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Abstract. We introduce and study a three-step iterative algorithm for a pair of total asymptotically
nonexpansive mappings in a uniformly convex metric space. The proposed algorithm includes Mann
and Ishikawa iterative algorithms, the iterative algorithm of Khan and Takahashi [13] and the three-step
iterative algorithm of Xu and Noor [26] as special cases. Our results are new and generalize several recent
results in Hilbert spaces, uniformly convex Banach spaces and CAT (0) spaces, simultaneously.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

Let C be a nonempty subset of a metric space X and {x,} a bounded sequence in X. Define a functional
(., {xn}) : X = R* by

r(x, {x,}) = limsup d(x, x,,) for all x € X.

n—oo

Set
r({xq}) = )icrelgf(x, {xn}) and A(fx,}) = {y € C: 1y, {xu}) = r(fxu})}

as asymptotic center and asymptotic radius of {x,} with respect to C, respectively.

A sequence {x,} A—converges to x if x is the unique asymptotic center for every subsequence {u,} of {x,}
and we write A — lim,,_,00 X, = X.

It has been shown in [18] that A—convergence coincides with weak convergence in a Banach space with
Opial’s property.
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In 2006, Alber et al. [1] introduced the concept of total asymptotically nonexpansive mappings as the
generalization of a few classes of mappings including
(1) nonexpansive mappings
(2) asymptotically nonexpansive mappings
(3) asymptotically nonexpansive mappings in the intermediate sense
(4) generalized asymptotically nonexpansive mappings.

A mapping T : C — Cis a total asymptotically nonexpansive if there exist non-negative real sequences
{k.} and {¢,} with k, — 0 and ¢, — 0 and a strictly increasing continuous function & : [0, c0) — [0, c0) with
&(0) = 0 such that

d(T"x, T"y) < d(x, y) + ke & (d(x, ) + Pn

forall x,ye€C, neN.

When y € F(T) = {x € C: Tx = x}, the mapping T is called total asymptotically quasi- nonexpansive.

Convergence theorems for the mappings in (1)-(4) in the framework of uniformly convex Banach spaces
and CAT(0) spaces via different iterative algorithms have been obtained by a number of researchers (e.g.,
[2,3,12, 16, 23, 26] and the references therein).

Khan and Takahashi [13] used the two-step iterative algorithm

x1 €C,
Yn = ﬁnT;lxn + (1 - ﬁn)xnr (1)
Xp+1 = AT yn + (1 = an)xn, neN,

to approximate common fixed points of a pair of asymptotically nonexpansive mappings T1,T> on a
nonempty closed and convex subset C of a uniformly convex Banach space and ay, 8, € [b,c] for some
b,c €(0,1) (see also [8, 14]).

Noor [19], in 2000, introduced a three-step iterative algorithm and used it for approximate solutions of
variational inclusion in Hilbert spaces. Glowinski and Le Tallec [9] applied a three-step iterative algorithms
for finding the approximate solution of the elastoviscoplasticity problem, eigenvalue problem and liquid
crystal theory. In 2002, Xu and Noor [26] introduced the following algorithm:

x1 €C,
Zy = ynTnxn + (1 - yn)xn/ (2)
Yn = ,BnTnZn +(1- ,Bn)xn/

Xps1 = Ay Ty + (1 — ay)x,, neN.

They used it to approximate fixed points of asymptotically nonexpansive mappings in a uniformly convex
Banach space assuming the conditions on the sequences {a,,} and {B,} as under:

(C1) : 0 < liminf, e @y < limsup,_,  a, <1

(C2) : 0 < liminf,; e B < limsup, ,  fn < 1.

