)),

1
a1 = ~755(A~B) ((A—2B+1)(A=3B+2)c} - 2(3A - 7B + 4)c1c2 + 8¢3) ,

1
as = To20 (A- B)( — 4(3A% — 17AB + 11A + 23B* — 29B + 9)c%c2
+(A-2B+1)(A-3B +2)(A - 4B +3)c] +16(24 ~ 5B + 3)ercs

+12(A - 3B +2)c} — 48¢4)
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and

26 = 3055(A — B)( = (A= 5B + 4)(A ~ 4B + 3)(A - 3B +2)(A - 2B + 1)}

+4(5A% — 50A°B + 35A% + 160AB? — 220AB + 75A — 163B° + 329B>

— 219B + 48)cjc, — 16(5A% — 30AB + 20A + 43B> — 56B + 18)cics

+32(5A — 17B + 12)cac3 — 4(15A% — 100AB + 70A + 157B% — 214B + 72)c;c3
+48(5A — 13B + 8)c1c4 — 384cs).

Using power series expansions of f and f~! in the relation f(f }(w)) = w, or
w= fTH W) +ax(f @)+,
we obtain

V2 = —ay,
2
Y3 = 2a; —az,
Vi = —5613 + 5aya3 — ay,

ys = 14a; — 21a3a; + 6axa4 + 343 — as
and
Y6 = 7( - 6ag + 12113113 - 411%114 + ay(as — 4a§) + a3a4) — de.
Substituting the expressions of a; in terms of ¢; in the above expressions of y;, we have
- 14-B)
Y2 = 1 C1,
— 1 A 2A 2
ys = 57(A=B)((2A B~ 1) +202),
1
Y1 =—(A-B) ((2A -B-1)BA-B- Z)Cf +2(7A =3B — 4)c1cp + 8C3),

192

V5 = ﬁ(A - B)(p(A, B) cic; + A — B—1)(3A — B —2)(4A — B - 3)c}

+8(11A - 5B — 6)cic5 + 4(7A — B — 6)c + 48¢4)

and
1
V6= Ta015 A~ B)(q(A, B) c3c3 + (A, B) c1c3 + 384(2A — B — 1)cicy
+5(A,B) cJea + (2A - B—1)(3A - B—2)(4A - B-3)(5A — B - 4)c;
+16(25A — B — 24)cacs + 384c5)
where

p(A,B) := 4(23A% = 17AB — 29A + 3B* + 11B +9),
(A, B) := 8(101A% — 81AB — 121A + 16B* + 49B + 36),
(A, B) := 4(127A% — 58AB — 196A + 3B + 52B + 72)
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and

(A, B) := 4(163A% — 160A%B — 329A% + 50AB? + 220AB + 219A
— 5B% — 35B% — 75B — 48).

Since -1 < B <1 < A, we can easily see that

dp(A, B)
i =4(29A -1 +17(A - B)) >0,
9q(4A, B)
S =8(121(A - 1) +81(A - B)) > 0
and
Ir(A, B)
55— = 4(196(A ~ 1) + 58(4 - B)) > 0.

Therefore, p(A,B) > p(1,B) = 12(1 — B)*> > 0; q(A,B) > g(1,B) = 128(1 — B)*> > 0 and #(A4,B) > #(1,B) =
12(1 = B)*> > 0. Clearly,

ds(A, B
% = 4(489A% — 658A — 320AB + 219 + 220B + 50B?)

and

d%s(A, B)
— o = 4658(A - 1)+ 320(A - B)) > 0.

Therefore, ds(A, B)/dA is a strictly increasing function of A and hence ds(A, B)/dA > 200(1 — B)*> > 0.
Consequently, s(A, B) > s(1, B) = 20(1 — B)®> > 0.

Thus, forn =2,...,6,y, are polynomialsinc; (i = 1,2, ...,5) with non-negative coefficients. Since p; € P,
lcil <2 (i=1,2,...) and therefore, the maximum of |y,| would correspond to |c;| = 2. On simplification, we
get the desired estimates. Define a function f; : ID — C such that

(1 -By@Bm, Bxo
fO(Z) = {E’_AZ, B=0.

The result is sharp for the function fy. [
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