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Abstract. We introduce the notion of an essential map for a general class of maps. In addition we present
homotopy and normalization type properties for these maps.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

In this paper we introduce the notion of a ®-essential map for a variety of new classes of maps. First
we present a homotopy type property i.e. if two maps G and F are in a class and G is ®—essential and F is
homotopic to G (in a certain sense) then F is ®—essential. Also we present a normalization type property
i.e. we present conditions which guarantee that a map is ®—essential. The notion of an essential map was
introduced by Granas [4] in 1976 and the notion was extended in a variety of settings by many authors
(see [3, 6, 7] and the references therein). In particular the theory here is partly motivated by continuation
thoeroms for DKT and PK maps in [1, 2].

2. Main Results

Let E be a completely regular topological space and U an open subset of E.

We will consider classes A, B and D of maps.

Definition 2.1. We say F € D(U, E) (respectively F € B(U,E)) if F : U — 2F and F € D(U,E) (respectively
F € B(U, E)); here 2F denotes the family of nonempty subsets of E.

Definition 2.2. Wesay F € A(U,E) if F: U — 2F and F € A(U, E) and there exists a selection W € D(U, E) of F.

In this section we fixa ® € B(U, E).
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Definition 2.3. Wesay F € Ayu(U,E) ( respectively F € D,u(U, E)) if Fe A(U,E) ( respectively F € D(U, E)) with
F(x) N ®(x) = 0 for x € JU; here U denotes the boundary of U in E.

Definition 2.4. Let F € Ayy(U,E). We say F : U — 2F is ®-essential in Ayy(U,E) if for any selection
W e D(U, E) of Fand any map | € Dyu(U, E) with Jlgy = Wloy there exists x € U with ] (x) N @ (x) # 0.

Remark 2.5. (i). Note in Definition 2.1 that W is a selection of F if W(x) C F(x) for x € u.

(ii). Note if F € Asu(U,E) is ®—essential in Ayy(U,E) and zf\If e D(U,E) is any selection of F then
there exists an x € U with W (x) N O (x) # 0. To see this take | = V in Definition 2.4; note for x € dU that
WY (x)ND (x) € F(x)ND (x) = 0. Finally we note if ¥ (x) NP (x) # O forx € Uthen® # W (x)ND (x) C F (x)ND (x).

(iii). If F € A(U,E) and if F € D(U,E) then an example of a selection W of F in Definition 2.2 is F itself.
In applications we see by appropriately choosing U, E, and D then automatically there exists a selection ¥ of F in
Definition 2.2 (see for example Remark 2.8).

Theorem 2.6. Let E be a completely regular (respectively normal) topological space, U an open subset of E,
F € Apu(U,E) and let G € Ayy(U,E) be ®-essential in Agy(U, E). For any selection WV € D(U,E) (respectively
A € D(U,E)) of F (respectively G) and for any map | € Dyu(U, E) with Jlyy = Wy assume there exists a map HYN
defined on U x[0, 1] with values in E with HY*I(.,n(.)) € D(U, E) for any continuous functionn : U — [0, 1] with
n(U) = 0, d(x) NH," (x) = 0 for any x € U and t € (0, 1), {x elU: d(x)NHYM(x,t) 0 for some t € [0, 1]}
is compact (respectively closed) and Hgl’A’] = A, Hf"AJ = J; here H?”AJ (x) = HYM(x,t). Then F is ®-essential in
Asu(U, E).

Proof. Let W e D(U, E) (respectively A € D(U, E)) be any selection of F (respectively G). Now consider any

map | € Dyu(U, E) with Jlyy = W]yy. We must show there exists x € U with J(x) N @ (x) # 0. Choose the
map HY*/ as in the statement of Theorem 2.6. Consider

Q= {x el: dx)NHYM(x,t)# 0 forsome te [0,1]}.

Note Q # 0 since HE)P’AJ = A and G is ®-essential in A,y (U, E); to see this note A(x) N D(x) € G(x) N D(x) =
for x € dU, and from Remark 2.5 (ii) there exists y € U with A(y) ND(y) # 0. Also Q is compact (respectively
closed) if E is a completely regular (respectively normal) topological space. Next note QN JU = 0. Thus

there exists a continuous map u : U — [0,1] with u(dU) =0 and u(Q) = 1. Define a map R, by

Ru(x) = H"M (x, u(x)) = Hyp (2).