The iterative algorithms (1)-(2) involve convex combinations formed through the built-in linear structure
of the Banach space and also contain modified Mann and Ishikawa iterative algorithms as special cases.
Most of the problems in various disciplines of science are nonlinear in nature, whereas fixed point theory
explored in the setting of Banach spaces majorly depends on the linear structure of the underlying space.
One of the nonlinear framework for fixed point theory is a metric space embedded with a convex structure
W : X% x I — X satisfying

d(u, W(x,y,a)) <ad(u,x) + (1 —a)d(u, y) 3)

forallx,y,u € Xand a € I = [0,1] (see [24]). A metric space X together with a convex structure W is known
as a convex metric space. For the sake of simplicity, we denote a convex metric space also by X. A nonempty
subset C of X is convex if W(x,y,A) € Cfor all x, y € C and A € I. Some examples of convex metric spaces
are normed spaces and their convex subsets, Hadamard manifolds and CAT (0) spaces.
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Kohlenbach [17] enriched the concept of convex metric space as “hyperbolic space” by including three
additional conditions in the definition of a convex metric space, see for its use, for example, [4].

A convex metric space X is uniformly convex [22] if for any ¢ > 0,7 > 0, x, y, z € X there exists & > 0 such
thatd(z,x) <r,d(z,y) <rand d(x,y) > re imply that d (z, W(x, v, %)) <r(l-a)<r

The class of uniformly convex metric space is nonlinear in nature and is a general theoretical setting
with rich geometrical properties for metric fixed point theory.

To know the importance of different iterative algorithms for the approximation of fixed points of total
asymptotically nonexpansive mappings in uniformly convex Banach spaces, CAT (0) spaces and hyperbolic
spaces, we refer the interested reader to [7, 11, 15, 21, 25].

We define a unified iterative algorithm containing the algorithms (1)-(2) as special cases, in a general
nonlinear setup, namely, uniformly convex metric space. Our algorithm reads as under:

x1 € C,
Zy = W(T;lxn,xn,yn),

Yn = W(ngnrxnrﬁn)/
Xp4l = W(T?yn,xn, an>, n € IN.

4)

In this paper, we approximate common fixed points of two mappings which are uniformly continuous
and total asymptotically nonexpansive via the algorithm (4) in a uniformly convex metric space. Throughout
the paper, we denote F (T7) N F(T,) by F.

For the development of our main section, some key results are needed as listed below.

Lemma 1.1. [5] Let C be a nonempty, closed and convex subset of a complete uniformly convex metric space X. Then
every bounded sequence {x,} in C has a unique asymptotic center in C.

Lemma 1.2. [5] Let C be a nonempty closed and convex subset of a uniformly convex complete metric space. Let
{xn} be a bounded sequence in C such that Ac({x,}) = {y} and r({x,}) = p. If {y.} is another sequence in C such that
limy,—co 7(Yim, {xn}) = p (a real number), then lim,—co Y = Y.

Lemma 1.3. ([20]) If {r,}, {sx} and {t,} are non-negative real sequences satisfying rn,+1 < (1 + s,)1rn +t, for all
ne€N, Y. ;s < ocoand Zn_l tn < 00, then lim,,—,e0 7y €XISES.

Lemma 1.4. [6] Let X be a uniformly convex metric space with continuous convex structure W. Let x € X and {a,}
be a sequence in [b,c] for some b,c € (0,1). If {u,,} and {v,} are sequences in X such that limsup, | d(u,,x) <
r, limsup, | d(v,,x) < rand lim, e d(W(uy, vy, a,), x) = 7 for some r > 0, then limy, 0 (1, v,) = 0

2. Convergence Analysis

We first prove the following helpful lemmas.

Lemma 2.1. Let C be a nonempty closed and convex subset of a convex metric space X. Let T; : C — C be total
asymptotically nonexpansive mappings with sequences {ki,} and {@in}, n € N, i = 1,2 and &; satisfy the following
conditions:

(C3): Z kin < oo and Z Qin < 00;

n=1
(C4) : there exist constants M; >0, M? > 0 such that &; (t) < MA forall A > M.

Let {x,} be the sequence as defined in (4). If F # ¢, then lim d (x,, p) exists for each p € F.

Proof. Using (C4) and strictly increasing function &;, we obtain

&(A) < & (M) + AM: fori=1,2. ®)
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We apply (3) to (4) and p € F and obtain

d(zn,p)=4d (W (T?xn,x”,yn) ,p)
< ynd (T;’xn,p) + (1 —vu)d(xy,p)
< Y [dGen, p) + K1u&a (d(n, p)) + 1] + (1 = yu)d (xn, p) 6)
< Y [AC, p) + Kin&r (M) + ki d (6, p) + 1| + (1= ) d (2, p)
< (1 + klnMi)d(me) +kiné1 (M1) + @1

and

d(yn,p) = d (W (T320, %0, B1) )
< Budd (T3z,p) + (1= ) d () + (1 = ) d ()
< Bu [A(zn, p) + k2n&2 (d(zn, p)) + P2n] 7)
< B [z, p) + kana (M2) + kauMid(z0, p) + @] + (1= ) d (5, p)
< (1+ ka3 ) d(za, p) + k2ua (M) + 2.

Inserting (6) into (7), we get

d (yn,p) < (1+k2uM3) [ (Jlrl;lfsll ](\1/{/}1) ;Zfrxglz)

= [1 + klnM; + kan; + klnMyikan;] d(xnr P) (8)
ki (1 + ko3 ) &1 (M) + @1 (1 + ka3 ) + kan&a (Ma) + @2

] + k2n&a (M2) + @2y

Also

d(Xne1,p) =d (W (T;’yn,xn, ozn) ,p)
< a,d (T?yn,p) +(1—-a,)d(x.,p)
< au{d(Yn, p) +kin E1(d (Y, p)) + P1a} + (1 = ) d (x, p) )
< o {(1 + kM) d(ya, p) + Krnés (M) + @1} + (1= ) d (2, p)
< (14 kuy) d(yn, p) + Kins (M) + @1 + (1= ) d (x,p).

Inserting (8) into (9), we get

[T+ k1M + uM + krMi M5 | (e, p)
d (w1, p) < (1+ kM) | +hy, (1 + k2u3) &1 (M) + @1 (1 + Kouy) |+ Kina (M) + @y
+kon&o (M) + @an
1+ kyuM; + kM (1+ kM3
oMy (1 + k) + kruMi koM (1 + ki3 )
e (1 + K2uMy) &1 (M) (1 + ki) + @ra (1 + kzuy ) (1 + ka3 )

+ kan&a (M) (1 + kM) + @an (1 + k1) + ki (M1) + i

d(x,p) (10)

Since {ki,} and {@;,} are bounded, we set max {ki,, @i} < 6 for some 6 > 0.
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Put
Sn = kiuM; + kiuM; (1 -+ 0M; ) + koM (14 5M;) + kyuM;0M; (1 + 6M; )
and
b= kg (1+0M;) & (M) (1+0M;) + @y (1+ 6M;) (1 + 6M;)
+k2nEp (M2) (1 + 5M?) + Qo (1 + 5M’i) +k1né1 (M1) + Q1.
In the light of (C3), i Sy < oo and E t, < oo.
n=1

n=1

Therefore we apply Lemma 1.3 to (10) and get that lim d (x,, p) exists for eachp € F. [

Lemma 2.2. Let C be a nonempty closed and convex subset of a uniformly convex metric space X with continu-
ous convex structure W. Let T; : C — C be total asymptotically nonexpansive mappings with F # ¢ and satisfy
(C3) — (C4). Then for the sequences {x,},{yn} and {z,} given in (4), we have the following assertions: (i) If (C1) is

satisfied, then lim,,_,o d (T{'yn, xn> = 0; (ii) If (C2) is satisfied and lim inf,,_,, o, > 0, then limy, o0 d (T;’zn, x,,) =0.

Proof. Suppose (i) holds. Then there exista,b € (0,1) such that0 <a < a, <b < 1.
By Lemma 2.1, lim d (x,, p) exists for p € F. Let lim d (x,, p) = ¢ for some ¢ > 0.We discuss the case when
n—00 n—oo

¢ > 0. Now, lim d (x,,, p) = ¢ can be expressed as
n—oo

lim d(W(T;‘yn,xn,an),p) =c. (11)

n—oo

As in (9), we have that
d(Tyyup)