Note R, € Dyu(U,E) and Rulou = H(\JP A |3u = Alyy. Now since G is ®—essential in Ayy(U, E) then there
exists x € U with Ry(x) N O(x) # 0 (ie. H\I A](x) N ®(x) # 0) and so x € Q. As a result u(x) = 1 so
0+ H;P’A’] () N D(x) = J(x) N D(x), and we are flmshed. O

Note Theorem 2.6 is a homotopy type result. Next we present a number of normalization type results
i.e. results which guarantee that a map is ®-essential in Ay, (U, E). In our first result E is a topological
vector space and @ € B(E, E) is fixed (we say @ € B(E,E) if ® : E — 2F and @ € B(E, E)).

Theorem 2.7. Let E be a topological vector space, U an open subset of E and ® € B(E,E). Assume the following
conditions hold:

(2.1) 0 € Apu(U,E) and 0 € D(U, E) where 0 denotes the zero map

forany map | € DQU(EI/ E) with [y = {0} and
2.2 Rl = @ xel _
22) ® {{0}, xeE\T,
there exists y € E with ®(y) N R/ (y) # 0
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and
(2.3) thereisno z € E\U with ®(z) N {0} # 0.

Then the zero map is ®—essential in Asu(U, E).

Proof. Let F(x) =0forx e U (i.e. Fis the zero map) and let W € D(U, E) be any selection of F. Note W is the
zero map (note V¥ : U — 2F , W(x) C F(x) for x € U and 0 € D(U, E)). Consider any map | € D,yu(U, E) with
Jlou = {0}. To show that the zero map is P-essential in Ayu(U, E) we must show there exists x € U with

J(x) N D(x) # 0. Let .
I ) Jx), xel
Rix) = { 0}, xeE\TL.

Now (2.2) guarantees that there exists y € E with ®(y) N R/(y) # 0. There are two cases to consider, namely
y€Uand y € E\U. If y € U then ®(y) N J(y) # 0, and we are finished. If y € E\U then since R/(y) = {0}
(note Jlyuy = {0}) we have ®(y) N {0} # O, and this contradicts (2.3). O

Remark 2.8. We first recall the PK maps from the literature. Let Z and W be subsets of Hausdorff topological vector
spaces Y1 and Y, and F a multifunction. We say F € PK(Z, W) if W is convex and there exists amap S : Z — W with
Z = U{int S™Hw) : w € W}, co(S(x)) € F(x) for x € Z and S(x) # 0 for each x € Z; here S~ (w) = {z : w € S(z)}.
Let E be a locally convex Hausdorff topological vector space, U an open subset of E, 0 € U, U paracompact and
® = [ (the identity map). In this case we let D = D and A = A. We say Q € D(U,E) if Q : U — E is a continuous
compact map. We say F € A(U,E) if F € PK(U, E) and F is a compact map (the existence of a continuous selection
W of F is guaranteed from [5, Theorem 1.3] and note WV is compact since WV is a selection of F and F is compact, so

W e D(U, E)). Notice (2.1), (2.2) (see [2, 5] or note that it is immediate from Schauder’s fixed point theorem) and (2.3)
(note 0 € U and ® = I) hold. We note that a "compact” map above could be replaced by a more general ”compactness
type” map; see [2].

Remark 2.9. We note here that an assumption was inadvertently left out in [1, 2]. In [1] the continuous selection
W of F should be required to satisfy Property (A) (this was inadvertently left out) i.e. if F satisfies Property (A)
then it should be assumed that any continuous selection V of F satisfies Property (A) (of course this assumption is
automatically satisfied for the type of map considered in the literature i.e. Property (A) usually means that the map is
compact or condensing).

Theorem 2.10. Let E be a Hausdorff topological space, U an open subset of E, ® € B(E,E) and F € Ay (U, E).
Assume the following conditions hold:

(2.4) there exists a retraction r: E — U
’ with r(w) e dU if we E\U

for any selection W € D(U,E) of F and any
(2.5) map ] € Dyy(U, E) with Jlyu = Wloy there
exists y € E with Jr(y) N d(y) #0

and

for any selection W € D(U,E) of F there
(2.6) isno ye E\U and z € U with z = r(y)
and W(z) N D(y) # 0.