IA

d (Yu,p) + kin &1 (d (Y, P)) + Prn
(1 + k1M ) Ay, p) + kins (M) + s
(1 + ko + kanMy + by M koM ) d(xo, p)
(L FaaM) | e (1 4+ Ka3) €1 (M) + o1 (1 + Kaby) |+ kunén M) + 1
+kou&a (M2) + @on
Taking lim sup, _,  on both sides in the above inequality and with the help of (C3), we get that

IA

IA

limsupd (T?yn,p) <c (12)

n—oo

In the light of (11) and (12), we utilize Lemma 1.4 with values x = p,r = ¢,a, = an, Uy = T{Yn, vy = X, and
get that

lim d (TTy,,,xn) =0. (13)

n—oo
Suppose (ii) holds. Then there exists a,a4,b € (0,1) such that0 <a <, <b<land a < a, foralln € IN.
From (8), we have that

limsupd (y,,p) <c. (14)

n—-oo0

Re-arranging the terms in the inequality (9) and then using the given fact that 0 < @ < a,, for all n € IN, we
obtain

d(xn/p) < (1 + klnM;)d(ynrp) + k1n&1 (M1) + P1n

. d(xn,p) —d (Xps1,p)
(04

(15)
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By lim inf on both sides of (15), we get

n—oo

¢ <liminfd (y,,p). (16)
A combined effect of (14) and (16) yields that

lim d (y,,p) = c.

n—oo

That is,
lim d (W (T5zu, %0, Bu) 1) = c. (17)
Since
d(Thzep) < dGnp) + kona (A2, p)) + P2
< (14 koaMy) d(zu, p) + Kana (M) + 2
< (14 ko) [ (1 + ki A, p) + Kiu (M) + 1] + kana (M) + 2,

limsup,_, . on both sides in the above inequality and using (C3), we get that

limsup d (ngn, p) <c. (18)

n—oo

Again utilizing Lemma 1.4 with values x = p,r = ¢,a, = By, uy = Tyz,, vy = X, together with (17) and (18),
we have that

,}ij?od(TgZ”’x”) =0.

O

Lemma 2.3. Let C be a nonempty closed and convex subset of a uniformly convex metric space X. Let T1,T, : C = C
be uniformly continuous and total asymptotically nonexpansive mappings with F # ¢ and {x,} be given in (4). If the
conditions (C1) — (C4) are satisfied, then we have

lim d (Tyx,, x,) = 0 = lim d (Tox,, x,) .
n—00 n—oo
Proof. It has been obtained in Lemma 2.2 that

lim d (T} y,, x,) = 0 = lim d (Tjzy, x,).

Since
d (xn/ ]/n) = d (xn/ W (T;Zn/ Xn, ﬁn))
< PBud (xn, T;’zn) -0,
therefore
d (T{lxn, xn) < d (T;’xn, T;’yn) +d (Tfyn, xn)

IA

d (xn/ ]/n) + kln 51 (d (xn/ ]/n)) + (Pln + d(T;lyn/ xn)
(1 + klnM;) d (xnr yn) + klnél (Ml) + P1in + d(Tﬁ/m xn) - 0.

IN
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Similarly
d(w,za) = d (2, W(Tx0, %0, 7))
< yud (xn, Tx,) = 0
gives that

d(Thx, xn) < d (Tyx, Thza) + d (Thzn, %)
< d (X, 2u) + Kan & (d (0, 20)) + @an + d (T2, %) (19)
< (1 + kauM3 ) d (¥, Z0) + kau &2 (M) + @2y + d (T2, ) — 0.
Also observe that

d(xy,xp41) =d (xn, 14 (T?yn, Xn, ocn))

(20)
< a,d (xn, T{’yn) - 0.
The inequality
d(x,, Tix,) < d(x,,xu41) +d (xn+1, TT“x,,H) +d (Tf“xnﬂ, T;’“xn) +d (T?”xn, Txn) ,
uniformly continuity of T; and (19)-(20) provide that
}i_%lod(xn,Tlx”) =0.
Similarly
&ijﬁlod(x,i,szn) =0.
That is
;}i_r&d(xn,Tlxn) =0= ,}ijﬂ,d(xn/ Trxy) .
0

Remark 2.4. Lemma 2.3 extends Lemma 2.2 of Xu and Noor [26] for two mappings without any additional condition
on control parameters and Lemma 2.2 of Khan and Takahashi [13] for three- step iterative algorithm in the setting of
convex metric spaces.

Now we obtain our A—convergence theorem.

Theorem 2.5. Let C be a nonempty closed and convex subset of a complete uniformly convex metric space X. Let
T1,T> : C — C be uniformly continuous and total asymptotically nonexpansive mappings with F # ¢ and {x,} be
given in (4). If the conditions (C1) — (C4) are satisfied, then A — lim, . x, = x € F.

Proof. For each p € F, lim,_, (x,,p) exists (Lemma 2.1) and hence {x,} is bounded. Therefore {x,} has a
unique asymptotic centre, that is, A({x,}) = {x}. Let {u,,} be any subsequence of {x,} such that A({u,}) = {u}.
By definition of asymptotic centre, u € C.We claim that u is a fixed point of T;.

By Lemma 2.3, we have

lim d (u,,, Tyu,) = 0. (21)
n—o0
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In the presence of strictly increasing function &; and (C2), we calculate, for any m, n € IN,that

d(Tru ) < d(T0u, Tuy) +d (T, TP ) + oo d (T200, Taity) + d (Tt 1)
m—1
< d Q) + Kins (d (1, 1)) + @ro+ Y AT, T, )
j=0
< (1 + klmM;-) A(u, uy) + kim&r (Mr) + Q1 + Z d(Tuy, T{Hun)-
j=0

In the light of uniform continuity of T{ (j=2,3,4,..,m—1) and (21), the above inequality reduces to
(T, () < (14 ki) r G, )
That is,

limsupr (T;”u, {un}) <r(u,{u,}).

m—00

By the definition of A({u,,}),we have that
r(u, {u,}) < liminfr (T{"u, {un}) .

Therefore

lim r(TTu, {un}) =1 (u, {un}).
m—o0

By Lemma 2, lim;,e T'u = u. Since T; is uniformly continuous, therefore Tiu = T, (limm—>oo T;"u) =

limy, 00 T;"“u = u. That is, u € F(T;).By similar calculations, we have that u € F(T,). Thatis, u € F.

Therefore, by Lemma 5 lim,_,« d(x,, 1) exists. Suppose x # u. Then by the uniqueness of asymptotic

centres, we have

A

lim sup d(u,, u) lim sup d(uy,, x)
lim sup d(x,, x)
< limsupd(x,, u)

n—oo

IA

= limsupd(u,,u),
which is not true. Hence x = u.Therefore, A({u,,}) = {u} for all subsequences {u,} of {x,}. This proves that
A-lim,,ex, =x€F O

Recall that (i) T : C — C is completely continuous if d(x,, Tx,) — 0 imply that {Tx,} has a convergent
subsequence (ii) T, T> : C — C with F # ¢, satisfy condition (AV) if

d(x, T1x) + d (x, Trx)
2

where f : [0, 00) — [0, 00) is a nondecreasing function with f(0) = 0 and f(t) > O for all ¢ € (0, o).
Next, we prove strong convergence theorem via (4).

Theorem 3.7. Under the hypotheses of Theorem2.5, assume that one of the following conditions is satisfied:

(a) Every subsequence of {x,} is convergent

(b) T (or T%') is completely continuous for some m > 1

(c) Ty and T satisfy condition(AV).

Then {x,}, {yn} and {z,} in (4) converge strongly to the same point of F.

> f(d(x,F)) forx € C,
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Proof. Lemma 2.3 provides that

lim d (x,, T1x,) = 0 = lim d (x,,, Tox,,) .
n—o00 n—oo

Assume that (a) holds. Let {x,,} be a subsequence of {x,} such that x,, — z € C. Then (20) assures that z € F.
As limy, e d (x,, p) exists for all p € F (Lemma 2.1), so x,, — z.
Let (b) be given. Suppose T}" is completely continuous for some m > 1.