Then F is ®-essential in Ayy(U, E).
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Proof. Let WV € D(U, E) be any selection of F and consider any map | € Dyu(U, E) with Jlyy = W]yu. Now
(2.5) guarantees that there exists a y € E with Jr(y) N ®(y) # 0. Let z = r(y) and note J(z) N O(y) # 0. There
are two cases to consider, namely y € Uand y € E\U. If y € U thenz = r(y) = y so J(y) N P(y) # 0, and we
are finished. If y € E\ U then z € JU and note

0 # J(z) N D(y) = W(2) N P(y) since Jlou = Ylou,
and this contradicts (2.6). [

Remark 2.11. Note thereisa “dual” version of Theorem 2.10 if we consider r | instead of | r (above). Let O € B(U, E),
F € Ayu(U, E) and suppose (2.4) holds. In addition assume the following conditions hold:

for any selection W € D(U,E) of F and any
map | € Dyy(U,E) with Jlyy = Wy there
exists we U with rJ(w) N dw) # 0

and .
for any selection ¥V € D(U,E) of F and any

map | € D,;u(l_I,E) with Jlguy = Wlgu there
isno ze E\U and ye U with z € J(y)
and 1(z) € P(y).

Then F is ®—essential in Ayy(U, E).

Theorem 2.12. Let E be a topological vector space (so automatically completely regular), U an open subset of E,
® € B(E,E) and F € Ayy(U, E). Assume the following conditions hold:

(2.7) there exists x € U with ®(x) N {0} # 0

for any selection W € D(U,E) of F and any
map ] € Dyu(U,E) with Jlgy = Wy then

(2.8) DPX)NAW(x) =0 for x€dU and A €[0,1] and
Q= {er: Px)NAJ(x) #0 forsome A€ [0,1]}
is compact

(2.9) there exists a retraction r: E — U

for any continuous map i : E —[0,1] with p(E\U) =0
and any selection W € D(U,E) of F and any map

2.1 i
210 J € Dyu(U,E) with [|ju = W|gy there exists
x € E with ®(x) N p(x) J(r(x)) =0
and
(2.11) thereisno z € E\U with ®(z) N {0} # 0.

Then F is ®—essential in Ayy(U, E).

Proof. Let W € D(U,E) be any selection of F and consider any map | € Dyu(U, E) with Jlyy = Wyy. Let

Qz{er: Dx)NAJ(x) #0 for some )\e[O,l]}.
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Now (2.7) and (2.8) guarantee that () # 0 is compact and Q C U. We claim Q C U. To see this let x € Q
and x € dU. Then since [y = W]y we have O(x) N A W(x) # 0, and this contradicts (2.8). Now there
exists a continuous map u : E — [0,1] with u(E\U) = 0 and u(Q2) = 1. Let 7 be as in (2.9) and (2.10)
guarantees that there exists x € E with ®(x) N p(x) J(r(x)) # 0. If x € E\ U then p(x) = 0 so O(x) N {0} # 0,
and this contradicts (2.11). Thus x € U so ®(x) N pu(x) J(x) # 0. Hence x € Q) so u(x) = 1 and consequently
Ddx)NJx) 0. O

Remark 2.13. Ifin Theorem 2.12 the space E is normal then the assumption that Q) is compact in (2.8) can be replaced
by Q is closed.

Remark 2.14. Wesay F € MA(U, E)if F: U — 2F and F € A(U, E) and we say F € MAyy (U, E) if F € MA(U, E)
with F(x) N ®(x) = 0 for x € JU. Now we say F € MAyy(U, E) is O—essential in MAgy(U, E) if for every map
J € MAyu(U, E) with Jlgy = Floy there exists x € U with ] (x)N® (x) # 0. There are obvious analogues of Theorem’s
2.6, 2.7, 2.10, 2.12 for MIA maps (these statements are left to the reader). For example the analogue of Theorem 2.10
is:  Suppose ® € B(E,E), F € MAyu(U, E) with (2.4) and the following conditions holding:

foranymap ] € MAyu(U,E) with Jlyu = Flou
there exists y € E with Jr(y) N D(y) 0

and
{ thereisno y € E\U and z € dU

with z =r(y) and F(z) N O(y) # 0.

Then F is ®-essential in MAgy(U, E).

We now show that the ideas in this section can be applied to other natural situations. Let E be a
Hausdorff topological vector space, Y a topological vector space, and U an open subset of E. Also let
L :domL C E — Y be a linear (not necessarily continuous) single valued map; here domL is a vector
subspace of E. Finally T : E — Y will be a linear single valued map with L+ T : domL — Y a bijection; for
convenience we say T € Hi(E,Y).

Definition 2.15. Wesay F € D(U, Y;L,T) (respectively F € B(U,Y;L,T)) if F: U — 2  and (L+T) ' (F+T) €
D(U, E) (respectively (L + T)~ (F + T) € B(U, E)).

Definition 2.16. We say F € AU, Y;L,T) if F: U — 2 and (L+T)(F+T) € AU,E) and there exists a
selection W € D(U, Y; L, T) of F.

In this section we fix a ® € B(U, Y; L, T).

Definition 2.17. We say F € Ayu(U,Y;L,T) ( respectively F € Dyu(U, Y;L,T)) if Fe AU, Y;L,T)) ( respectively
FeDU,Y;L,T)) with (L+T) Y (F+T)x)N([L+T) (D +T)(x) =0 for x € JU.

Definition 2.18. Let F € Aau(ﬁ, Y;L,T). Wesay F: U — 2Y is [-D—essential in Aau(ﬁ, Y;L,T) if for any
selection ¥ € D(U,Y;L,T) of F and any map ] € Dyy(U,Y;L, T) with Jlopu = Wlpy there exists x € U with
LC+DTJ+T))NL+T) L (@+T)(x) #0.

Theorem 2.19. Let E bea topological vector space (so automatically completely regular), Y a topological vector space,
U an open subset of E, L : domL C E — Y a linear single valued map and T € HL(E,Y). Let F € A,;U(U, Y;L,T)
and let G € A,;U(U, Y; L, T) be L-®—essential in A,;U(U, Y;L,T). For any selection ¥ € D(U, Y;L,T) (respectively
AeDU,Y;L,T)) of F (respectively G) and for any map | € Dyu(U, Y; L, T) with Jlgy = Wyy assume there exists
a map HYM defined on U x [0,1] with values in Y with (L + T)" (HYM(.,n(.)) + T(.)) € D(U,E) for any
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continuous function = U — [0,1] with n(@U) = 0, (L + T)"* (H,"™ + T)(x) N (L + T)™ (@ + T)(x) = 0 for any
xedUandte (0,1), H"™ = A, H'™ =] (here H'™ (x) = HYM(x, 1)) and

xel: @+DT@+D@WN L+ H™ +T)(x) # 0 forsome t € [0,1]}
is compact. Then F is L-®—essential in Aau(U, Y;L,T).

Proof. Let ¥ € DU, Y;L, T) (respectively A € DU, Y;L, T)) be any selection of F (respectively G) and
consider the map | € Dau(U, Y;L,T) with Jlojy = W|py. Choose the map HYAJ as in the statement of
Theorem 2.19. Consider

Q={xel: L+T) @+ T)@)NL+T)" H" +T)(x) #0 for some t e [0,1]}.

Note QO # 0 is compact and Q N JU = 0. Thus there exists a continuous map u : U — [0,1] with

u(@U) =0 and p(Q) = 1. Define amap R, by Ru(x) = HM(x, u(x)) = H;fj(’;;’](x). Note R, € Dyy(U, Y;L, T)

and Ry lgy = H(\)II’A’] lou = Alpy. Now since G is L-D-essential in Ayy(U, Y;L, T) there exists x € U with
L+T) Ry +TE)NL+T) (P +T)(x) #0,and so x € Q. As aresult u(x) = 1so0

0 # CL+D)7THM+DE)NEL+DH@+T)(x)
= L+DIJ+DE)NL+T)HD+T)(x),

and we are finished. [

Remark 2.20. If in Theorem 2.19 the space E is additionally normal then the assumption that
Q={xel: L+D) @+ T)@) N L+T) H™ +T)x) 0 for some t e [0,1]}
is compact in the statement of Theorem 2.19 can be replaced by C is closed.

Remark 2.21. We say F € MA(U,Y;L,T) if F: U — 2Y and (L + T)"'(F + T) € A(U,E) and we say F €
MAyu(U,Y;L,T) if Fe MA(U,Y;L,T)) with (L+T)"' (F+ T)(x) N (L + 7)™ (® + T)(x) = 0 for x € JU. Now
we say F € MA,u(U, Y; L, T) is L-®-essential in MAyu(U,Y;L, T) if for every map | € MA,u(U,Y; L, T) with
Jlou = Flou there exists x € U with (L+T)™L (J+ T) (x) N (L + T)"1 (@ + T) (x) # 0. There is an obvious analogue of
Theorem 2.19 for MA maps.
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