Note that

d(Tx,20) < d (TP, T ) + d (TP, TP 20,) + o+ d (T, Ta) + d (T1, %) > 0
because T{ (j=2,3,4,..,m—1) are uniformly continuous. Since {x,} is bounded and T{" is completely

continuous, so {T}"x,} has a convergent subsequence {TTx,,,.} (say). Suppose TV'xy, = z€C.
Then

d(xn,.,z) <d (xn/, Tl”’x,,j) +d (Tl’”xnj,z) — 0.
Hence x;,; — z. The rest of the proof is similar to the case (a).
Finally assume (c). Then by condition (AV), we obtain

d (x,, Tix,) + d (x, Tox,
2

By lim inf,cr on both sides in (10), we obtain that

) 2 f(d(xn/ F))

d(xn+1/F) < (1 +5n)d(xn1F) +tn

where Y7 s, < ooand Y, t, < co.
By Lemma 2.1, lim,_,« d (x,,, F) exists. We claim thatlim,,_,c d (x,,, F) = 0. Assume thatc¢ = lim, e d (x,, F) >
0. Then we can choose a natural number 7 such that 0 < 5 <d (xn+1, F) for all n > ny. Using condition (AV)

d (xy, T1xy) +d (x4, Toxy)

2 -0

0 <f(§) < f@d o, B) <

as n — oo. That is f (%) = 0 for ¢ > 0 which is against the definition of f in condition (AV). Therefore,
lim,—,e0 d(x,, F) = 0. Next, we claim that {x,} is a Cauchy sequence. Since ), s, < 0, S0 },,—1 S, = s(say)
and hence [],-; (1 +s,) = s. Let ¢ > 0. Since lim,_,o d(x,, F) = 0 and }.,~; t, < oo, there exists 1y > 1 such
that d(x,,, F) < g5 and Y0, tn < 1.

Let m > n > np and p € FThen by (21), we have
d(Xm, xn) < d(xm, F)+d(xn,F)

< nﬁ(l+s,~)d(x,,0,F)+ﬁ(1 +si)mz_lti+ ﬁ(1+si)d(an,F)+ﬁ(1 +si)nz_1‘ t;

i=ng i=ng n=np i=ng i=ng n=ngy
< H (1 +si)d (xpn,, F) + H 1+s) Z i+ H (1 +s;)d (xp, F) + H (1+s) Z ti
i=ng i=ng n=ng i=ng i=ng n=ng
€ €
21 —|=e.
< [( ) va +S4s] ¢

This proves that {x,} is a Cauchy sequence in C. Let lim,_. X, = q. Then d(q,F) = d(lim,—e X, F) =
lim,,—,e0 d (x,, F) = 0.Since F is closed, we obtain g € F. Hence {x,} converges strongly to a point of F.
As

lim d (x,,2z,) =0 = lim d (x,, ),

therefore the limits of the sequences {x,}, {y,} and {z,} coincide. O
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Remark 2.6. Observe that

(i) CAT (0) spaces, uniformly convex Banach spaces and Hilbert spaces are uniformly convex metric spaces, therefore
our results also hold in CAT (0) spaces, uniformly convex Banach spaces and Hilbert spaces, simultaneously.

(ii) Nonexpansive mapping, asymptotically nonexpansive mappings, asymptotically nonexpansive mappings in the
intermediate sense and generalized asymptotically nonexpansive mappings all are total asymptotically nonexpansive,
therefore our theorems generalize the corresponding ones in [2, 3, 13, 16, 26] etc.

(iii) The iterative algorithm(4) unifies the algorithms(1) — (2) and as a result all the theorems in [13, 26] follow as
corollaries of our corresponding theorems.

Remark 2.7. The essentials of hypotheses in our results are natural in view of the following observations: Take
X=R,C=]0,2],T1,T,: C — Care

[1if xeo,1]
L=y g ifxe,]

and
1if xe€[0,1]

O\ LVt ren,,

ay, = %28, = 23 Then both Ty zmd T, are total asymptotically nonexpansive and uniformly continuous map-
pings (see [16]), F(T1) N F(T,) = , 0 < liminf, o, < limsup, , a, < 1and 0 < liminf, ., B, <
limsup, ,  fn <1
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